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PREFACE

This volume is an introduction to work on the theory of neutron
diffusion carried out under the auspices of the British, Canadian,
and United States wartime atomic energy projects and the U, S, Atomic
Energy Commission.

The subject matter is based on a series of lectures delivered by
George Placzek during the summer of 1949 at the Rand Corporation,
Santa Monica, California, and at the University of California at Los
Angeles, These lectures were sponsored by the Los Alamos Scientific
Laboratory,

Frederic de Hoffmann recorded the lectures and from these pre-
pared a first draft of this volume, K. M. Case, aided by Ceorge
Placzek, carried out the major work of amplifying and adding new
material to the book, Thus the final version of this volume was
written by K, M. Case, Numerical work presented here is based partly
on wartime reports but is largely computational work done since 1949
at the Los Alamos Scientific Laboratory. These computations were
carried out under the supervision of Bengt Carlson and Max Coldstein,

We wish to thank the Rand Corporation for its hoepitality in the
summer of 1949 and express our appreciation to Ralph Carlisle Smith
of the Los Alamos Scientific Laboratory for his interest and help.

OQur thanks are also due to Helen Stearns, Jane Amenta and Louis
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A, INTRODUCTION

: The obJect of the theory to be discussed here is the deter-
mination of the distribution of neutrons in space and time in terms of
the geometrical configuration and the physical properties of the medium.
We will 1limit ourselves to one velocity problems in which it is assumed
that the magnitude of the neutron velocity 1s unchanged on collision.

Application of this theory to the diffusion of thermsl neutrons
implies neglect of the velocity spread. Similarly the one velocity treat-
ment of fast neutron problems omits slowing down effects. These approxi-
mations are seldom fully Jjustifiable. In view of this fact, it might ap-
pear that a very detailed development of the one velocity theory is of
somewhat doubtful value. Howev&r, such a conclusion would be incorrect.
Certainly the one velocity problem must be solved before one can hope to
include the effects of changes of the magnitude of the velocity. Moreover,
one veloclity theory can be used directly for the solution of more general
problems. Thus the problem of slowing down by elastic collisions can be
reduced to a one velocity problem by taking a Lasplace Transform in the
energy. The Laplace Inversion of the’selution of the one velocity probiem
can be successfully carried out despite the dependence of the scattering
law on the transform variable;

In addition, the genersal question of the diffusion of neutrons
with energy change may be treated by dividing the neutrons into veloecity
groups. .The neuirons‘in each group will then be described by one velocity
equations with sources which depend on the neutrons of the other groups.

Part B of the‘discusaion is of a preparaﬁory nature. After de-
scribing streaming in vacuum, the motion of neutrons in absorbing non-

scattering media ias considered. Though rather trivial, this part does

~1-



have practical applications for the treaément of problems involving holes
and pure absorbers. Of somewhat greater imﬁbrtahce is the opportunity it
affords to introduce analytical methods used in Part C in a particularly
simple and obvious form. Moreover, many of the formal results obtained in
B can be carried over directly %o C.

In Part C we come to the general problem of one veloclty neutron
diffusion.

1. Definitions

The neutron distribution is characterized by the sngular density

¢;(;;§{, t), the number of neutrons per unit volume and unit solld sngle .
moving in the direction of the unit vector J{ . -; and t denote the aspace
coordinates and the time, reespectively. Directly related to ¥ is the’aggular
current v .o v (T, re , £). The magnitude of thie vector is the number of
neutrona crossing unit ares perpendicular to the direction of l{.per unit
time and unit solid angle.

The integrals of the angulsr density and angular current over all
directions A are the density . , the number of neutrons per unit volume,
and the current 3:respect1vely. The magnitude of the vector 3' is the
net number of neutrons crossing a unit area perpendicular to j.per wnit time,
Thus:

o7, t) = jw(?,}f_, t) dn
IZ ) av/ag(@ A, t)an

If neutrons afe being created in the medium the determination
of ¥ requires knowledge of the source distribution. This source distribu-

: - - :
tion will be characterized by the angular source density a(r, N, t) which

- N
reptesents the number of neutrons of direction 1 produced per unit volume,

4-



. ' N
unit time, and unit solid angle. The.source density qo(r, t) is the
integral of q over all directions.

i-e-, - 9 —?
(7 0 = [ alr, A, ) an




B, PROPAGATION IN THE ABSENCE OF SCATTERING COLLISIONS

I. Streaming in Vacuunm

2, Continuity Equation

In vacuum the angular density ¢ must satisfy the continuity

equation

26 @20 av (vAp @A) =a@A
t o .

which states that the time rate of change of the angular density is equal

to the angular source density minus the number of neutrons leaving unit

volume per unit time,

For the stationary caae-%%% 2 0 and (1) reduces to

aiv (v Ay (F,?t)> = q(7, )
whiéh, sinte v has been assumed constant, may be written:
v.f—;- cgrad ¥ (;:R) H] Q(?’ﬁ)

3. Source-Free Streaming

In the abaence‘of sources (2-3) reduces to

nogad p =0

or ¥ =0
: - o8

- where ds is the line element along A yf(F;JR) is constant along

any line parallel to ra .

For a region bounded by a closed surface (Fig, 1) Y is the

same at the points A, B and C which lie along a line in the direction A,

(1)

(2)

(3)

(1)
(2)




Flg. 1

v n ,
Thue the' incoming angular density at A is equal to the outgoing angular

density at C.and only one of these angular densities is to be specified
to glve a complete boundary condition. If ?s be the point on the
boundary which lies in the direction - o from }) and the incoming angular

density at ?s(t//s(f"s, n )) be given,equation (2) has the solution

p(Ha)= poe, A) = p(F-eR,A) (3)

(here s is the distance between r and i:; )

If (,DS 18 independent of ?B; l.e.,

> B
y/s(l:;) .;:..) as f(_ﬂ.) (j’})
| then by (3) |

w(Z, A) =) (5)

Thue the interior angular density is also position independent. In
perticular if thé distribution on the boundary be isotropic it will salso
be so within the region.

To 1llustrate the use of the solution (3) of (1) let us consider

some simple cases with spherical symmetry. Since with such symmetry




W (r, n.) can only depend on the radial dista.nco r and the angle be~

tween n. a.nd r, it is convenient to write
r, £\ — ALY
¢ (r, N) '2W (:AJ
where

S
o N

"

M

Then from the original definitions of derisity and current we have:

l .
©(r) = ﬁjn n(r, u) du

- g 1 :
() = v(ﬁ)f mn(r, u) dac
r /vy |

(9) states that the current is directed along the radius vecﬁbf‘and ite
magnitude i3 only a funotion of r.

Integrating (1) over a gives the conservation equation
e
div j =20
which reduces for spherical symmetry to _

r2 dr‘ ‘7“"? ) )
and‘ hence

3 = c/unre

where the constant ¢ is the number of neutrons flowing out of any
sphers of radius "a." The angular density as a function of r and M is

given by (3) which in the new variables is:

n(r, z“) 2 n(a‘,/!&’)

" where o
R 7 =

(7

)

- (9)

a0y

)

(12)

- (13)

- (ab)



Thus My is determined as followe:

Draw the fadius‘g?ctor to the point'; and the unit vector Ji.at‘;'which
is sﬁch that f;-ﬁ = u o Extend A béck until it intersects the sphere
r = a. The cosine of the angle between f{ and the radius vector at the

- intersection is Mg Figures 2 and 3 show this construction for r < a

and r > a, respectively.

Fig., 2

Fig. 3




We see that n(r, ) for r < & is determined by values of n(e, f‘s) in

the range -1 ¢ 4 _ < 0 vhile n(r, Ju ) for r > a is determined by n(a,,,us)

in the range 0 < um < 1. ‘
‘Let us first consider the case r < a. Since M = cos @,

Mg = cO8 Bs and we see from Fig. 2 that

a sin 9B =reinb o (i5)

" We have ;
r2 2 ‘
/u.s‘“- 1-;@-—'(‘1-/“) : (16)
(16) shows that the values of Mg relevant for the determination of
n(r, ) lie in the range Lépm <=1 - £§ . Neutrons leaving the

a
sphere of radius "a" at angles with larger values of Mg will not approach

~within a distance r of the origin.

Solving (16) for M glves: -

— , o
po=t }[1 -2 (1 -pd) ~an
.

The ambiguity in sign in (17) is due to the fact that neutrons leaving

"a" with a given Mg contribute to‘n(r,lh) for two values of M, corres-
ponding to the point at which they enter the sphere of radius r and to the
point at which they leave.

The angular density within the sphere is given explicitly by

'

inserting (16) into (13):

. ‘2 ] ! . :
n(r, ,1.) = n(a, - % - ‘1;'2’ (1 - ’.h2)> (18)
a ,

(18) gives on noting that n(r, u) is an even function of w :

1 1 v
,o(r)aeof n(r,ﬂ:)d}*=2_o/ n, (pg) ap (19)

-8



As examples let us carry through the computation for the

three cases n(a,/us) Bl Mg -t

Mg
For n(a, ,us);= 1
a(r, ) = n(a, p) =1 -~ (20)
g.nd
p(r) =2 o (21)
For n(a,,ua) -
‘ gl 2 '
' 8
and
: 1 2 t «l(r
plr) =2 f \/1 -0 - ) apmE 1+(1 -...2) anh” (@) (23)
(o] a (_)
a
’ We see that P (o) =2 and P (a) = 1 which gives evidence of a
focusing effect due to the preference for the radial direction of thié
incident distribution.
For n(a,,us) TR
Mg
1 | tanh~L(E)
pi) 2 | du =2 x (24)
° 2 , 2 '
\J 1- -2 @
32 ,
In particular o (o) =2 and o (a) = 02, showing the way the incident
distribution emphasizes the lateral directions, -
For r > a we find, using Fig. 3, that equation (18) still
holde and that , ,
Mg T V1 . 2‘; (1 -/4,2) - (2%)
a : A

e




1

2
or =t L. 55 (1 - }bsg) : (26)
r

Here v may range from O to 1. The corresponding values of  for

wvhich nGr,tb) does not vanish are |1 - §§ < L 1. Thus:for the
r

density we have
1

pr= [ wmp ap e

82
l“"‘"‘ i

2
r

For the three simple cases previously conslidered we find: .

For h(“,‘,’.f“‘s) = 1

1 ~ RS
P(r) = / dpal- f1-2 ‘ (28)
a2 - |
-2

r _ o
It should be pointed out that the density is not constent despite the

isotropic boundary condition, in apparent contradiction with (5). Thie
contradiction, however, is resolved by noting that the bounding surface

18 here pot closed.

For n{a, r&s) = Mg - o 3  e
2 , | . %
o [ Eeme @
,a B
" .
|’1 ) 55 ; |

o
n eenel @
1 a? tanh r
® 2 - (1 N "5) 8
(@)

r

10w




2 .1
a 1
p(x) = 2 “/r A dpg
0 1 ¢~§(“1 ~ Mg ) (30)
r .
.8 -la
=2 tanh r
The difference of a factor of two between the r{:§+ e(r) and
rif:- @ (r) for the same surface distribution arises from the fact that -
the internal distribution receives two cdhtributions from the surface
(opposite sides) while the external distribution receives only one c@ﬁif“
tribution. | '
L. Bources
For steady state problemé with sources present the equation of
continuity (2-2) may be written
> > > -
v 4L (F,R) = o(F, ) (1)
-which has the general solution
> 4 R '
¢ (¥, 1) "f AF + pylr,n) (2)

Here y, is a solution of the homogeneous equation (3-1) and the integral
-
is to be taken along a line in the direction L up to the point??.

If neutrons are being produced on a surface it 1s convenient

to define an angular surface source density 4 which is the number of
‘neutrons produced per unit areas, unit time and unit solid angle moving
in the direction.?i. q, may be related to an angular source density q

by the relation




W, 7) an = q(FR) &(x)an (3)

vhere x is a coordinate in the direction perpendicular to the surface
at ;.

" Then if only the surface e,vsux'c:ex«q_‘B be present (1) becomes: -

v%—%—aqs $ (x) W

If 7 denotes the normal to the surface in the direction of increasing x.

2L 27 | L)

3 X
and (3) becomes
> > ) ‘ . : )
va-n-—a-%qu-d'(X) T (5)
wlth the solution
vE-T (Y, -p) = q, om

vhere the subscripte + and - distinguish t}l on the plus and minus sides
of the surface. (7) shows that a surface source is equivalent to a dis-
continulty U of the normal component of the angular current. If in’
>
perticular all neutrons come from the surface source { (r, , ) = O for
2 - > > '
Nen < 0 and t,v_(rs,n.) = 0 for A-n > 0. In either case
—E (@)

s
T
showing that the presence of the eurface source q is equivalent to
placing & condition on !.D at the aurrace.

To 1llustrate let us consider sources distributed on the sur-
face of a sphere with spherical symmetry. In analogy with the definition J

‘(3-6) it ie convenient to define a source density Q. (}w) e g

-12¢




9,(K) = 5% () (9)
and then (8) becomes
n(a, ) = G p)/vipl @)

For an isotropic source (10) shows that n(a, p )~ 7}1:7 .
Hence, due to the divergence at = 0, o (a) 1s infinite.

Using (10) the surface sources corresponding to the previously

considered surface distributions n(s,p) ~ 15w | ; —~ may be obtained
8 sl
readily.
Thus if n(a, ) = constent = ¢,(10) gives
a ()
= cpl | (11)

If this shell source be normalized so that qa(z)/v integrated over all

—
angles ;0 and over the surface be unity we obtaln:

q () LT () '
/ Bv d nds u/ sv'h dpds = 1 = e c - (12)
“1

or
¢ = 1/hwa® : (13)
Therefore: | -
ci';(y.)/v "'}h‘/h‘n‘ae and n(a,p) = 1 5 | ‘ (14)

ha

For the interior of the ephere (14) combined with (3-18) gives:

n(r,p) = :L/Lmua.2 (15)
With (15) and the definition (3-8) ¢ (r) may be obtained.
For the case r >» a we see on referring to Fig. 4 that since

the source radiates both inward and outward the point A receives



contributions from the sources along i at both B and C,

Figo h
Hence if
a2 1
A\ -5 n(r,u) = 5 rYa (16)
r 2mra
while if
2
<\ -;"'-2- n(r,u) 30 r>a (17
r : .

since no points of the source contribute to these directions. p(r) is
again obtained using (3-8).
In Table 1 these results are listed along with those for

n(e, aty) ~ | aq, | and 1/ | g

Returning to the case of volume sources we note that the

.

general solution (2) of the continuity equation may be written

o]
v &,R) '%f a® - RR,A) &8 o (18)
]
where the symbols refer to Fig. S 4
e
Fig. 5

-3 i’
Here the vector R ® RA connects source and field point, The extension

of the integration to infinity permits the omission of the homogeneous

-




- BB 3
%—Uﬁ - Q,(ﬁ) Hettron Density Distrivotion for Varicus Shell Sawréed s Q= jj E:()u) Aus :.ff Q,(ﬁ) anas
vn (r,,u)/Q v (r)/Q
() r>a
'—-"'a" 4 V(o) (vp(e)
Pca an r<a ra a Q
2
A e
Soat ] 2 (1)\//1’-#3: P (3)-\//“»5 -1 3 ( )M Ry | QN (:- —)M £ A 3 3
8na 8ra® \& P? | 4wat N2 r? swar| 8war T erdt awa
e 1 . i { P /URPAS D INEEUN IR
47rat avat 27at 27a’ 27at § »* 2ma* 2ra
i 1 (& i . £ i '
8wrat azat &) s o 4-::“ ( ) 4-n'd.r ( 4me* e
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solution since this may always be regarded as due to fictitious sources
exterior to thevregion of consideration. Thus considering q within the
region to be the given sources and q outside determined so that ¢ satisfies
the requisite. boundary conditions (18) becomes the general solution of (1).
The line integral in (18) may be converted into s volume integral

- -,
by use of the angular delta function do (- £Y) defined by

8, (i) =0 A (19)
and .
f‘fe (K'R')dﬂ”f‘sa(z'}’f)dﬂ’ =1 (20)

It should be noted that the integration in (20) is only over the direction
of the unit vector A or J%!. The connection with the usual delta function

is expressed by

8, (A-A) =gk 6(ara'1) (21)

>
With .0’ chosen in the direction ® (18) may be written

-» oo
> > 1 ->.§ > > >
W(r,ﬂ)=;f62(ﬂ R) d.n-R ‘/q(r-—l;, %)dR
O

=-‘1; fq(r ~ R, R) dpln-g) Eg . , (22)
By & ”
1 kg r |
== f a(rs R) dplng) 2

Here d?’ denotes the volume element and the integral is extended over

all space.

-
The denaity p and current 3§ may therefore be expressed as

a(, )
i [ TR W (23)
-> > R
- R Q(r) 'ﬁ) _).'
Jufﬁv - o | (24)

«lb=



For a peint source
a(rs A) = qe(a) 8(7)

vwhich gives on insertiﬁg in (22)

) g5 E
T W AL i
' : vr

This 18 a highly singular function expressing the obvious fact that an

observer at point Erloaking along & line L which does not pass through

the source sees no neutrons. From’(23)-and (24) we £ind for the poiﬁt‘,'

“gource
| . R
e(r) = af(3)

and

If in particular

-
f@m)uf%
these become:
p
elr) =
hrrtv

and ‘ :
3y (x) = () —8

Yoy

II. - Purely Absorbing Medium

\

5. Consequences of the Continuity Equation
I neutrons can be absorbed by the medium the equation of
" continuity must be modified by an additional term describing the number

of neutrons disappearing per unit time. Denoting the meen life with

regpect to capture by }-, it is apparent that this number is w/1'. The

steady state equation of continuity then becomes

wlT=

(25)

(26)

(28

(29)

(30)

(31)



> -
v.A-grad w(F,R) = q(r¥,A) - ﬂ.’;’.’:_{ﬂ

It 18 often convenient to use the mean free path .£, and

its reciprocal o, defined by:
- 1 >
L(r) ¢ T (r)
In terms of o (1) becomes:
-
negrad ¢ '(1?,}{) = 3%_;_—‘_‘-_1 - ‘l’(;‘:-x)

' Since o is in general a function of position (3) is somewhat more

complicated than (2-3). However, for o constant (3) may be multiplied

by the integrating factor lorn) becoming:

x (eFa) _  [(oFd)
v .n.grad(ye T o g et T

'

(4) 1s then the same as (2-3) with a redefinition of ¢ and q. With
thie in mind the previous results may be applied immediately. Thus

for o constant we find

oQ
> -
v(7,3) -1 [af 287 & TR a
o N
(5) shows that neutrons coming from the source are attenuated exponen- .

tially. For example, if the angular density be everywhere the same on
-

& plane z = 0 and is a function only of p= ?1-:- we have

z
n(z,p) = n(0, ) e T p
Thus even for an isotropic plane source at z = O (and hence by (4-10)

n(0, pe)~ "5 ) the angular distribution will become more and more peaked

Tl
in the forward direction the larger the value of z. This change from the
isotropic source distribution is understood by noting that those neutrons

whiéh leave z = O at an ecute angle with this plane teke a longer path

-18 -

(1)

(2)

(3)

(1)

(5).

(6)




ﬁo reach a distance z from the plane than those tr@velling at right
angles, Hence the former neutrons are more likelyﬁt.o be absorbed.
For problems of plane symmetry (i.e.; where the onl_y spatial
variation is in terms of a single cartesian coordinate z and the only
'deﬁendence on £ ia in terms of AL , the cosine of the angle between
A and .f.he 2 axis) the occurrence of a variable ¢~ is no difficulty.

In these problems (3) reduces to:

ol
B 4

,u-%l;. =[18 -0y (1)

} Introducing the new variable y by | ,

. | .
Y= [ o (s) ds ’ (8)
(4] ' )

where 3 is some conveniently chosen constant, reduces (8) to

/u-%i;-f-iﬁvﬂﬂﬁw - (9)

(9) then describes a problem with ¢ = const 2 1 with a slightly
modified source (q — .£q). |
In more general problems of variable 0 it is convenient
to define an optical thickness <X by:
R g :
o<(i'*,r—'"): < (F1,7) = f o"(?-s%) ds (10)
(0
-ﬁ> -~

where R = r' - 1. It ie readily shown that, in terms of o<, the solution

“of (3) may be written

@, ) =1 fq@-na,;{) Sal
vV %

?’?-Ra)dn

3l (11)

«19m
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}
i

|

and hence that

s
, +R ‘

a(riz) 23 f
Jorryl TE e e (12)

As 1s to be expected, this reduces to (5) 1f @ is comstant since then
oK becomes o R. It should be pointed out, though,that this general case
of variable o introduces considerable complication. Absolute coordinates
instead of Jjust relative coordinates between field and source enter ﬁhe

problem,
In the next sections we will apply the solution (11) to various

simple sources.

6. ~Point Source

If a directional point source be located at'?; radiating in

._)
the direction :10

> - -
a(Thn) =q 8 (Asn) § (-7 ()
and then
- :
- r - L ‘
W (5 8) = 2 (2 R) 52 n) & R(TT) (2)
vir -7 | e - r |
0 0
For isotropic sources
"
a(r; &) = %5 () (3)
snd then -
o0 ) > -+ -
- ]
lP(r,X) = R'?v;r'\;/qo(; - RZ) .e- .C(r,l' - R.n-) aR (l{.)
0 _
¢ oo : ' v
> 1 \ 'qo(r') - & (r,r) >
P(r) = hn_v‘_/‘t:;;‘;ié e” TN ars (5)

~20=




, g -,
If o be constant and qo(r) = §(r), describing a unit
isotropic point source at the origin, (5) becomes

. R
- or

| ()

e(r) == 5 - B
L ry ).
T. Plane Source
The neutron distribution‘arising from an infinite plane
(z = 0) covered with isotropic point sources of unit strength and
density Q g Por unit ares can in the _éase of constant o be determined
directly from (5) or more concisely using the theorem of Appendix B.:
. .
This states that the plene source solution ie connected with the unit
point source solution by
P
Ppl(z) = Q4 ‘/pp(R) 27 nir (1)
2} ,
where '
Ra = z'/a 3 re ‘ }
Thus, using the point source solution (6), we have
,‘ - - |
- R o Q - R
e B @ *
Poglz) = f 2wrdr=-—~f—-——-——-dn A (2)
pl Yy Yo R2 . ev R
Izl
=55 B (oiz1)
The current due to the plane source is in the + z direction
for z > 0 and in the minus z direction for z < 0. It is of magnitude
[+ ]
Q X .
B e "‘. Sip l.'
J =5 ozl 7 dx «= 2 Q E,(o1zl) (3)
ozl '

. . 00
#cf, Appendix A where the functions En(x) = / e X 4™ qu are discussed,

1
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Using (2) the neutron density corresponding to an arbitrary
kdistribut:v\.on' of isotropic sources of plane symmeiry idtﬂ‘obtnihod immediately.
I qo(s') dz' be the number of point scurces lying inuig,, reglon of unit area

- and thickness dz' at z' the addition of contributions similar to (2) ylelds
- ,

JORFE fqo(m B (le -3l )ast )

~00

For ¢~ variable the transformation (5-8) gives

Ply) = 5 Jm-) 9, (¥") By =y ) 4 o (5

8. 8hell Sourge

By an isotropic shell source of strength Q, radius “a," we mean a
sphere of radius “a" uniformly covered with Q isotropic unit point sources.
In Appendix B it is shown that the neutron density at r due to a unit iso-
tropic shell source of radiue "a" is related to that due to a unit isotropic

_plane source by

Pah(!‘,a) m {pp’&( ‘ a4 -1 ' ) ppﬁ( la+ rl )} , (1)
Hence for & shell source of strength Q, radius r!, we have for constant 0~
O o) 2 g (Bl -0 ) m e e} (2)
Similarly, s
Jah(g',r') = 5_11%57 {E(T\r;'l,)r‘ Ej(«- Vrort) h% Ez(crlr—rvl) - Ea(flrﬂ(-z'l ;}
a

From this the density at r due to the isotrepic; spatinlly

spherically symmetrical source distribution qo(r') is immediately seen to be

e () =%— “JL;_%{%(TH#'I) - El(f\mr'l)} dr! | (3)

all gpace

PP




oo A |
Crplr) S 3}; y riq (r') '{El(r]r ) =By (o e+l )} drt (k)

o

- or

If we define qo(-r) = qg(r) and e(<r) 5 elr), (3)‘ beoomes s

r o(r) =-§‘; rig (rf) Ey(o r - rt ) ar! 1 (5)

Gomparing (5) and (7-L4) we see that the spherical quantities
ro(r) and rq (r) bear the same relation to each other as do the piane

 quantities ©(z) and qo(l).

9. Remarks on the Reciprocity Theorem
It %(r,n; o’n' ) be the angular density at ¥ of neutrons

moving in direotionn due to a unit source at ro radiating in the direction

?lo equation (6-2) states

>y > > > P, *‘-“')"
(¥, 03 ro,no) :;.‘._;%-‘-2- Sz(nb-n) 82_(—{;%-3) a‘d(r’ro) (6-2)
o .

Noting the symmetry of 0((?,? ) apreaaed by (5-10) we ses
‘I’(rtni 3-“-) = ""(roa "‘nof rs "'B-) o . (1)

. This reciprocity thecrem thus states that the angular density st ¥ in
direction 1 due to & unit source at ?9 ':?adiating ‘in directlon B’o is the
same as the angular denslty a’o?o direction “ﬁe due to a unit source at I's
radtating in direction =3, (In Part C it will be shown that this reciprosity
theovem holds evan 1# socattering is considered,) v

From this phyaicany obvious result we derive on imaegra’oing (1)
aver}ﬁ

j‘f/(?.ﬁ; ¥, Ko) da = j‘l*(f';. -3 ¥, -R)an (@

23~




The left hand side is the density at * due to the directed source at 30
while the right hand gide is the apgular density at ;; due to the unit
iaotropic source at.;.'

y Integrating (2) over }10 yielde the additional result that the
density at ? due to the unit lsotroplc source at ;; is equal to the denéity
at 52 due to a unit 1sot;opic source at ?.

> > -
Multiplying (1) by <L and integrating over both Jlo and n gives

> a3 > . - - > > >
ffnv:(r,m-ro,no) dada = /nw(ro, -a T, -0)dadn (3)
On taking the scalar product of (3) with an arbitrary unit vector n we see

- -
this states that the component of the current at r in direction n due to

> : >
a unit isotropic source at r, is equal to the density at r, due to a source

>
at r with directional distribution ~ H%; nen o

10. Escape Probabilities

As an application of the formulae so far derived we will n§w
turn to the calculation of escape probabllities.

Let & neutron born at a point f?of a finite absorbing body have
a probablility P(;) of escaping from the body. If neutrons are born

>
within the body with isotropic distribution qo(r) the average escape

probability (P o) is:

| /qo(;’) P(r) ar
body . (1)
) 3y P
q (r) ar
ﬁgg; °

The average probability P, (Pc =] - Po) that the neutron will be
absorbed is often referred to as the collision probability.
In the following we shall treat the case of constant q,. Then

we have




(2)*

As a simpie illustration we calculate the escape probability‘_ :
~ from s thin slab of thickness "a" (Fig. 6)
, R -
- a
=2
: ‘Fig. 6
For a neutron starting at z the escape probability is equal to the sum.
of the current on the two sides of the slab due to a unit source at z.

Since these sides are at distances z and a-z from the origin of the ‘

neutron we have from (8-3)
o) = 3 {8 ¢ 5,055 (3)

With a/¢ ¢ < 1 (and hence z/,E <<1) it is reasonable to use the expansion

E (x) = 1+ x log x - 0.422784 x + 0(x°) W)
giving o '
z a £ =& Zy
1-B(3) =5 logs+71 () (5)
" where "

£(x) m% [O.h2278h - x log x -~ (1 - x) log (1 - x)_]‘ (6) :

#(x) varies between £(0) = £(1) = 0.211 and £(}) = 0.211 + 5 log 2 = 0.558. /

Thus for a very thin slab (log -f >>1) the escape probability from a point

z becomes 1ndependent of 2z and equal to the average escape prebability, 1l.e.

1-P -Ilog& (7)

Physically the constancy of P(z) may be understood as follows: A neutron

¥Thie P hag bheen used for approximate treatment of pile problems and for the
determination of critical eizes., If ¢ neutrona be emitted following each
sbsorption the critical condition is given by cP, = c(1 - Po) = 1,

~25=



starting at the center of a thin slab need traverse a distance of only.
% to leave the body. It sees material of thickness % on both sides, A
neutron originating at the left edge escapes if it moves to the left.
However, if it moves to the right it must traverse the enti:e'distance
"a". These two factors temd to equalize and for a thin slab qentef and
edge escape probabilities become approximately equal.

For larger "a" the escape probability is no longer position

- independent and P, must be evaluated explicitly.

e a/L
P_(a) n% / P(z) dz ué /EE('Z) dz o f (8)

o ¢

-2 {%‘ - Ea(%)}

For a/£ >> 1 (8) becomes

/& e- a/te v . i
Po(a) X 'é'g - ] ' (9)
: (a/2) ,
: -
In general for convex bodies P(r) is the totel current emsrging
from the surface of a body due to a unit isotropic source at point ;i With
the notation of Fig. 7 this glves
> “R/L
> > ; ‘ :
P(r)ﬂzl;,:f(%'n -e;'-—e—*-- as (10)
R
where 45 denotes the surface element.
n
' Fig. 7
origin N
If dNL be the s0lid angle subtended by 5 at r
> A
Ren a8
el (11)

26~



and hence

9 L)
P(r) = ﬁ;/ e’ 4o (12)
which gives on combining with (2)

P, = Tay ff e* qnav B ) (13)
(13) 15 quite obvious since the probability the neutron will be emitted -
in nis, by assﬁmption, %%; . The probability that, if emitted in
direction ;;, 1t escapes 1ls e"RﬂL « The integral over V and division
by it ies Juet averaging over all points of the volume. Moreover, in this
form the generalization to non-convex bodies is apparent. Formula (13)
remains valid with the understanding that R ie the total thickness of the
body in direction ;: from-;.

Equation (13) for the escape probability may be re-expressed

by interchanging the order of integration. Thinking of the volume V as
being mede up of tubes javing a croea-aection’(;;-;;) dS (where Ki = -n

is the inner normsl at dS) and a length Rs’ where Ra ie the length of the

chord drawn in direction ;: from the surface element 45 (Fig. 8) wve see

av = (3-5’1) ds ar (14)
Fig. 8
d
Hence ) R ' -

1 & .R/L pding ‘
P, = Try /// e dR (A2-n,) aaas (15)

o .

.’

..)
vhere the integration region is such tha.‘c..n-ni > 0.

27-



Carrying out the R integration yields

P “E"Fr&(r' ff (1 - e'Ra/'e) (X';i) anas

o -

An alternate derivation of (16) is obtained by relating the
escaée probability torthe solution of another problem. This may be done-
uging the réciprocity theorem.

Consider the body for which the escape probabllity is required
to be lmmersed in a uniform isotropic bath of neutrons. Let the (constant)
neutron density at large distances from the body be f%o' The numberfof
neutrons entering the body per second through the surface element ngdireé-
tion A o 18 then

PLY 2> o
.
T o n ds

> e e A
vhere n is the normal at 8. If as before ¢(r,n; r r,,n, ) is the

-
angular density at r in direction .n.due to a unit source at ro radiating

-~ .
in the direction .rLO we have for a point? in the body

P(r) =fl"(r,n) a.n
r-"f/fn n g (s, 5)0,51).0) d.a _d.nds

By the reciprocity theorem

-+ >

-2 -> -»> »
¢ (r,n; ro:-ﬂo) = ‘/"(1'0: T -n)

Inserting (17) into (18): .

p(r) = {E—-—fffn nq;(r , -.a, J-:), -.n) dn dnds]

' > >
On changing the signs of the variables.of integration ('n'o and ) it is.
_’ .
seen that the term in brackets is just P(r). Hence
-
e(r)

B(z)
r)=
poo

~28-
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€17}
(18 )

(19)

(20)



- Integrating over the body and dividing by the volume ylelds

P =/oav
0

4

"whe:?e P is the average neutron density in the body. Thus the escape

| probability problem is equivalent to asking for the neutron denaity in

a body immersed in an isotropic bath,

i
bath per second, We have

Let N, be the number of neu’orona entering the body from the'

g =

N, = e . n, dnds

1 '[].hTT '6; Pi s

—-’ . :
v o

8ince ~——%R- is the incident angular current,

L
The number of neutrons leaving each second (Nn) is

N ff R L o A7, danas
W

as a beam entering in a direction A et dS is attenuated by e“R /,Z

before leaving. The number of neutrona absorbed per second (N ) is
Na - Ni -N = &_‘Z ff - .-R‘s/l)}{.}{ i anas
o L i

But : v '
Nl s 7r v P

ay

Equating (24) and (25) gives

- P - /4
P, = ?’ﬁ.hvv ff(l oy )n.n dnds

On performing the integration in (22) we find

Therefore if F be the fraction of incoming neutrons absorbed we see

w2F=

(21)

(22)

- (23)

- (2k)

(25)

.(26) "

(27



4

| ; : ' ‘
Fa= -1—'-3- uﬁ% /(11 - e RB/'e) ':";;i d.nds , (28)

giving the alternative expression for P,

Po ™ ﬁ%ﬁ Fo o , o (29)

It may be noted that thqjconaidetgtion of this equivalent ... .

neutron bath problem is somewhat more than an alternative mesns of
computation. Using (29), optical analogy experiments with light taking the
place of neutrons have been performed to‘dpfermine escape probabilit#ea__

experimentally.

"10.1 . The Chord Method |
The caléulation of escape\probabilities is often facilitatéd

by the Chord method developed by Dirac*. Though the 1imitation is not

easentiéi, ﬁe will only consider convex bﬁdies in our discussion.
Fig. 9 shows chords of varying 1ehgth R drawn from the surface
] : v

element d8 of a convex body.

eyl Fig. 9
ik “IIIIIID— o
Let such chords be drawn so that their number in s given

. > >
direction 1s proportional to..n.-ni

inner surface normal and the chord direction. Defining ¢(R)dR as the

j the cosine of the angle between the

. probability that a chord be of length between R and R + dR ylelds

*P.A.M. Dirac, Approximate Rate of Neutron Multiplication for a Solid of
' Arbitrary Shape asnd Uniform Density, British Declassified Document MS.D.5

Part 1, 1943.
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f/ (}{vx—;i) dnads

RB= R

Jargpacy
J[J/ La0ny dnds

where the only restriction on the‘region of integrétion in the
-> > '

. denominator 1is 11-n1>~0.

—
(1) is derived as follows: If .nbe a direction from a

plmen =

surface element dS such that Rsn R and d. be a solid angle around
}{ such that all chords in this solid angle are within dR of length R,
the number of chords of lengths R to R + dR from this solid angle are

: > 3 -
by assumption proporticnal .-n,dnds. Bumning over all directions N

i
of this kind and then over all points on the surface gives the totali
number of these chords as proportional to the numerator of (1). Dividing
by the total number of chords drawn (which then is proportional to the
denominator of (1) with the same proportionality constent) shows thaf (1)
is indeed the requislte probabllity.

Integrating the denominator of (1) gives
PN A
f(.n-ni) dnds = 2wsfpd;.~ = WS
(-]

vhere 5 signifies the total surface area. The average chord length

Rav is |
R, »-fn ¢ (R) @R
> -
jBﬂgnidndS
= e
)
S8ince
-> >
va Jx-nids =V
we have
LV
Rv * 8

«3]l=

(1)

(2)

(3)

(%)

(5)



and thus

i -
Al ¢(R) &R = / n-;idnds (6)
av Rs“ R

)

On inserting (6) into (10-16) we find
PO = ﬁ:% /(1 - e-R//?,) ¢(R) dR (1)

The determination of PO is tﬁus divided into the geometrical

problem of finding P(R) and the inﬁééfation indicated in (7).

Useful limiting forms for Po are obtainable from (7) with

but little work.  Thus, if the body be of such small dimeneions that

for all' R R«<<£, the expression for P o may be simplified by expanding

the exponential in (7) giving

or

J) R_1E ' | .
P = -ﬁ';-; / (I‘-a:zf) ¢ (R) @R (8)
(r%) |
Po ~ 1l - % ﬁﬂ , (9)-
av : '

For bodies of dimensions large compared with the mean free

path it is convenient to write (7) as

S {1 - [ e gim) an} . (10)

av

B8ince in this case only smell valueé of R will contribute appreciably'

(due to the exponential factor) it is reasonable to expand

BR) = B(0) + BF(0) + oot Y

Inserting in (10) gives:

P x X il - 4 ¢(0) -122 ¢'(0)) ‘ , (125‘
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(13)

where ci and c2 are some constante.

‘For smooth bodies (1.e.;no edges) one can show that #(0)

vanishes. Hence for these

p, ~ B {1 . @[(»f)“’” | W)

For bodies with edges this is no longer true and

' St :
Pox & {1- o(é)} BTN
For bodies whose dimensions are comparable with the mean free
path much more detailed calculations are necessary. In the following'
exact escape probabilities for bodies of various special shapes will be

found using the chord method.

10.2 B8lad and 8phere

ot

Referring to Fig. 10 we note that for a slab of thickness "a

dn = a(cos @) d¢ = apa¢ (1)
R
a » Fig. 10
b Therefore ‘ -
$¢(R)AR = ".,;]‘g / (X‘-S'i) dpd pas (2)
R = R
B8
= 2ndp

«33~



Since

e

}“‘ =
¢ (R)aR = 28° i%
Using

—_— = 28

We find by (10.1-7)

P, = La /(1 - e-R/‘e) -g% u-ag {%— - E3 (%)f
a

w3lj=

(3)

(&)

(5)

(6)
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(6) 18, of course, 1den§i¢a1 with the previously derived result

(10-8). For a/f >> 1 we found
P,z £/ a/l>> 1 (Tk)'
If a/d << 1 expanding-ﬁ3 gives N ] |
a1 . __[_/__3 log _7_. _/_1_5 [1.,5 - ‘K] , % (a/l)? : (8)

where f& = Euler's Consfant = 0.577216 ...
Collision probabilities calculated from (6) are given in Table 2 as
a function of b/f with b = a/2 = half thickﬁess of the slab. A graph
of escape probability vs. haif thicknesg 1s given in Fig. 11,
For a sphere of radius "a" (Fig. 12) it is convenient to

introduce as & variable 9<3, the angle between the chord and the radius

vector.
RN
g
U
Fig. 12
Then
R :
cos Oy = Ko " a (9)
This gives:
¢(R)R = 27 BB, - g aR | (10)
U] 232
also
W 4 ' '
| Rav “"E’.“fia (ll)
Hence: 28
P, = 7%'5{" / (1 - e ®4y Rap/2a® S (2)
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(2) P, =

Formulas
Expansions:
(1) P,
2 Y/4 P,
.00 0000
01 .OL8Y
02 0831
03 L1127
O 1390
05 L1629
06 1849
07 .205)
08 2246
W09 .2427
10 L2597
A1l L2759
«12 «2913
13 3060
oAy 3200
015 ’ 03335
16 346L
17 3588
18 L3707
19 3821
20  .3932
«21 4039
22 hah2
23 Jhele
2L U339
.25  JiLh32

¥ = 0.,577216

TABLE 2

(4L-decimal accuracy)

o4 (1o @)

[é- ¥ + log-é’%]
b oo

i for 3 < Y
b/l P,
25  Jhh32
26 4523
27 W61l
28 U696
.29 L4779
.30  .LiB59
31 4937
032 ,.5013
33 5087
3h 5159
35,5229
36  ,5298
37 536
38 5429
39  JS5L92
L0 .555)
Ml 561
A2 5673
L3 .5730
Juh 5786
A5 L5841
A6 5895
A7 L5947
A8 5998
L9 L6048
.50 6097
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TABLE OF Pc FOR SLAB

LY/4

+50
051

52

53

.5k

56
57
.58
59
.60
61
.62

6l

67

+68

.69
«70
o7
o 72
o173
«Th
75

65
66 .

¥ % (b/,e )2+ .:.0 s

6097
6115
6192
.6237
.6282
.6326

6411
6453
6L93
.6533
6572
.6610

6647
668l
6720

.6755
6790
.682)
6857
.6890
16922
.695)
6985
. 7015
7045

< 0,20

97
.98

« 7045
707
«7103
#7132
7159
#7187
o721L
o7240
. 7266
7292
J7317
.7342
7366
#7390
<1k

-« Tu60

« 783
. 7505
.7527
<7548
« 7569
. 7590
7611
. 7631
7651



v//

1,00
1.01
1.02
11003
1.0h
1.05
1,06
1.07

.08
1.09
1.10

1.12
1.13

1.15
1,16
1.17
1,18
1,19
1.20
1.21
1,22
1,23
1.2
1.25
1.26
1.27
1,28

1,29

1.30
1.31
1.32
1.33
1.3k
1,35
'1036
1,37
1.38
1.39

140

1.L46

1.h9
1.50

. 7651
« 7670
+ 7690
o 7709
7727
o TT46
o 7764
« 7782
. 7800
7817
.783Y
. 7851
« 76868
.7884
« 7901
+ 7917
« 7932
+79L8
« 7963
. 7978
« 7993
.8023
8037
+8051
8065
8079
+8093
8106
8119
8132
8145
.8158
8171
8183
8196
.8208
.8220
8232
82143
.8255

8278
.8289
8300
<8311
.8321
8332
8342
.8353
.8363

1.50
1,51
1,52
1.53
1.54
1.55
1.56

157

1.58
1.59
1.60
1.61
1,62
1,63

1.65
1,66
1.67
1068"

- 1,69

1,70
.71
1.72
1.73
1.74
1.75
1076
1.77
1,78

1.79

1.80
1,81
1,82
1.83
1.84

1085'

1.86
1,87
1.88
1,89
1.90
1.91
1,92
1,93
1.94
1.95
1.96
1.97
198
1.99
2,00
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2.10

2.1l
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2,46

2,19
2,50

8757
8763
.8769
08775
8781
.8786
8792
8798
.880L
.8809
.8815
.8820
.8826
8831
.8836
8842
8847
.8853
.8857
.8863
.8868
8873
.8878
-8883
.8887

. 8892

.8897
.8902
8907
8911
.8916
8921
8925
.8930
8934
8939
8943
.85u8
8952
.8956
8961
8965
8969
8973
8977
.8982

8986

8990
8994
8998
+9002

2,50

2,56

2.62

2.66
2,67
2,68
2,69
2,70
2.7

2472

2,73
2.7
2.75
2.76
2,77
2.78
2.79
2.80
2.81
2,82
2.83
2.84
2,85
2.86
2,87
2,88
2 .89
2.90
2,91
2,92
2.93
2,94
2,95
2,96
2,97
2.98
2.99
3.00

09002'
09006?
«9010 -
«9013
9017
«9021
.9025
.9029 -
«9032
9036
+90L0
.90L3
907
09051 .

49058

+9061
+ 9065
.9068
.9072

09078 '

.9082
#9085
+5089
.9092
«9095
.9098
09102
«9105
.9108
<9111
o911h
9117
#9120
912L
9127
09130
.9133
9136
<9139
911

o917
.9150
.9153
9156
9159
9162
«9164
»9167
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3.00
3.01
3.02
3.03

3.05
3.06
3.07
3,08
3,09
3.10
3.11
3.2
3.13

3.50

P

9167
«9170
9173
9175
9178
.9181

09183

«9186
+9189
¢9191
<919l
«9196
«9199
09202
.920L
+9207
9212

921k

09217
09219
09221
922
<9226
09229
9231
«9233

+9238
«92140
9243
9245
092447
92449
.9252
9254
#9256
+9258
09261
«9263
#9265
09267
09269

9271

9273
9276
9278
9280
.9282
+928L
9286
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.9286
+9288
«9290
9292
+9294
. 9296
+9298
»9300
9302
9304
9306
9308
+9311
+9313

#9315
«9317

+9319

«9321°

9323
9324
«9326
+9328
+9330
«9332
+9333
«9335
«9337
«9339
«9340
9342
+93Ll
«9346
<9347
<9349
+9351
9352
29354
+9356
«9357
.9359
«9361
9362
+936)

9366

9367
9369
+9370
9372
9373
9375

P

9375
<9377
«9378
+9380
«9381
«5383
.938],
.5386
+9387
«9389
9390
«9392

«9393

9395
9396
9398
+9399
+ 9400
.9u02
9403
9405

«9U06

+9408
9409
9L10
-9U12
5413
+9415
9416

#9417

«SL19
« 920

ol21

9423
-Shal
o9425
-S427
5428
9429
o9h31
.5h32
«9433
b3l
+9436
U437
-5438
9439
«SLll
9hh2
<903
5 AR

+9lilily
+Shké
o SUh7

Skl
9451
52

+9U53

«9Lsh

955
#9457
+9L58
U9
+9460
+9h61
«9ué2

946l

+9L65
966
967
9468

9470
ShTL
+9UT73
LTl
o975
76
SU77

 «9478

9479
9480
oSuB1
9482
.9483
#9485

o9UB6

+5u87
«9488
~9489
o9U90 -
9491
Sh92
9493
L9k
.95
U96
<9497
«9498
+499
+9500



,Qp}\integzl'ation this gives:

() e

~ Hencet

=‘_“_2___i v 2 - ' -23/13}
P, TTAY {2 (a/L) 1+ (1 +'2a/£) o™

In cagse a «.L. we apply (10,1-9) for which purpose we ‘salculate

[ 2a '
(R?) =i j R = 2a°

P ~ 1 .. 1 2] . a<<l
° 1(?)1 ; ﬁ
For a> £ expanding (13) gives

P ﬁi {1 -} (fﬂ

o &

in agreement with (10,1-11),

a/f . In Pig. 11 there is a graph of P, va a/l.

Fig, 13.

Table 3 gives the collision probability F, us a function of

10.3 The Infinite Gylinder

~ For an inrinlte cyl:l.nder we tn.ke coordinates as shown :Ln

Pig. 13

(13)

(1)

(15)

(16)

(1) "



. . Formula:

Expansions:

25

00746
+O148)
.0221L
«02937
.03652

0360

05060
05752
06438
07116
07787
[ 081.]52
.09109

009760'

10403
11041

11672
12296

12914
»13525
«14130
U729
«15322

215909
+16190

TABLE 3
TABLE OF P, FOR BPHERICAL GEOMETRY

(5~decimal accuracy)
(1) P .g(Ea)

(2),P°=1-ﬁf+(2%) , b0 <B < oo

a/l

%5 YT (

«16490
+17065
1763
+18197
.18755
19308
+1985)
.20395

20931

21462
.21987
22507

023022
+23531
+24036

24537
«2503Y

25521

26007
«26,88
.26962
27032
«2789%
.28362

028821 ‘

29272

-

S ;ﬁ: , : - /[
f% 1 Eéﬁ %2@)-1+O+2§)e‘ }

+ ese0 € :z <:0 10

P
o

29272
29722
«30165

31041
<1473
.31902

.32328
w3274l

+33160

«33573

«33980
« 34384
«34783
35179
35573
«35962
«36347
36729
37107
37481
«37853
.38221
038586 ’
+38947
+3930L

1.00

39304
39659
410010
L0358
40703
104k
L138)

a7

42052
L2382
412708

Wu3032

143353

L3671

113986
14298
.lli608
Ll915
15219
15521
15819
46116
L6409
+U6700
L6989
727k
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Q7274
47558
17839
48118
4839
L8668
L8940
19209
L9476
L9740
¥50003
50263
«50521
50777
«51030
«51282
.51531
51778
5202}
52267
+52508
52747
5298
53219

53452

5368}
+53913
Skl
54367
«54591
54812
+55033
+55251
«55468
055683

5 ,55896

«56108
656317
«56525
56732
56937
57140
57342
57542
«STTh0
57937
.58132
.58326
.58518
58709
.58898

c

258898

+59086
59273
59457
«59641
+59823

| +6000)

60183
60361

60713
.60887
61059
.61231
61401
61569
61737
+61903
+62068
62232
«6239)
62556
62716
62875
«63033
63189
«63345
«63499

«63652

63804
63955

~+6L105
+6L25);

61838
264,982

»65125
«65266
65407
+65546
+65685
65822
+65959
6609}
.66229
66363
«66);95
66627
66758

a/l

2,00
2.01
2,02
2,03
2.0y
2,05
2,06
2.07
2,08
2,09
2,10
2,11
2.12
2,13

2.36
2.37

2,38

2.9
2,50

2,50

A RS Y SERIFEIFNN
® ® s ¢ o
N~y

N
-3

O
@955 S0
C)Y)CD~J(>\RC?\NFO;3CD\O

N
o]
=

2,82

8 ro

e o
OO
IE=w

2.86
2.87
2.88

2,89
2,90
2,91
2,92
2,93
2.9
2,95
2,9

2097 ’

2,98
2,99
3,00

P

+ 72303
« 72397
« 72490
. 72582
. 72766
~72857
72947
+ 73037
« 73126
«7321)
«73303
« 713390
« 73477
. 7356l
«73650
« 13735
.73820
« 73905
« 73989

o 74072

« 74155
« Thko2
«Thl83
74563
« Th6L3
« 74723
« 74802
4881
«T4959
+ 75037
«7511Y
.75191
« 75268

753

,$5h20
+ 15495
+75570
« 7560l
+T5718
« 75791
« 7586l -
« 75937
« 76009
« 76081
« 76152
7622}
« 76295
» 76365



a/l

3.00
3.01
3.02
3.03
3.04
OOS
'3.06
3.07
3.08
3409
3.0
3.11
3.2
3413
3.ah
3.15
3,16
3617
3.18
- 3419
- 3.21
3,22
3.23
3,24
825
3.26
3.27
3.28
- 3,29
3430
3.31
3.32
3,33

3.3k

3.35
3.36
337
3,38
3.39

3.h0
‘3.h1

3.k2
3¢h3
3.k
345

3.46

3,48
3al9
3,50

P

+
+ 76365
« 76435
76504
76573
. 76642
76711
76779
+768L6
« 76914

76980

« 77047
« 77113
oTT179

o 772Uk
77309

<T7737h
« 77439
+ 77503

77566

+ 77630

«T7693

77756
77818

77880

o 77942

78003

« 78064
« 78125
78186
. 78246
«78305
. 78365
o 78L2L
« 78483
78542
. 78600
. 78658
78716
«78773
«78830
78887
#7891k
« 79000
79056
» 79111
« 79167
79222

J79331
+ 79386
« 79440

3,50
3.51
3,52

3.86

3. 88

3.89
3.90
3.91
3.92
3.93
3,94
3.9
3496
3.97
3,98
3.99
4.00

¥79L40

« 79493
- 79547
« 79600
79653
. 79706
79758
79810
« 79662
«7991L
79966
«80017
80068
80118
80169
.80219
.80269

.80319

.80368
80417
,B0L66
80515
8056l
80612
80660
80708
.80755
80803
.80850

.80897

8094k
80990
81036
81082
.81128
8117
81219
81265
81310
81355
81399

s

81576
81619
.81663
»81706
81749
81792

»8183L

.81488
81532

A43-

4 & &

FEEFEEEEE
SRRREORE

*

&
L ]

I
O

«81834
81877
81919
81961,
.82003
B20Ll

.82086

.82127
.82168
.82209

82291
«82331
82371
82411
82451
82491
82530
«82570
82609

82648
82687

82725
8276k
.82802

82841

.82879
82916

8295

82992
83029
83066
.83104
83140
83177
«83213

.83286
.83322
«83358
83394
.83L30

83465

.83501
.83536
.83571

83606

836l
+83675
83710
«837LL

. o« 8 & &
&m@O\O\O\\n\nV\\nm

e ¢ @
EWPPHON 9O

L]

o
o
O~

=
* =
o~ O
o3

«8370L
83779
.83813
83847
.83880
83914
83948
.83981
Lol

.8L0L8
84113
+BLLL6
84179
84211
+8L2hk
84276
+8li308
-8l340
8L372
.8LL0O3
.8LL35
+8LU6T
«8L198
84529
«8L4560
84591
.8h622
8L653

84683

8L71h
+8L7LL
BL77h
84805
84835
B8l4865
84894
8492
.Bliosh
84983
85012
85042
.85071

85100

85129
+85157
85186
.85215
.85243
85272
+85300



where
> -

M= .a-ni = cop 6

Changing from M to R a8 coordinate we uge

¢

‘The cosine law gives:

LauR2+a2
Laaa + . 2

Subtracting (5) from (%) and solving for o gives

RE

N

8imilarly
Y

where cog < =

.and

Hence:

dX = (-—4()3’—%{-)z dR

(2)

(3)

(%)

(5)

(6)

(1)

. (8)

(9)

- (10)



We have:

2 2
‘jj—.lui——%—.a__
28
2 2
Vele2o B Lo
- 2a

Therefore

Vi v - V- D 1) - -l-é\{n"’.. 2 Vhaz + 22 8%
28

and

2 X 2R
5w -

2 Y52i? Va2 + 2 &2

which gives:

Hence:
S L
L2t ‘
(2aR,)R2 yhae + a',e--R‘e ,
or
R
2 2.3/2
¢(R) = 2:2 / (R -z )3‘/ dz
3 - "
287 R \
2z, «bea2+ 2°. B2
where
R - 4e® R > 2a
z, =
0 R ¢ 2a

(11) -

(12)

(13)

(14)

(15)

(16)

(17)

(18)



In (17) the two factors of 2 come from the facts that the solid

angle subtended may be either above or below the point on the cylinder
that is being considered and that &« runs from O to 27 and not from

0 to .

Introducing a new variable x into (17) where

" 2 2

glves:
: x_
TORT =l
° R 5 - x2 1l x2
) ha
where
1 R > 28
X, = , (21)
R/2a R < 2a -

With (20) we find on carrying out the integrals

f:;(R)dR =1

o in agreement with . (22)
f R $(R)R = 2a = {g-v- earlier cénsiderations
-]
Moreover: o
() f R 8 (R)R = 16 a°/3 | (23)
Y .

With R, = 2a , from (22), (10.1-10) gives

o) 2a

p =2 {1 i f;RMMR) ‘m} | ‘(au)

o)

“li6~



Ueing (20) we have

' R/2a_
f B/ )an = 163 / R/‘edR/
Q o i; I’ - x
o L ) (25)
1632 -R/th : o xhdx
+ = 3 , =
2a R ) 1-x° 5-5 - X

Introducing y = R/2a as a variable in (25) and changing the order of

‘ integraﬁion glves:

o0 ' 1
f “RLg(R)an « 4 / xl*qx ’<2“/'£ )y
1 1 : o
4 ~(2a/2) :
+ %\/‘ = / = inal dy (26)
o 1o~ xe X y3 Yy =X '
- ;;d//° X dx 2 dy

X

- The integration in (26) has been performed by Inglis* giving for Pt

31 {2[En np e B @

. RSRURAS)

| (27)
ey i N R 12N } |

-where K‘ I are the Bessel Functions és defined and tabulated by Wat?on.**

oh

D Inglie - Loe Alsmos Claspified Report LA-26, page 8.
G. N. Watson - "Theory of Bessel Functions”, Cambridge Univeraity Preu, 1945,

47~



For radii sm@li compared to a mean free path (27) mey be

expanded as:

. 2 2
- Y a1 ,a 2L 1 s v
Py=1l-3 2'4'2(1') log (f;)*'a;(z) (E-}') | (28)
where ¥ = Euler's constant = 0.577215665 ...
(28) gives P correct to five significant figures provided a/f < 0.1,
" For "a" large compared to £ the asymptotic expansion of the
Bessel functions give for Po:

P o=t .3
° ap 3y’

(29)

in sgreement with (10.1-14). (29) 1s correct to five significant figures

provided a/f > 6.
Table 4 gives the collision probability Pc as a function of

s/l . P_ is plotted in Figure 11.

10.4 The Hemisphere

Chord dlstributions for the hemisphere, oblate spherold, and

oblate hemispherold have been obtained by Direc, Fuchs, Pelerls, and

Preston*., We omit the rather complicated analysis and merely quote results.
Let x = R/R ' (1)

P(x)ix = ¢(R)dR (2)

where Rm is the largest cherd that can be drawn in the body. Equation

(10.1-7) becomes:

1
P = 'f{&' 3-(}_ f [1 -e 2x7Rm] g (x)dx (3)
m av J

o]

*
M.5.D.5 « "Applications to the Oblate Spheroid, Hemi-ephere and Oblate
Hemiepheroid" by Dirac et al.

48~



TABLE L4
VALUES OF COLLISION PROBABILITY Pc
(Pc =1 -‘Po)' |
FOR INFINITE CYLINDER OF RADIUS %a"

'Note;: This table gives values for 0.1 < a <= 6,0 calculated from
poe1 -2 lo [ (yny v ry) - 2] ¢ 3 }
o = [ P Koy + KT,) - ] ) - Bl t KT, )

where the Kn and I are the functions defined in Watson's
"Bessel functions"®(page 698) and the arguments of X, and
I, are LPY/A

for (a/f)> 6 the following expansion is good to five significant figures
g .3 /LY
Phel-mt '325 (a)
for (a/f)<0.08 the following expansion is good to five significant

figures
036" (D) 3()

~ where ¥ = 0,577215665

49~
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For a hemisphere of radius a:
Rm = 28

and

Plz) = -3-—-- { (3 + ) + 2 cos™t x} (x )-2—) ' (%)
2x |

{}4 (3 + -1 3 cos 1x - 'ﬁ— (-- - 16x)} ('X('é) (5)

The expansion for P , in the region a/f << 1 obtained by expanding
the exponential in (3) is
L ,
o= 1- ()+() 32 - 3w 1 ,a 1024 -15m
B 2wy ® ey UBE L

i

For a/f >>1 we have the expansion (10.1-12). Since

8 . - 1 8 R ' a L ‘
Ravz 9 &; ¢(O) a 9m’ ¢(0) 3&2 (7)
P £ i 8 4 2 (2)2 /L (8)
o % a {1 "% a " 3 'a a/k>>1

The linear correction term is, of course, to be expected since '
| the hemisphere has an edge and so does not have ¢ (0) = 0,

A somevwhat more accurate e-xpanai}bn in the region a/,e >> 1 i_é
obtained by slightly modifying the procedure which led to (10.1-12).
Instead of expanding ¢ (R) around R=0 and integrating to 2a one can
integrate this to a and then to integrate the remainder of the way use

the expansion of ¢(R) around R=a. This gives



5. ,
P, = 1,1250 (-é) - (-f) (1 - e'a/‘e) (0.31831 + 1.01586 e’a/z)

- (é)3 il - ool [x +§-]} {o.*rsooo - 2.3614 e““/'e}
(9)

y
- (4 {1 - e [1 +24 3 (})QJ} { 0.080574 + 8.8492 e"’/‘}

- (é)5 {l - 3-9,/,8 [1 + % + 3'2- (%)2+ % (5)3J zo - 145,162 e"a/'e}

Equations (6) and (9) give P_ to reasonable accuracy for all
a/f except in the reglon 1 < a/f <3. Tabig (5) gives escape probability
as a function of a/,E determined by numerical integration in the intermediate
region, Fig. 11 containe a plot of P o Vi, a/l for the hemisphere.
Fig. 14 and 15 contain plots of Po/Pos vs. P and Pc/Pca vs. P__ where
P 8 and Po g &re collision and escape probabllity for a sphere of the same

c
-volume a8 the hemisphere.

10.5 The Oblate Spheroid

Consider an oblate spheroid with major and minor axes and and b:

If '
éayl-@f (1)

and
Fe) = 1+ (1 -€%) -t-’-’-nh-é:-l—g (2)

it can be shown* that

b i(l-elg)r(e)+%} L ) *

‘P(k)"'1.62{-l-:—ﬁ-(l+%xa)+%xtanh-l[l~x2} (x>l-€2) (&)

€ F(€) 3

X

*M.S.D.S - "Applications to the Oblate Spharoid, Hemi-sphere and Oblate
Hemispheroid" by Dirac et al,
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TABLE 5
ESCAPE PROBABILITY FOR HEMISPHERE

£\ N

a/t P
0 1.000
o2 0.896
5 0.770
0 0.613
.5 0.503
+0 0.423
.0 0.317
0 0,251
.0 0,207
.0 0.17%
0 0,152
.0 0.13)4
o0 0.120
0 0,109
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Hence: 1

2 -
2 2 l - € tanh ~€
O [ o gl = 51 <

(82) - 4201 - €%)  tamn“le
av F(€) €
Since
R = .{t! = § b
av 8 3 F(€)
(10.1-9) gives for afl <<1
p .30 tammle o 31 temnle
o™ 4L 7 € c "L 2 €

For b/€>>1 ve have as a first approximation using (10.1-13)

snd (7)

(<2 PN

3
PO = B E(é)

Of particular interest is the dependence of escape probablility
on shape. A measure of this dependence is the ratio of the escape-

probability (or collision probability) for a body to that of a sphere of

the same volume.
From (8) and (9) we obtain

1/3 51
2) tanh € a/l <<l

P/Pcet”‘(l"e €

c

.1 _F(e . b/L >> 1
PO/POB 27, é_5)173 ]

If €<¢<1 (10) and (11) give .on expansion

and

4
€ 64 .2
PC/PCBR 1l - 15 {1.+ 3 €° + ...‘}

-56-

(5)

(6)

(7)

(8)

(9)

(10)

(11)

(12)



andk
Po/Poa"l*E‘s‘ e“{:u% 62,1-...} (13)

It should be noted that (12) and (13) show that the difference
in escape probabilities between an oblate spherold and 8 sphere of the
‘same volume is proportlonal ‘o éjﬂ Thus it is only for eccentricities
extrgmsly close to one that the spheroid will have an escape probability
differing appreciably from that of the equivalent sphere.

" In the other extreme of 1 - € <<1 (10) and (11) give

2/3 |
P/P = () log 2a/b (£>7a>>b) (14)

2/3 (a>>0>>4) (15)

Mg. 14 and 15 show 1=0/1=OB ve., P__ and PC/P g V8+ P for

o8 o8

a/b = 5, 2.5, and 1.67. It should be noted that in Fig. 15 the scale
"has been expanded to magnify the small deviations of the collision

probabilities from that of the equivalent sphere.

10.6 Discussion of Results

To facilitate the calculation of escape probabilities for
bodies whose dimensions are small compared to the mean free path the

Quantitgf:-e

Qg = 3 av 7 (1)
R -

for various speclal ahapeé are collected in Table 6.



Table 6

Q "(Rz)aw/é(nav)a

Shape
Sphere s 0.5625
Hemisphere 0.6328
tanh™le
-Oblate Spheroid 0.28125 F(€) —

€1 0.5625 {1 N e“/us}

b/a << 1 0,28125 log (%5) e
Tetrahedron 0.7915 ig
Infinite Cylinder with .
Circular Cross-section 0.6667 w

“Infinite Cylinder with

S8quare Cross~-saction 0. 7435
Infinite Cylinder with

Equilateral Triangle 0.824
Cross~section

Infinite Cylinder with 0.6985

Regular Hexagon Cross-section

(10.1-9) . tells ue that for small bodies

. QR
Posz 1~

£

N

(2)

W
3

Those values of § not contained in the work of the preceding sections

were obtained from a paper by Behrens¥.

*D. J. Behrens: Proc. Phys. Soc. A, V. LXII; P. 607, (1949)
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In section (10.5) it was seen that for a fixed volume the

escape probabilities are a very insensitive function of the shaps. The

important shape dependence must then be obtained by considering hodies

of the same volume, From (2),though, we sse that Q compares collision

~ probabilities for bodies of the same R ,. The more relevant shape factor

is Q' where &
RPN
Q =y (3)
in terms of which we have for small bodies
| Pc = Q" !Z- (h)
Y Teble 7 81""Q’/b‘aﬁhero for the hemisphere, tetrahedron
and oblate spheroid.
TABLE 7
Sh 1/Q oK :
ape Q'/Q sphere /°<sphare
Q' = QR‘”/VI/B x = g/\y2/3
Hemisphere 0.94k49 1.1905

Oblate Spheroid

(1= ¢2)1/3 (4ornd ¢)/€

1/2 (1 -€2)Y3 pee)

€l 1-¢elng 1+ %eh
bfa << 1 (6/a)2310g (2a/b) 1/2 (a/b)2/3
0.9Llls 1.1899

Tetrahedron
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To compars the escape probsbilities of bodies of dimensions
large compared to £ it is useful to introduce ok defined by:

1

In terms of K (10,1-12) gives for large bodies

P~ o(ﬂ/vw* (6)

In Table 7 the quantity o/ is given for hemisphere,

sphere
oblate spheroid, and tetrahedron. _ .
From Table 7 we see that, for a given volume, escape probabllitles
_ are rather shape insengitive., Thus we see that for small bodies the
‘collision probability for hemisphere and tetrahedron is but 5% less than
that for a sphere of the same volume, For spheroids of small eccentricity
the deviation from the sphere collision probability is proportional to
| €J‘. For large bodies Teble 8 shows the shape to be somewhat more important.
Portunately, the escape probability is just the inverse of R.,/ug. This last

is, however, rather simple to evaluate for even complicated bodies,



C. ONE VELOCITY THEORY OF NEUTRON DIFFUSION

ITI. Equations for a General Medium

11. The Transport Equation and SBome of Its Propefties

Previoueiy we considered only the case of pure absorption.

On collision the neutronaqdisappeared. A medium in which such propaza-
tion takes place 1s entirely characterized by the cross-section 0'(;).
We now generalize by considering a medium in which a collision can be
followed by fission, scattering, or absorption. In addition to 0‘(?)
such a medium is described by the parameters c(?)'and f(fi,;k,-;).

c(;) is the average number of secondaries emitted after a col-
lision occurs at ?. In the one velocity theory which we are consldering,
the proportione of fission, scattering, and absorption which give rise to
this average value arerimmaterial. Only the net effect is significant.
For pure absorption (the previously considered case) ¢ = 0. ¢ = 1 results
from pure scattering. A medium which can fission and absorb can also have
a "¢" of unity. ¢ > 1 corresponds to a medium in which each collision is

followed, on the average, by the emission of more than one neutron. Such

a medium is predominently multiplying.

> 2 9
fln., ', r)dn' is the fraction of neutrons emitted in direction

> [
i{ following the collision at r of & neutron travelling within d n - of the

a
direction A« It i1s normalized so that
- 2 > >
/f(.(\,.n.') an a/f(n,m) an =1

, > + > .
Since vo(r) ¢(r, n') dn’ is the number of collislons per

. -> , -»>
unit volume and unit time at r of neutrons travelling within d £ of N

o(x) v 3(?)/¢(r*,3') f(m, ) 4o
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iz the number of neutrons of direction f{ being produced at'; due to
such collisions, With the presence of this angular source density the

equation of continuity must be modified to read

valv A Y (HhA) rv o (F) ¥ (F )
D@D o@D v e @ [p @A (&, D an
This integro-differential equation is usually referred to as the transport
equation., It is linear bécauae we assume that the neutrons collide only
with the particles of the relatively dense material medium and not with
each other, | The transport equation (3) thus corresponds to the linear
case of the general kinetic theory Bolizmann equation,

Equation (3) is the same as (5-3) with q replaced by the right
hand side of (3). Hence the solution W(T,%.) of (3) satisfied (S-11)
(the solution of (5-3)) with this replacement, This is then an integral
equation for ¥. 1In this form, it is readily seen that the results of
section (5) concerning boundary conditions may be taken over directly.

The Green's Function of equation (3) subject to the boundﬁry
conditién of zero incoming angular density aatisfie% the rociprocity
theorem provided f is of the form f(f{'iq). (I.e., £ depends only on the
relative direction between incident and emitted neutron.)

In practice this condition is always satisfied excegt in some
problems of neutron diffusion in single crystals, For such cases the
presqnt treatment is not applicable anyway since, for example, o~ will
depend on the angle of incidence.

To prove the reciprocity theorem let, as usual, ¥/(?}E§; ;;,JKS)

‘be the solution of (3) with q a directional point source at'?; emitting in éi

¥
direction Ilb.

-62 -
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Then (3) is:

> - -+ -
vA.-v ¢ (&, 3 T Ro) + vo(r) Y (0 r, Ko

W)
- ERT) 5, BB+ vc(g)a—(}’)fp(;’,;t, 7,80 £ @7 e
and similarly:

-> > > 5 > > > > -
v O W (Fy=-ng rl,-nl) + vo"(m_?' (ry-n3 1'1:-‘!11)

= § G5, @A)+ @@ [ pEA rrA) ¢ @2 an’ P

The bqund#ry conditions associated with (L) and (5) are that there are i
to be no neutrons incident from the outside.

e, YL TLA) = ¢, 8 F,-R) 20 ©
for (& -A) <0
when i': 18 on the bounding surface of the region in which (4) and (5)
are to hold, n is the outer normal to this surface at ?. Multiply
(4) oy Y (r,-2 rp=f), () by P T »4%) and subtract,
Then: :

Vﬁ -V{\P(}’,f—{; ?o,ao) \’J(;:";{) ;’1;'?‘-1)}
= YRy 7,0 S @) 5, (1) - f‘?’;{’ Fy ) §(Fr)) § (R-AL)
e vo@ @ [ {y@e2s FumR) £ R DER LA

(N

S PEL FLR) £ @R pE-Y FeA )] add

Integrating (7) over the volume of the body we are considering gives for
the left hand side: |
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Y S e ~-> .p <> -)
v o) 0 e | i
(8)
> > > P> > - -~
= [ o plrg, asr, a ) $(r,-a;r,- Ny ) ds
8

vhere S denotes the bounding surface and V the volume. Since 3+ 40 or

~» > > > > > - .>
-n -+ < 0, elther ¢ (r, ,r,.n.)or ¥(r,- n 3Ty

—)
of the boundary conditions (6). Hence (8) 1s zero for sll . . The

-
O 1) are zero because

volume integral of (7) thus becomes:

(r ’- ;:;1:' ?’-1) 82(1';‘ (/"(r > L ;;;) N )32(1—: -‘T— )
> s > > > -> A = r > 5
+/vc(r) o-(r)'/{sb(r,—.n.;ri,- n.i) f{n-nl) '#(r,_nf;ro, ‘“‘o) (9)

- > > > >, »> ? > .
- tp(r,n.;ro, ‘"’o') £ (nenl) w(r,-n';ri,- .n.i)} an'av = 0

Integrating (9) qver all S\ gives:

H

> Y 5> > > 2 5 05

‘P(ro"‘ -n-oiriy" -n‘i) - (ri’ ’n':l."ro’ -n-o)

+/vc(:) 0(:)//{ (r,n r:, ‘_n. ) f(.rx _n.) q»(;, a; ;1,-,}1.1)

> > - > > 2 "* > ->
- ¢(r,nir , 0 ) f(n-an) qa(r, Ny, - _n.i)} dndnfav = 0

(10)

, 5 > _
Interchanging N and N’ and noting that f 1s symmetric in the two we see

that:

2> 9+ 3 nd —> P .
ffsb(r,m,ro, n ) f(n. n’) @ (r,- n. ri, 1) dn d.n (11)

f ‘l‘(ri .vr ’ -n- ) f(-n- -n-) %(r, ,ri,-.ﬂ_ ) dn an’

I



Hence (10) becomes:
s

- R
‘l{(ri, AT, ) = e (r,- Q iTysm gy (12)

which 18 the Reciprocity Theorem.
A continuity equation in a more restricted sense is obtained

: -
by integrating the transport equation (3) over .. . This gives

Vdiv§+vopaqo+v?an (13)

- )
> > a.\r > -> »
atv 37 =+ o () p(m) [e(x) -] )

where

2, () a/q(;’,ﬁ yaa (1)

(14) 18 usually referred to as the Continuity Equation.

A direct series (Neumann) solution of (3) is obtained by successive
approximation. The zeroth approximation 1s found by dropping the integral
term. (3) then becomes identical with (‘5‘33)- The solution given by
(ﬁ;&;-n) is: -

V’o(l?y-z-) = ‘3’,' /Q(?“R K)wﬁw) J e-d(?,?-R?l) aR : (16)

: R
For the n'th approximation for tpwé substitute the n-1’ th-approximation
for ¢ 1in the integral term. The right hand side of (3) then becomeq a
known source of modified strength and distribution. Thus if we define |

qn bys

> > > > - > P > > i
GF R = el )+ o) ve (r)'/wn_l(r, Ay e, Ryanan
(};5‘_»_11) gives for the n'th approximation

-> ' v > > > 23y
AT RN P SR LY (18)
o]
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The successive approximetions given by (18) differ merely by
the lnclusion of successively more collisions. 'l‘hus.: t.bo is the angular
density of neutrons which have suffered no collisiona, Wy includes
those which have suffered one collision, <#2 includee two collisiohs,
etc. From this 1t 1s apparent thet only for c small or for bodies of
emall size will the successive terms converge rapidly. For stemdy state
problems this Neuman solutlion negates the whole use of the Transport
Equation. The whole lmportance of the latter is that it enables us to
solve such problems in a compact form rather than by considering all the

collisione thaé neutrons coming from the source experience.

For time depen&ent problems the transport equation must be modified

(in enalogy with (2-11) by a term expressing the time rate of change of

- .
the angulaer density at the point r. Thus (3) must be changed to

Q ;R t) - > > | -» -
i—-—-S-J-w—Lwa £ + vaiva $(r,n,t) + v o (r) E(r, n,t)

- o7, 8,8) + o(F) ve (1) fup(;, %)t A, ) an
To solve (19) with the condition
¥ =0 t & O
it 18 convenient to introduce the one sided Laplace Transform defined by

9’(;:-:- )8) = f&P(;'), -’?‘- st) e‘st at
o)

t

Multiplying (19) by e”®" and integrating from zero to infinity gives on

| using (20)

- >
8 ‘J-'(;:‘I:B) + v diV-:- '-P(:,J-'t,s) + vo(r) "I’(;)KJB)

o0
> > - > - >
= /q(r,.n.,t) e ®t at + vo‘c(r)/q:(r,.n.’,s) £fand
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.

If q describes a pulse at t = 0, 1i.e,
> > > > '
a(r, . ,t) = q(r, N) § (t) (23)
(22) becomes:

o a ' >
v ddva w(r,n,s) + (vo +s8) (]J(F,R,B) = q(z?,‘}’z.) + ve o/cp(r,;::“,s) £danl (24)
Defining

o= o+ slv

(25)

brings (24) into the form
v div (.;'T. w)+vey =g+ ve! cr"/«{a fan (p6)

which is the same as (3) with modified o and c. 1In particula‘r if
g be constant we can introduce units of length and time such that
o'and vo' are unity. This réduceé (26) to
|

d1v3w+tpaq+c'/w £dn (27)

The only difference between (27) and the correspénding eteady state

equation is the change of ¢ to ¢'. Thus we see that one interpretation
of the stationary tp('rj'.:—;_ ) 18 as the Laplace Transform of the time de-
pendent angular ‘density. Alternativély the steady state solution may be
obtained from the time dependent one. If &, (r, .n. ,t) is the solution

of (19) with the source (23) pulaed at T, the solution of (3) is

¢ A )=/5p (5,2 ,t) ar (28

b7




12. Iﬁtegral Equations

Let us first consider the case of isotropic scattering i.e.

-

Hn-R) =gk (1)
In this case 1t is sufficlent to assume isotropic sources, Anisotropic
soﬁrces may be treated by divi&ing the neutrone at a point ; into those
coming directly from the source and those which have suffered a collision
first. With assumption (1) those néutrons which have suf'fered one
collision will be describable as an isqtropic source.
With these simplifications (11-3) becomes

-
-> > > —> > > qo(r)+ CVGW(;)
v diva ¢(r,n) + ve(r) ¢ (r,n) = ne= (2)

In sccordance with the idea discussed in section 11 we shall
regard the right band side of (2) as the source occurring in equation

(5-3). The solution (5-11) of this equation then tells us that

> >
N -Ra) > >
¢(mn) = f{%(r  o(RRA) e(3RA) e"“r""“)} aR (3)

o v
while (5-12) tells us that
' > ' 3
(—.)) 1 qo(r') (9) (—))} o <L(r,r')
P(r) = + c(r') o(r' s
L1y v lr-r'lg

(4) is an integral equation for the density ©. It 18 con-

dar! (%)

siderably simpler than the integro-differential equation (2) as 1t only
involves a function of the position coordinate r. If we solve (4) the
angular density Y may be obtained by igsertion of the resulting ;7(:)
in (3). |

. This procedure for the eélution of the transport equation is
readlly generalized to the case of scattering functions £ which are, or

> 9
can be approximated by, polynomials in n.-n' (8cattering laws, such as
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the Rutherford law, which are singular are thus excluded). If f be

“such & polynomial of degree n in n-n'the transport equation will have

as effective sources terms involving angular moments of ¢ up to the n'th

order. Using these terms as the source in (5-11) gives, in anslogy

with (3), the angular density in terms of these moments. Multiplying
this equation by varicus powers of the components of ;t and integrations
over j{‘gives as the analog of (4) a set of'intégral equations for the
’moments involved. After solving these equations one can go back and cal-

culate the angular density.

IV. Uniform Infinite Medium with Isotroplc Scattering

For this case in which ¢ and ¢ are independent of position the
formulae can be simplified by taking o and v to be unity (1.e.,we measure
distance in units of the mean free path £ and time in units of -£/v).

13. Source Free Solutlion

In these new units equation (12-4) gives as the integral

eguation for the neutron denaity in the absence of sources

,4 »I

-—> > -jr-r' -

p(r) = cL/""(r') S, Ar
b for | 2

Consider solutions of the form
> >
-> .
p(r) = T
with

> -+
k.= ku

_>
Here k 15 a complex number and u a unit vector. These are to be

determined so that (2) is e solution of (1). Imserting (2) in (1) gives

> > -1 > >
ik»r ¢ tan "k _ik-'r
e n-———-}-{-———-—-e
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Hence (2) is a solution if k = k  where k_ 1s a solution of

tannlko
1-¢c-—p = 0 (5)
o
Thus
> > -
/,g(r) = eikou r : (6)

18 a solution for arbitrary u. A more general solution of (1) is

obtained by adding solutions of the form (6). Thus:
-
P(r) = f £(3) M0 au | - (n
. v

where f(u) 1s an arbitrary function.

With the restriction that e(r)e™ 18 to vanish for r going
to infinity (7) constitutes the most general solution of (1). This may
be shown by a simple generalization of a proof gilven by Titchmarsh*.
Titchmarsh treats s rather broad class of one dimensional, singular,
displacement integral equations. Here we will restrict ourselves to
stating the proof for the one-dimensional form of (1) end then sketching
briefly the course of a proof of the complete genérality of the solution (7).

Congider the one dimensional integral equation:

oo
plz) = & fp(z')E(lz-z'l)dz' (8
. - oo .
Try as a solution:
e (z) = ot | (9)
Inserting in (8) yields:
-1
(1 . C tzﬂ k) eikz = 0 (10)
Thus
Po(z) = eikoz‘ (ll)

| *E. C. Titchmarsh, "Theory of Fourier Integrals" Sec. 11-2.
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solves (8) provided k  satisfies
< tah—l k

K
o

(1 - =) =0 - (1)

There are two solutions of (12) which may be denoted by k and -k_.

A general solution of (8) is then

ik

F(z) = Ae 0% + Be~tKo? , (13)

The theorem to be proven is that all solutions of (8) such that

-zl - €|z

is bounded by Me

e(z)e ag |z] > oo are included in (13) for

arbitrarily small € >0. To prove this the following lemma is needed.

Lemna :
Let ¢ (k) be regular in the strip (where k = O°+ 1it) ay, 4t <l
and @ ( & + 1t) be absolutely integrable over o from -e>to <o in this
strip., Let ¢ (x) have the same properties in the strip «1 4t £ ‘:)1 where
bi < al
Let
la + o0 ib + oo
/ é(x) e 1% ax + / @ (k) e 1% gk = 0 (14)
la ~ it -~

“for all z, where a and b are in the regularity sirips of ¢ and ¢,
respectively.

Multiplying (14) by e %

V where w = & + im and a <« M <1,
integrating with respect to z from o to @ , and interchanging the orders

of integration glves:

ia+ o0 ib+ oo , ‘
k) k) 4 - |
—%S;— dk + / —-}-{S:;'— dk = 0 (8(7] <1) (15)
la~o ib~oa ’
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By Cauchy's Theorem:

iateo ib+oe
k_w Q) gy 2wt ¢ (w)
ig=00 ib

-O0

Subtracting (16) from (15) yields:
ib#” |

ib+oo
.Zs.g_.ldlwf %‘;ldk-_-&vidﬂw) (acm<l)

{bwoo b0

The left hand side of (17) is andlytic for b< 72 1 and hence provides
- the continuation of ¢(w) throughout this strip,
Similarly one can show that
iatoo ja+oo
L) g+ B g cv2 L PE) (1< <d)
1g=oo 1g~00

which gives the analytic continuation of ¥ (w) over =1 < n<a. If
b< % <a, the left hand sidgs of (17) and (18) are equal and so in this

region

W) = - W)
and ¢(w) is enalytic in the strip,
‘With the same conditions it can be shown that dJ(w) tends to
zero uniformly in this strip as l £ l - 0O

The completeness theorem is now readily demonstrated., Let

(e 2]

K(k) z = El (1z1) eik” dz

=
1 ctanlk
"iZ‘R’ k

This is regular for -l < t <1,

-2~

(16)

(17)

(18)

(19)

(20)




Let

$,6) = 2= [ p(z) ™ a2 (21)
| ya =" | |
@)
o}
¢ (x) = 21 /p(z) R | (22)

which by the conditions on the solution p(z) are regular in the

regions 1 -€ <t and t < ~ (1 - €), respectively. Then, if 1 -&<a <1,

-~ l<b<~ (1 -€)

iat+ oo ( :
_ elz) 220 '
1/‘1”‘ [ k) e -lzk g o (23)
2Ty 0 z <0
g~
ib+ o0
0 z> 0
1 @ (k) e izk = (24)
Vam' o , p(z) z <0
ib- o0 , ‘
By the Convolution Theorem:
dect oo » .
w .
%/p(z' B (lz - 2'1) / 3, (k) K (k) e 4 f (25)
0 ig-o00
Q
1btee : .
%f plz') By (12 - 2) dz' = f $.(k) K (k) e ax (26)
- 0o ‘ . 1~ : .
Inserting (23) - (26) in (8) gives:
ia"f‘@ ‘ :
$ (k) 31 - Vam K(k)} e %X ax | @)
ia~o0 ‘ o .
i+ oo
¥ f ¢ (k) é 1- Jam K(k)} e gk = 0
ib=- oo ,
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Using the lemma one sees from (27) that

§+(k) {1 - Yo "K(k)} = - ¢ (k) {1 - }/27?‘ K(k)} ak

throughout the strip b < t ¢ a, and both sides are analytic there.
Hence. §+(k) = - ¢ (k) and @_'_(k) ig analytic except possibly for

simple poles at the two zeros ko and —kO of

-1
1 - Vew k(k) =1 ~5~E%}-5

Adding (23) to (24) and using the relation between ¢§ , ond
®_ gives: 1g+ oo

plz) = == 8, (k) e ax
o
“T fa-w
ibtoo
- / $, (x) e 178 gy

Vem' & .

Since @_‘_(k) vanishes at infinity in the strip b < t <a, the

integrals in (30) may be evaluated by residues giving

pP(z2) = (const.) Koz o (const.) e e 2
which 1s what was to be shown.

It can be seen tha£ a corresponding proof for the generality
of the solution (7) of (1) is readily constructed. Iﬁstead of Fourier
Traneforms of one complex Variabie k, one must take Transforms in terms
of three complex variables k_, ky, k,. Decomposing , (;)) into eight
functions which are equal to it in one octant and Zero elsewhere one can
define the eight c.orresponding trangforms, each wlth their appropriate
“regions of analyticity in complex\ k space. Paralleling the one dimensional
proof the various transforms can be shown equal up to sign and analytic

; ¢ tant > >
except for simple poles at the zeros of 1 = 3 TR where k = kN,

“Th=

(28)

(29)

(30)

(31)



Expresaing /’(;3 in terms of integrals over the Fouriler Transforms
and changing to polar coordinates 1n k space makes 1t again possible
to evaluate p(—x:)) by wmeans of residues. ’fhis leaves p(?) in the form
(7). Hence (7) ie the general solution of (1) consistent with the
condition that p(;}) e’ be bounded by Me € for r —» oo with some
arbitrarily small € > Q.

From (7) it 1s very easy to obtain meny interesting properties

of the infinite medium solutions. Thus on differentlating we obtain

e

Vzp(?) ='/‘f(:) vZ 1K BT gy
, (32)

-

= . koaff(:z)) MU T gy
or . _
>

(vZ+ k) p(r) =0 . ' (33)

N
i.e. p(r) satisfies the wave equation with wave number given by (5).

Equation (33) is particularly helpful in finding the infinite
medium solutions corresponding to epecial symmetries. Thus on the assumption

of spherical symmetry (33) becomes:
‘ 2

1a° - 2 ~ |

T (re(r)) + k “p(r) = 0 ~(34)
dr .

with the unigue solution for all r:

sin k r
o)

plr) = (constant) — (35)

In case of plane symmetry where the only varietion is in the 2 direction

(33) simplifies to »
2 ’ \

d 2 :
5 plz) + K, plz) =0 , , (36)
dz '
with the general solutlion .
plz) = c, sin k z + c, cos k 2z . (37)
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Returning to the solution (7) we see that under the conditions

of this section (12-3) gives for the angular density

\/a(?, ) s FETF l /o(F—Rf{) e~F ar (38)
Inserting the solution n gives
¥ = E%,—jf d.R du £(u) eR eikoq'(?'aa) (39)

On carrying out the R integration

= 2y glkou-r |
b -
Let us define the n'th angular moment M;li by
f(w3nﬁ)wu;ﬁdn (1)
where
3 ‘
; ng = o (k2)
Then with : (;Tiﬂ ) dn | |
¢ ® % ) P mra— (13)

we obtain on multiplying (hO) by T g O ii and integrating over A

M, = f P @, () du (Lby)

For n = 0, ¢n =1 and (Lh) gives

LI f V@A) dn s o = f £@) otk T gy (L5)

which is just (7).
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| - . R
Forn = 1, d)l and Mli are components of vectorsa. (Ml is
Just the current in the present units,)

i
1 N°g N
- u‘i,f > (36)

-y
1+ 1kou-J1

_) .
Since u is the only vector in (46) symmetry tells us

i 1 2 1
B = w p(u) = u (1) (47)
ap
-+
Tw = U =1 (48)
Taking the scalar product of the vector ¢i, with u gives on remembering
(48):
> >
C u-nd.n ¢c -1
¢ (1) = : = (49)
A AN 1koﬁ.ﬁ ik,
Hence y
i ¢~ 1 41 ‘ .
¢1 = <= u (50)
o
and N
- -
1 ¢ -1 2 1k (u-r) i
M)" o= T, J/ﬁf( ) e o du (51)
But since
> 3 ‘ > @
> . > .
7i~ ? J/ff(u) 1K, ur =J/rf(u) eikou r ui du (52)
ik ax .
o) i
v > > > ) -
M 1. (em1) -~3—-- fu) etKWT gy = L8821 2 p(r) (53)
1 2 2x 2x
k i k i
o o]
or
9
J = -Dgrad o (54)
where .
k
o)




Incidentally it might be noted that elementary diffusion
theory is based on the assumption that (54) does not only hold in a
source free infinite medium but that it has generally validity and that
furthermore D = 1/3. The range of velidity of this epproximation Qin
be discussed later

Forn =2, M and (#2 are symmetric second rank temsors.

2
i3
¢bij - hiv N .IL9 =~ an . (56)
) 1+1ku.n
Again by symmetry we see
¢ 1. uiu‘ix (ue) + Ji‘j X (u2) = uiuJ X (1) + Sij x,(1) (57)
2 1 2 1 2
Taking the trace of ¢é we obtain
| Tr ¢y = Py = Xy +3 X, (58)
But from (56)
d'_n.
Tr = 2 . = 1 (59)
P2 ““’/1+ mo&»?x
Hence
xai + 3 )Qz = ] . (60)
I I U RO o
Multiplying ¢2 by uwu¥ and summing glves
> > .n
19 e 1. X X = .S (uw-n)an (61)
uu = + =
2 1 2 Lo 1+ ik03~;i
or
2 S
X +%=Shen (¢2)
(o)

Solving (60) and (62) yields
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X - (1-D)
2 2 )
X - {3D-1)
1 2
Inserting (57), (63) and (64) in (4i) gives on using (52)

15 _ _ 1 (3p-1) 2% L R) 13,
2

2 ko?. Bxiaxj 2

M

In plane problems where the only spatial variations are in the direction

-3
of the vector n

1 (3D-1) 22P+(1-D)

Y
kOQ 2 2 n2 2

1J -
nin JME -

or on using (36)

a,n M9 f(}ii)%(? R.)d.n.
i 2 ?
M. o -
_/'zp(r,.n_)‘dn

It should be noted that by methode similar to those used here

one can express the n'th moment in terms of the first n derivatives of
the density.

Since the roots of (5) are of decisive importance for further
developments we will now examine them in detail. We will also consider
various significant functions of these roots.

For ¢ > 1 k, is real. If ¢ < i‘it is imaginary. In this
latter case we will set k =1 )[0. Then

Ul
C = i
tanh ~ )f

(63)

(64)

(65)*

(66)

- (67)

(68)

*The results (54) and (65) have been obtained by P. R. Wallace, Canadian
Journal of Research 264, 11k, (1948).
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In particular

c =0 : X o= 1
)
c =1 : k= ng = 0 (69)
c 00 kK +=2 ¢
‘ o 2

" Graphs of ){O and k are given in Figures 16 and 17. The diffusion
length 1s defined as 1/){0. Fig. 16 shows that with decreasing c the
diffusion 1ength moves very rapldly to unity, which in our units
corresponds to the mean free path. Even for ¢ = 0.6 we find ){O = 0,907,
This shows that scattering must predominate to a very great extent before
the diffusion length is appreciably larger than the mean free path,

The following expansions represent ko and %0 in a wide range

.
(} + &éﬁ e” ¢+ gﬁ:iggt9~ -
_ (70)

N 512-38hc+72c2—3c3 - g

303

c

(71)

+ 512“576C+168C2~12C3 ind .6_ * vane }
3 e ¢
3¢

Ihe
ol

- L+2ec -
3{—2— =1+ he ¢ il t——e -—;§7—-~ e

) 2.,3 _6
, 9l2+lg2c+Tleile” - = “..}

3¢3 (12)
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le - 1] <dl
k

Ao
_ . 2 (73)
1/3(1 -¢c) /3(c - 1)
- f1-2a-o- 2 (1-c (1-c)3 + o286 (1.c)" ";Z}
| 5 175 125 67375

{1 - 0.4(1-c) - 0.0685711+(1-c)2 - o.016(1-c)3 + o.002u638(1-c)“....}

i

2 2 4o 2
k“=-A"= 3(e-1) {1 - T (1-c) + 7= 175 (1-c)

3, 1 b, bTi8uk 5,
+ g5 (-0 + 37 (1o0)" + bty (1-c) } (74)

= 3 (c-1) {1 - 0.8 (1-¢) + 0.022857143 (1-c)2

+ 0.022857143 (1-¢)3 + 0.02242968 (1-c)*
+ 0,02154846 (1-c)? + ....}

, and

1 -1

k© AP
@] Q

1 4 , 108 396 )3

¢ 222 (1e)t 4 §§g§%%§ (1-c)? + ....i

oy {1 + 0.8 (L-c) + 0.6171429 (1-c)® + 0.452571h (1-c

(75)

)3

+ 0.3072356 (1-c)* + 0.1818457 (1-¢) + ....}
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c >> 1:

LT ) 1y _ 16 1y _ 38L-16 12 (1,0
Fe fr-dp ¥ -y, g

- o, @ o) e

= ¢ {1 . Q:h052847 _ 0,1642557 _ 0,0783888 _ 0.0k61393 _
5 [ 02 03 cu cen

2 o2 {8 1y _16 (12 _ 38h-3272, (1,3
kf = I {1-?%)-;3 @ - e g

{11
38L0-3847r2y (1yk-
- (30284 (2 }
3w
L =) {1 8 (1) 80 (1)2, (2688-32w2) (1)3
+ (=) (=)= (---—--5——--) ( )
;? me 7S g 3T
(32256-8961'!’ ) (l)h e } (787)
31T
_ : ak 2
Future applications will require knowledge of —EE— + Differ-
entiating (5) we obtains
dko? 2,21+ 2)
& "ol x J’z | (79)
Differentiating the above geries expansions for ko2 gives:
[ 44 1l: |
a8 e-2/c {’1 c 826c /e | 72-8le +196° /e
de ;2 | ¢ o
(80)

20148 - 3072¢ +121i80° - 132¢3 o-ble }
3 LN N N}
30

-8l




le - 1’ 44 lf
2

. 8 .. 12
3 =3 {l“s(l“c“m

A6 (1-c)3

2
(1-¢)* + 75

1596 () )4 , 203100k

4
- Te ¢ C

We have seen that D defined by

1
D= =l = 2l

e

0
~
N

|
|

o

]

=
4]
Ok

o}

occurs in many fundamental ways.

c =0 D= ]
ex1 D =1/3
c = 00 D= O
Expansions for D are:
c ¢l )
& 2
D = (l-¢) 5].+ he"‘g + B'E%E @ F+ 1 8+:c+c o"
+ 6 128+u8C§1862+3c3 e g + evas }
3c
lc = 1]<<1
= & B 1ee) & 198 (1012, 396 (1.0)3
D*§{1+5(1C)+175(1c) +,8_7__5_(1c)
828 4 568836 5
* 3695 (1-c) +7§1§g§§§ (1-c)” + ....}

-85

+ .2_%.68:?’5 (]_"C)S-f-.o-}

. Zl . ug . 0.01§816hu . 0.00}7692 +ras

(81)

} ()

(83)

From the previous results for ko we find

(84)

(85)

(86)



It may be noted that (73) is the expansion of in this region.

V3D
c>rl ‘
b(c-1 8 80 2688-32 2
p-ed) fis Bd) e B g2, (HERT, (1)3 |
™" A 3
(87)
(32256 8961T ) (l 4 }
31r
Another useful quantity is
ax ®  2(e-1)(1+k ®
K=D-—g = 20 (88)
c{l~c+k ) _
o
Special values are:
c =0 K =0
c=1 K=1 ‘ (89)
c = 00 3 K=2
Expansions are given by:
c 4(1 a
2 2 2 L
K=-3 e ¢ (1-c) {1+8;2° o7 s+ [B30etie - g
< . (90)
2 3 6
. 201.\8-1536<3:+288c 1263 -2, }
3¢
lc-1ll <1
K=1-2(1-¢) - 2 (1:0)2 - &8 (1c)3. .. (91)
5 175 175
co) 1l
- Ayl A& 12 4 (1y2
K =2 il-(l-")g-we(l- 20 ° .. }
‘ 2 dk02 1 .
The values of ﬁ%, ks k » D, and X are given in

o ? de 1[351
Table 8. Table 9 gives Aé and k at smaller intervals. K as a function of

¢ for ¢ <1l is shown in Fig. 18.
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=Lg-

dk, | 1
c K o K 02 = -k, dc D { 3D K
0 1.,000000 1.000000 .000000 1.000000 577350 .000000
.1 1.000000 1.000000 0.164892(=5) 900000 .608581 -0.148403(~5)
.2 « 999909 .999818 00909} 80015 645438 007277
.3 <997h1L .99483k .116201 . 703635 .688281 .081763
A .98562) 97154 373272 .617631 . 73h641 .23054)
.5 .95750l 91681 . 731896 545367 . 781799 .399152
.6 .907332 .823252 1.14595] .1485878 .828277 .556794
.7 .828635 686636  1.590035 136913 .873L458 694706
.8 7102 504685 2,051119 .396287 917138 .812832
.9 .525430 L276076 23522376 .362219 +959300 +91365C
.92 L 74002 2214678 2.617h73 .356065 .967553 .931990
94 1413976 JA71376  2.712805 .350108 975751 SU97Th
.96 340829 116165  2.808348 «34h339 .983889 96702}
.98 2142983 059041 2,904,080 «338750 .99197L .983759
.99 172511 L029760  2.952020 .336021 « 995993 <991940
1.00 .000000 .000000  3.000000 .333333 1. 000000 1.000000

POINT SOURCE IN INFINITE MEDIUM

PART I

TABLE 8



¥

i-

R ac )
1.0 00000 200000 3.00000 33333 I'.00000 100000
1.1 .56927 032406 3.48181 .30858 1.03933 1.07h43
1.2 8345k L6966 . 3,966L7 «28717. .. 1.07739 1.13904
1.3 1.05708 1.127hk2 - h.h5313 «26848 1.11426 1.19555
1.4 1.25961 1.58713 4.91023 .25203 1.15005 1.24532
"1l 1.L5110 2.10570 5.43039 023Th5. 1.16482 1.28945
1.6 1.,63500 2.67323 ' 5.92036 «22hii5 1.21866 1.32881
1.7 1.81378 3.28979 61109, .21278 1.25163 1.36l11
1.8 11.98863 3.955hh  6.90200 20225 1.28378 1.39595
1.9 2.16107. L.67020 . 7.393h3 Jd9271 1.31518 1.L2kL80
2.0 2.33112 S.A31a3  7.88518 18402 - 1.3L587 1.45105
2.1 2.L9945 6.24725 - 8.37715 .17608 1.37590 1.47503
2.2 2.66638 7.10957 ~ 8.8693L .16879 - 1.40530 1.L9703
2.3 2.83216 8.02113 9.36173 216207 o 1.h3ia2 1.51728
2.4 2.99699 8.96192 9.85L21 215587 .. 1.L6238 1.53597
2.5  3.16101 9.99198  ° 10.3469 «15012 . 1.h9011 1.55328
2.6 3.32L35 11.05136 - 10.8396 «1Ul(78 1.51735 1.56935
2.7 3.48710 12.15990 I 332L .13980 1.54h12 1.58431
: 2.8 3.6L935 13.31778 T 11.8257 .13516 0 1.57043 159828
% 2.9 3.81116 14.52495 C12.3182 .13081 . 1.59632 1.61134
! 3.0 3.97258 15.78142 12,8112 212673 . 1.62180 1.62358
3.2 L.29l5 - 18,4227 13.7973 .11929 .. 1l.67161 1641590
3.k  L.61523 21.30036 14.7836 211265 1.72000 1.66573
3.6 L.93515 2L.35571 15,7700 210675 1.76707 1.683L6
3.8 5.25L37 27.60835 - . - 16,756k 10142 1.81293 1.69942
Lo 5457300 31.05826 ff;_:,17 ?hzz <09659 1.85767. 1,7138L
L5 6.36761 ho.shele .08632 1.96509 1. 7hhS1
5.0 7.16016 51.26751 j;;jw; 2. .07802 2.06696 1.76925
5.5 7.95128 63.22265 2 ’ .07118 2.16406 1.78963
6.0 8.7h136 76.41132 | 27.0106 06544 2.25701 1.80670
6.5 . 9.53065 90.83335 30. 07'19 .006055 2.34628 1.82121
7.0~ 10.31935 106.488SL 32,5148 05631, 2.143229 1..83370
7s5 11.10757 123,37618 - : 8 .05269 2.51537 1.8uLL56
©8.0  11.895L2 141.50102 - -OL9L7 2.59579 18509
8.5 12.68296 160.85753 o .0L663 2.67380 1.86252
1 9.0 13.47025 181.uh766 136 .0LL09 2. 7h960 1.57003
9.5 1h.25733 203.271L9 148813 04182 2.82337 1.87676
10.0 15,04423 226.32895 h7.3L88 03977 2.t9526 1.88282
e e o0 X -00000 oo 2.00000

 POINT SOURGE IN INFINITE MEDIUM -
(Part 2)
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TRBLE™ T
“ 4 W 1
PART 1 c (1
¢ KO a N o] c k o A I\JO
.00 1.000000 50 «95750L
01 1.000000 -.000000 .51 «953571 -.003933
.02 1.000000 -+ 000000 52 945413 -.004158
.03 1.000000 -+000000 53 L5024 -,004389
Ol 1.000000 -+ 000000 5k «9L0398  ~.00L626
.05 1.000000 - 000000 55 935529 -,004869
.06 1.,000000 -. 000000 .56 2930412 =,005117
07 1.000000 -+ 000000 57 0925041 -,005371
.08 1.000000 -+ 000000 .58 «919408 -.005633
09 1.000000 -.000000 59 #913508 -,005900
010 1.000000 -.000000 +60 0907332 -.006176
.11 1,000000 -+000000 .61 +900875 -, 006457
13 1.000000 ~+000000 .63 +867083 -.007045
Al 0999999 -.000001 .6k 0879732 -.007351
15 ~+999997 -+.000002 .65 872065 . -.007667
016 '999993 "00000011 066 086)4073 “0007992
W17 «99998L4 -.000009 N «8557L6 -.008327
.18 0999970 =,00001) .68 o8L7072 -,008674
19 «9999h6  -,00002L .69 .838039 -.009033
. 20 0999909 - 000037 [} 70 ] 828635 - 0092;0)4
.21 «99985L =+ 000055 71 818846 -.009789
.22 0999774 -+000080 W12 .808656 -,010190
2l 0999517 -.000147 oTh . 787010 -.011040
25 4999326 -,000191 .75 - 775516 -.011494L
026 0999081 -,000245 o 76 0763518 ~,011968
e 2? . 998 776 --000305 ° 77 . 751080 ~.‘012h68
29 0997951 -,000451 019 « 724543 ~.013546
030 «997L1L -.000537 .80 2 TL0L12 -,014131
.31 0996783 -.000631 .81 «695658 ~.01L 754
32 «996050 -,000733 .82 680211 ~.015417
033 e 995208 - .0008142 083 . 6611113 “e 01612 8
xin «99U2L8 - 000960 RN «6L 7220 -,016893
.35 0993164 -.001084 .85 .629501 -~ 017719
.36 0991947 -3001217 -86 .61088Y -,018617
037 .990591 -,001356 .87 .591261 «,019603
+38 «989090 -.001501 .88 2570591 -.020690
.39 .987UL36 -,00165) .89 .5L8692 -.021899
Lo 985621 -.001612 .90 525430 -.023262
il 2983647 -,001977 91 500615 -.02L815
a4l .981499 -,0021,8 .92 J4Tho02 -,026613
W43 979175 -.00232) 093 LL5270 -,028732
olils 976669 . =,002506 oSk 2413976 -,03129Y
A5 0973976 -,002693 095 «3794L85 -.034491
l6 0971089 -.002887 96 «3L0829 -.038656
A7 «96800L -,003085 .97 +296381 - OLLLLS
01‘6 096h715 "0003289 098 02)42983 —.053398
49 .961217 -.003498 .99 172511 -~ 070472
W50 «95750L -.003713 - 1.00 000000 -.172511
~89=



PART*II c21 !

R R S ST i e el B e e e e e 1 B e B e R e

k Ak e k Bk
- W o ° B
000000 1,50 1.451108 .
173897 .173897 1.51 1.469779  .018675
246902 .073005 1.52 1.488385 -018606
+303582 056680 1.53 1.506923  ,018538
0351915 ,0L48333 1.5k 1,525397 .01847h
4394979 -0l 3064 1.55 1,543808 018411
oL343L3 039364 1.56 1.562159  ,018351
JL70937 .036594 1.57 1.580452 4018293
50536, .03L427 1.58 1.598689  ,018237
.09 . «538039 032675 1.59 1.616872 4018183
J0 - 569265 031226 1.60 1,635003  ,01813% .
JAL .599268 «030003 1.61 1.653083 018080
.1§ 62822 028956 1,62 1,67111L 01803}
.13 656272 ,028048 1.63 1.689098 017984
J1h 68352l ,027252 1.64 1.707036 +017938
.15 +710071 J026547 '1.65 1.724929  ,017893
A6 7 735991 +025920 1.66 1.742780 3017851
. 17 . 7613h6 0025355 1 . 67 1. 760589 9017809
.18 .786193 «02L8L7 1.68 1,778358 017769
.19 810577 .02438) 1.69 1,796087 017729
20 834540 023963 1.70 1.813779 017692
21 858117 023577 1,71 1.831433 017654
.22 .881339 0023222 1.72 1,8L9052 027619
.23 .904233 .022694 1.73 1.866636  ,01758L |
2L 926825 - ,022592 1o7h 1.884186 ,017550
.25 «949135 022310 1.75 1.901703 +017517
026 2971183 ,0220L8 1.76 ~1.919189 +017486
27 +992986 .021803 1.77 1.936643 017454
.28 1,014561 021575 1,78 1,95L4067 01742k
.29 1.035922 021361 1.79 1.971462 .017395
.30 1,057082 021160 1.80 1.988828 017366
3l 1.078053 020971 1.61 2,006166  ,017338
.32 1.0988L5 .020792 1.82 2.023477 LO17311
.33 1.119469 02062l 1.83 2,040761  ,01728
SLoo 1.139934 «020465 © 1,84 2,058020 »017529
35 1,160248 .02031L 1.85 2,075253 +017233
36 1.180Lk19 . 020171 1,86 2.092462 017209
W37 1.200455 020036, 1,87 2.109647  +,017185
238 1.220362 »019507 1408 12,126809 017162
39 1,2401L6 01978k 1.89 2,1L3948  L0LT7L3Y
L0 1,259813 019667 190 2.161065 - 4OL71LL7
bl 1,279370 2019557 1,91 2.178161  ,0L7096
b2 1,298819 «019LL9 1,92 2.195235  ,01707k
A3 1,318168 .029349 1.93 2,212288  .017D53
oLl 1.337L19 019251 1.9k 2.229321 017033
A5 1.356577 2019158 1.95 2.246335  .0ay00,
Pb6 1,3756L6 +019069 1,96 2.263329 01699k
o b7, 1.394630 »01898L L.97° 2.280305  ,016976
218 1.413532 018902 1,98  2.297262 QL6957
.gg‘ o 1.432856 .01682) 1499 2,314201 016939

1.h51104 018748 2,00 2.331122 2016921
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c ko - Ak e Bkg k,
2,00 2,331122 2.50 3.161009
2.01 2.3L8027 .016905 2.51 3.177372 016363
2.02 2.36L91L 016887 2.52 3.193728  ,016356.
2.03 2.381785 016871 2.53 3.210078 016350
2.0l 2.3986L0 016855 2.5k 3.226420 016343
2,05 2.L15479 4016839 2,55 3.242758 016337
2,06 2.132303 016824 ~ 2.56 3.259088 016330
2.07 2.Ll9111 016808 - 2.57 3.275413 016325
S 2.08 2.1465905 +01679L 2.58 3.291731 4016318
- 2.09 2.L8268L J0L67T79 2.59 3.3080L3 016312
2410 2.L99LkL9 - ,016765 . 2,60 3.32L3L9 ;016306
2,11 2,516200 2016751 2,61 3.3L0650
2,12 2.532938  ,016738 2,62 3.3569L)
2.3 2549662 01672 2,03 3.373233
2.1 2.566373 © 016711 2,0k 3.389517
12,15 0 2,583071 0016698 2.5 3.L405795
2.16 2.599757 016686 2,60 3422067 12
2417 2.616430 a0L6673 2.67 3.43833L 016267
2,18 2.633091 001666 | 2.68 3.L5L596 16262
2,19 2.6l 016650 . 2.69 3.L470853 . 016257 -
. 2,20 2,666378 2016637 . 2,70 3.48710L 016251
2,21 2.683004 ,016626 . 2,71 3.50335 016247
L e.22 2.699619 016615 2.7 3.519592  0162M1"
. 2.23 | 2.716223 01660k 2,7 3.535829  ,016237
Cgiel . 2.732816 L016893 2.7 3.552060 016231
Ce.e5 0 24749399 016583 2,7 3.568287 7
2906 o2.7659M1 .016572 2,76 3.584510 3
2421 2,782533 016562 : 3.,600727
2.28 2.799085 016552 . 2 3.616940
229 2.815627 016542 2y 3.633149
L 2,30 2.832159 016532 2.8 34649353
L.2.31  2.8L8e82 .016523 2.8 3,665553
2,32 2.865196 .01651} 2.82 3.,681748
2.33 2881700 016505 2,83 3.697939
C2.3L 2.898195 .016495 2.8L 347114126
2,35 2,91L682 016487 2,85 3730309
236 24931159 016477 2,86 - 34746487
- 2.27 2.917628 .016L69 2,87 3.762662
2,38 2.96L089 016463 2,88 3.778832
2,39 2,980542 016453 2.89 3.79L999
2,40 2.996986 0164k 2,90 3.6811161
2.4  3.013422 ,016136 2,91 3.827320
2.h2 3.029850 016428 - 2.92 3.8L3L75
2.3  3.046271 016421 2,93 3.859626
-anh 3.06268 016413 2.9h 3.87577h
2.45 3.079090 0016406 2,95 3,891917
2,46 3.095488 016398 2,96 3.908058
2,27 . . 3.111879 016391 2497 3.92L194
2,48 3.128262 016383 2.98 3.940327
2,%9 3.1LL639 016377 2499 3.956}57
2.50

3.161009 .016370 3,00 3.972583



S K, Ak, ¢ ko Ak,
.00 3,972583 5.00 7.160161

.10 14.133665 161082 5,10 7.318L8,  .158323
.20 L. 29LLL6 160781 5420 7.476795 158271
.30 L. Li5L956 5160512 5,30 7.63L4976  ,158221
L0 l4,615231 0160273 50L0 7.793150 3158174
.50 L. 775288 0160057 5050 7.951260  ,158130
60 L +£35150 0159862 5460 8.109369 4158089
o704 5,09L837 0159687 5,70 8,267419 4158050
.80 5.254365 0159528 5,80 8.L425432  ,158013
.90 5.4137L7 0159382 5490 8.583411 ;357979
+00. 54572996 0159249 6,00 8.7u1357  o1579kL6
.10¢ 5.73212)  .159128 6,10 9.530653 4789296
20! 5.891141 0159017 6.20 10,319348 788695
30 64050055 «15891L 6,30 11.107573° 788225
U0 6,208875 0158820 e 11895420  .7878L7T.
50, 6.,367607 .158732 6,50 125682962 187542
00 6.526258 158651 6.60 13470251 787289
+70. 6,60L83L 5158576 6470 12257331 0787080
-80 6.843340 158506 6,80 15.0L4233 786902
90! 7.001761 158441 6090 15.830985  »786752
.00 700 16,617608  .786623

¥l ol g o S i g g VY W Wl Wl

7.160161

2158380
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.1k, Point Source Solution *

Under the assumption of isotropic scattering with constant
c and o the integral equation (12-4) for the neutron density in the presence

of an isotropic source can be simplified to

-2 S
p(e) = § fa () + cr @) --—1'-”5’5--2 Qs (1)
r

The solution, A (? -7 ), corresponding to a unit isotropic point source at

-~y

r, (1.e., q, ad"(i" ) i the Green's function of (1), Thus the density at
P
1-"‘, qu(r), due to an arbitmry distribution of isotropic sources q (x')
is given by .
N 22 Dy a2
P, P = Jo =@ g, () a (2)
¥

Results concerning the point and plane source solution have been der:lved
by several authors 1n a more or less similar way.

(1) W. Bothe, Einige Diffusions Probleme, Zeit. f. Phys, 118, 401, (1941).
(2) G. Placzek, Unpublished Report to the Briggs Committee, 19k1.

(3) ((?r ll:laj.czek, Diffusion of Thermal Neutrons, Phys. Rev. 60, AL66,
1941

(4) E. P. Wigner, The Diffusion of Slow Neutrons in Absorbing Materials,
Classified Report A20, issued August 11, 1941,

(5) W. Bothe, Die Diffusion von einer Punktquelle Aues, Zeit. f. Phyao
119, 493, (19k2).

(6) B, Davison and R, Peierls s Density Distribution near a Point Source ’
British Declassified Report MS76, 1943,

(7) G. Placzek and G. M. Volkoff, Notes on Diffusion of Neutrons Without
Change in Energy, Canadisn Declassified Report Mrh, (NRC-1548), 191&3.

(8) E. P, Wigner, Solution of Boltzmann's Equation for Monoenergetic
Neutrons in an Infinite Homogeneous Medium, Classified Report
CP1120 issued November 30, 1943,

The contents of this end the subsequent sectlion go conniderably beyond -

vhat may be found in these papers., -The numerical results presented here
are an extension of work by Bengt Carlson contained in unpublished Montreal
computing reports, in vhich also some of the analytical expressione derived
below have been given for the first time, ae well as of AECD-1943 (IADC 506)
entitled, "Neutron Density, Point Scurce and Plane SBource" by

M. GOldBtein et alo



where P p satisfies the equation
> y o .

Pu)af@u?)+wﬁu}ﬁﬂ37ﬁa a? (3)
Here the subscript "p'; has been dropped for convenience.

In an infinite medium with ¢ )1 there ls, of course, no steady
state solution when sources ere present. A neutron coming from the source
produces more then one neutron which in turn each produces more than one
neutron. Consequently _the neutron density is everywhere continuously in-
creasing. However we will still carry through the asnslysis in this case,

In sectlon 11 it wes shown that the "steady etate" solution is the Laplace
transform of the solution of the time dependent problem. The latter will
have a meaning also for c¢> 1. Moreover, the infinite medium Green's function
is of importance in the treatment of problems involving finite media., PFor
these too, there can exist stationary solutions though ¢ be larger than one.

For ¢ ¢l the quadratically integrable solution of (3) may be
cbtained by teking Fourier transforms., The genmeral solution of (3) is then
found by adding the general solution (13-7) of the homogeneous equation.

For ¢ » 1 the Pourler trangform of p will be shown to have poles on the real
axis in the space of the transform variable. As shown in Appendix Ce
particular solution of (3) is obtained by specifying & path axound the
pole. The general solutien may then be found as sbove.

> -
If $ (k) denotes the Pourier transform of £ (r) we have
-
$ (k) -Xeik'gﬁ(% a? ‘ (k)
Taking the Fourler transform of (3) yields:

b (1) = {cp(x) + 1) BT L ()



or (6a)
- (6b)
b
tan-lk =~ °
Expanding (6a) in powers of ¢ gives:
e .
(k) =5 o (tE) | (7)

n=0

Remembering the Convolution theorem and that —t%;-k- - 18 the Fourier transe-
form of €T /4T r° 1t 18 apparent that the n'th term in (7) is juﬁt the PFourler
transform of the portion of the neutron density due to neutrons having suffered
‘n coliisions after leaving the source. Alternatively saild the n'th term in
(7) ie the traneform of the n'th term of the Neummnn solution (11-8).

With (6) we can now deternine the even moments of £(T). Since ¢
depends only on the absolute value of X A(Z) will be spherically symetric

(4.e.,,=p(r)). Hence the relation between ¢ and p simplifies to:

$(k) = SP(r) BB a7 (8)
Wg know that any function may be expanded in a power series valid till the
first singularity. In Appendix C it is shown that the nearest singularity
to the origin of¢ (k) 1s the pole corresponding to the vanishing of the
dencuinator in (Ge). For c¢< 1 this pole is on the imaginary axis at e finite
distance from the origin. When c =1, the pole 1s at the origin. It lies on
the axie of reals for c)l. Thus, if c#1, one obtaine on expanding in
povers of ki | |

co . on n
- -»
p(u)=2, Bl J o) e (9)
n=0 .
(9) siver the even moments of P in terms of the coefficlents in the expansion

of ¢(k),. In this form the-fallure of the above considerations at c =1 is

physically understandable. For c <1 sbsorption will resvlt in & decrease 1n
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the number of neutrone after o collision. The neutron density will then
‘decrease exponentially at large distarnces and the moxizents will exist. When
¢ =1 there 15 no abaorp‘cidn and the neutron density will extend to infinity.
Infinite moments would then be expected. If ¢ >1 the moments of pexist
formelly in the Abelian sense slnce the dlstrihution then oscillates in sign
at large dlstances., Bome of these moments are negative and hence rather

unphysical. We will use them only for mathematical purposes,
’ Expanding (6b) gives:

(k) = 4 - L - 2 K+ ... (10)
¢ lec + %-21-..9 1l ec 3(1-0)2 Co

~ vhich mey be wrltten as

$ (k) = Z% Bu (= & (1)
= .
" whiere R (12)
(s
| 1 5 \8-1
Pt T %1 bue (1) (23)
and by,1 = éﬁl+ i | -
’ m-l bn . . .
by, el rf::é R Et'm'."nj T (15)

Table 10 glves the coefficients by g for mel to m=l0. Comparing (11) and (9)
we gee that the 2n'th moment of the density which 1e defined as '

My, = [ 22 P (2) 2 % (16)
1s glven by: |
M, -ﬁn- (en + 1)! (17)
As examples we note that from (10) 1% follows |
Py 1
JPa# = oie (18)
J2paia (29)
l1e=-c _



- v
s 1 2 3 % 5 6 ‘ 7 8 ' 9 10
1 2333 3333 200 0000 A2 85N L1112 1211 .090 909 09 | .076 923 08 | .066 666 67 .058 €23 53 -1.052 631 58 .O47 619 05
2 L111 1111 .133 3333 <135 2381 .131 216 9 2125 458 1 ©119 391 7 .113 533 3 +108 062 & .103 023 2
3 0370370 % | ..086 66667 | .087 613 05 1 .102173 9 112 298 5 L119 328 § .12y 183 3 .127 479 9
Y ‘ <012 3456 8 029 629 63 047 830 69 .065 222 81 .081 160 23 .095 478 19 .108 218 9
5 <00k 115 226 1,012 345 68 .023 633 16 .036 911 62 L051 345 bk {066 333 45
6 ‘ .001 371 w2 | .oou 938272 |.o10-93u T |.019 251 W2 .029 619 49
7 .000 457 207 4 }.001 320 439 .00 828 532 .009 461 972
8 500 152 115 8|.000 731 595 € | .002 058 920
9 000 050 805 26 | 000 274 3u8 &
10 .000 016 935 09
bals= '3-—21_—
LS g i
VALUES OF b,
POINT SOURCE LN DNFINITE MEDIUM
TABLE 10
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and thus that

(r2) prpdd r .2. c

(20)

(20) expresses the obvious fact that the larger c (i.@., the less abaofption
there is), the farther a neutron will go on the average. |

Since the density in (18) is normalized to a source emitting one
neutron per second it yields, on normalizing to Q neutrons per second and
returning to ordinary units, the perspicuous result

Q. __Q
o vl =¢) Ty V

>
Jpars= (21)
where o-, ® o= (1 - ¢) is the absorption cross section., Thus (21) atates the
physically expected result that the total number of neutrons present is the
number emitted per second by the source times the mean lifetime for absorption,
To obtain @(r) we use the inversion formula

e(r) = m j o~ tk:T ¢ (k) di

2 fqb(k)ksinkrdk | ()
(211' )r

Before evaluating this integral let us examine the behavior of
© for small r, This can be done in a menner similar to the above where
the even momente of P were related to the behavior of ¢ in :che neighbor-
hood of the origin, There exist many Abelian and Tauberian theorems relating
the asymptotic behavior of a function and its tranaform. We will prove a
special case of one which will give us the dominant term in e for small r

snd then state the result of using the other theoremé.



Multiplying (22) by r2 and taking the limit r — 0 gives:

x
Lin 2P (r) = S Lnm  [(k) b oin by
r+0 am r-0 0 (23)
1 oz in g d
= lim Zy ESin e o
277,5 r-0 Of¢(r) r

Since for large values of k

4 ()~ 5% | (2)
(23) gives:
i o0
T - G
r Q

o ok - L
Tﬁr‘" Jeinzdaa i

Thus for r small enough

P~ g B - (26)

This is Just what we would expect slnce the neutron density due to
neutrons coming from the source without suffering a collision is

[ o i
p= g (27)
LT "
Subtracting IIT"r;';E frompand epplylng einilar theorems to the remainder
givea the next moet important terms in the expansion of P in the vicinity
of the origin. Proceeding in this manner yilelds:
2 2 ‘ .
p(x) =-—-]-'—§ {1 + (g_g_r__ =1l)r+ (2 - ca-%-) r® log r}+ 0 (conat)
Ly
r¢¢l (28)
Returning to the complete expression for the density ve note
that (22) can be written as

T a1, _ikr
p (r) = 5'#? §1W1 f - km:-l X o (29)
. - l«c ( i )
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In ‘Appendix.C it is shown that this integral can bhe transformed

giving

3K 2 1 |
ORI v aaKcm e " +J gle, ) 6T jf’z‘ (30)
A |

where Ko is the positive root of (13-68) and
1

(31)

gle, ) =
(1 - cutanh T u)? + agc/x)?
Numerical values of g(c, u) are given in Table 11, This function :1.5
graphed in Figure 19,
The general solution of (3) obtained by adding the general
solution (13=7) of the homogeneous equation is
a2 1 J-2ME aKge (1 rfu A
po(r) T { 5o © + gle, 1) o ;sz' |
KT (32)
+jf @) o~ Ko™ gy
with £ (@) an arbitrary function,
The general spherically symmetric solution is obtained from
this by averaging over the direction of 7.
Since
1 > -K°g°? ..BinhKor 5
ngf(u)e dudﬂn- T £ () du |
| (33)
= (const) &.nh-;_)&._r
and -K » '
e 0" =cosh ){o r « sinh V{o r : : (3L)
We see that the general spherically symmetric point source solution is
Plr) T 5= cosh Ko T + Astmh K r +[ glc, i) @ ﬁ ,
(35)

where A is an arbitrary constant.
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( 2 )»'-‘ 7
BeE '_(l-cptanh']p)z«t—(zzn qn)©

TRBLIS $&0°

Values of g(c,p)

1

(Sheet 1)

c:=0.1

c e=0 ¢=0.2 c=0.3 c=0.k4 c=0.5 c=0.6 c=0.7 c=0.8 ¢=0.9 c:1.0
.n\\ '

0 1.000000 1.000000 1.000000 1.000000 1.000000 1,000000 1,000000 1.000000- 1.000000 1.000000 1.000000
.05  1.000000 1.000439 1.000754 1.0009k6 1.001015 1.000959 1.000780 1.000L478 1.000051 .998831 .998831
.10  1.000000 1.001762 1.003032 1.003805 1.604079 1.003855 1.003131 1.001911 1.000196 997997 0995314
.15  1.000000 1.003990 1.00687h 1.008634 1.009257 1.009839 1.007084 1.004303 1.000L1k «995hhly .989425
.20 1.000000 1.007157 1.012356 1.015535 1.016656 1,01576k 1.032692. 1.007657 1.000057 991776 981116
.25 1,000000 1,01131h 1.019586 1,024659 1.026437 1,024,885 1,020033 1.01197h 1.000860  .986895 097032L
.30 1.000000 1.016533 1,028716 1.036217 1.038826 1.036L67 1.,029208 1.,017254 1.000930 »98066 «956959
.35 1.000000 1.022908 1,039952 1.050495 1.05L125 1.050697 1.0403L49  1.02348L 1.000735 +972905 -940906
Ji0 1.000000 1.030563 1,053567 1.067875 1.0727h0 1.067902 1.053620 1.030639 1.000095 .963383 «922015
J45  1.000000 1.03966L 1.069927 1.088873 1.09521k 1.088506 1.069219 1.038661  .998763 951798 «900096
o850  1.000000 1.050429 1.089526 1,1114189 1.122280 1.113068 1.087383 1.0L7Ll),  .996396 «937756 874907
.55  1.000000 1.063153 1.113042 1.1hk79k 1.15L9LS 1.142327 1.108388 1.056795  .992511 .920748 846135
.60 1.000000 © 1.078243 1.141h30 1.1B2065 1.194621 1.177276 1.132534h 1.066373  .986423 «800091 813371
65  1.000000 1.096280 1.176083 1.228029 1.243357 1.219267 1.16011Lk -1.075579  .977127 874880 . 776067
.70 1.000000 1.118125 1.219125 1.285812 1.304241 1.270177 1.191317 1.083337 .963119 .8L3836 + 733466
.75 1.000000 1.145133 1.274000 1.360533 1.382188 1,332652 1,262782 1.087675  .9L2055 .805131 .68L478
.80 1.000000 1.179610 1.346788 1.461329 1.485572 1.410425 1.297165 1.084798  .910092 .755983 . .627430
85  1.000000 1.225969 1.L49657 1.606660 1.630111 1.508395 1.31316k 1.066868  .860L4LO .691798 «559508
.90  1.000000 1.294427 1.612462 1.842025 1.849536 1.6298kL 1.31316k 1.015674  .779605  .603895  LL75236
95 1,000000 1.419421 1.9L450LL 2.331852 2.2288L9 1.743429 1.244393 878172 .633330  LLTO7LT .360398
1.00 1.000000 .OO00OQ  .0OO0COO  .000000  .O00Q000 000000 000000 000000 000000 000000 .000000




1ARDLL

Values of g(c,pn)

-

- €O'[-

glc,p) L
(1-cptanh-tu)<, (5 ep)<
‘\\\\c c=l.1 cal.2 c=1.3 «c=1el c=1.5 c=1.6 c=1.7 c-1.8 c=1.9 ¢=2.0 c=2.1.
\ 0 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000
.05 2998037 0997122 4996085 - J99U929  99365L 992260  .9907L8 2989121 987378  .985522  ,983553
10  .992158 .988538  98LL63  .9799L6  .9Th999 ..969635  ,963870 957717 951195  9LL319  .937106
.15 .982395 974399 965487  .955712  L9L5130  .933802  .921789 .909155  .895961  .882272 868149
.20 .968796 .95L9LT  .9397h  .923245  ,90569L  .B887216 .867962  .848080  .827711  .B06989  .786037
.25 .951426  .930501  .907860  .883815 858669 .832715  ,806220  .779431  .752568 725823  ,699362
.30 .930362  .901L39 .B707L8  .838819 806139 .7731h2  .7hO20L  ,707639  LOTS707  L6LLOOB  .61L499
.35 2905687 063180  .829251 - 789669  ,750091  .711055 672982 0636190 600902  .567265  ,535362
L .Wo o .B77h82 .831160 ,78L239 737695  .692282  .6LBSSL  .606887 0507509  .530535  ok9599F L L63BL2
| W45 .845819 «790811  .736536  .6BLOT2 634153  .587226  .5U3513  ,503072  JL65S8L5S 431699 L LOOLS3
.50 .8107L9 +U7539 686878 629783  ,576807 .528162  .LB3821 JAli3606  LOT255  3TLLSB  L3LLB9S
.55 W772287  J701701  .635889  ,S57559h  .521020  .L72025 < .L28267 389303  .35L656  .32385h  .296451
.60 .730390 653580  J58L056 - .522052  h672069  .L19129  L3769L2 - 340000 .307630  .27922L4  .25h2L1
65 684926 ,60335hL  W531710  .LO9L90  JLISTTH  .30951L 329675  .295311 .265594  .239810  .217357
.70 .635621 0551057 479002  L1Bo2h  .366530 .323005 ,28611k .254721 ¢ ,227886  .20L83L  .18L4932
<75 .581968  .L96511  .L25856  .3675hk2 319310  .279242  ,245766 217622  ,193809  .173529  .156149
.80  .523051 .L39185  .371877  .317640  .2736L3  .237665  .207993 218331k .162617  .1h5122  ,130223
B85 WJ45TIRO 377900 W316122 267hS6 228677  JA97LIL 171926 ,15092h  W133LLS 11876k . 106328
90  .380575.  .3099Th  .256435  L21513L  ,182749  .156966  .136153  .119138  .105067 .093311  .083395
295  .283206 .2277h5  .186085 155583  .131520 .112556 097366  .085021 LO7LB6L  .066LO3  .059290
11,00 .000000.  .000000 000000  ,000000 000000  .000000  .OOOOOO 000000  .000000 ~ 000000 000000




"WOT"

Values of g(c,n)

gle,p) = 2, .
(1-cutanh-"n)¢ (% cp)©
\\\\% £=2,2 c-2.3 c=2.i  ¢=2.5 c=2.6 c=2.7 c=2.8 c:2.9 3.0
B .

0 1.,000000 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000  1.000000
.05 +981473 «979283 976986  JITESB1 972072  .969L59 966ThS 963932 0961021
.10 292957 $921741  .913625  .9052hh 896618  .887763  .878699 - .869hhl 860015
.15 .85365L  .8388L46  .823781  .808515 «793099 777582  .762009  .7L46L22 730862
«20 0 T64970 «743890 722890 .702054  .681L451 .661145 611188  .62162) .602489
.25 .67332L  .6h782h  .62295L  .598786  .575373  .552753  .530951 .509978  .L89839
.30 ,585492 0557661  .531052 505683  .L81556  LL58653 436948  .L16L02 396974
.35  .50522h  LL76BL5  .L50190 . Lh25202 - LLO1810 379936  .359495  .340LO1 - .322569
A0 L43h0O5  LLO6371 380813 L357196 .335382  .315235  ,29662L  .279425  ,263522
45 371906 L34SBLL 322056 - .300339  .280503 .202368 - 245774 .230570  ,216623
S0  ,318250  .294223  .272537  .252940  .235203 £21912 - 204522 191237 179127
255 .2720h42  .250262 ,230789  .213340 @ .197668  ,183559  ,170824  .15930h  .148856
60 232211 .212729  ,195L50 180075  L16635h 154070 L1L3040  .133107 124135
65 JI97730 180505  .165329  L151506  .139989  ,129371  .119876 ,111357  .103689
.70 L167633 . .152605  .139k1L  .12780hk - L1175L1  L108L32 100315  .09305L .086536
75 .1h116) .128169 .116838 .106907 = .098161  .090422  .6835L6 077410 .071915
80 a7hk6 (106417 .096339  .088472 T LO81126  ,07Lh6L3  .068896 063779  .059203
.85 .095711 086582 .078679 071795 065765 060456 «055757 = .051580. 047851
090 974960 067729  .06148L  .056057  LO51312 .0L71h0  .OL3L5L - 040180 - 037261
.95 .05325Lh  .04LBOB9  .0L3637  .039772  .036396 .033431  ,030812 ;028488  ,026417

1.00  ,000000  .000000  .000000  .000000 =~ .0000OO  ,000000 000000  .O0OOOO 4000000
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It should be noted that instead of using the averaging process
of (33), the general spherically symmetric solution of (3) could also have
- been obtained directly by adding the genersl spherically symmetric infinite
medium solution (13-35) to (30).

Returning to the particular point source solution. (3), we note
that for sufficiently large distmeu the first term will predominate since
it vanishes less strongly than e™¥ while all contributions from the integral
vanish as e™T or faster. Below it will be seen that for amall distanqea
this second term dominates and behaves almost like e F/Lw r2. For discuasion
it is then convenient to decompose © into

e(r) 2p(r) + @, (r) (36)

where o, the asymptotic density, is the first part of (30), i.e.,

2 =Kor
Pas(r) == ab%g—ehw:' -G

and consequently

1
p(r) =1;117;:§ gle, ) o Th i | (38)
0 M

Defining € (r) by

p(r) = ﬁ% € (r) (39)

gives

1 |
€(r) = re’ S g(c""‘l;_r/u d e . (4o)
° AL

Having previously obtained the even moments of the tolal density,
we will now obtain those for the asymptotic and non-asymptotic densities,

The even asympto’oic densgity moments, A2n’ are defined by

Aoy ® j O, 7 daF (b1)
Using (37) we obtain |
2 t
.= me-foT » 2n + 1)1 OK?
Azn-—s%“-jr e o 0 S (12)
0

-106-



In particular

2
2K ;
f’oasd;""':é az (43)
, ) '
and 2 > 6 &Koa
| jp‘wru--ﬂ -2 )
o
" Hence
(‘(_, 2 '
4.2y J 2
(x%Ypy (as)a-?—,-g'-a-? = 6/K (45)
u}.aﬁ
Using (18) Qe £indt
_ o |
[pa@ RS (.
|- GK
e TE A "

Thus the quantity K gives the fraction of neutrons in the
asymptotic distribution. Table 8 gives X as a function of c. This is

plotted in Figure 18, Expansions for K are given by equations (13-90 %o
13-92).

From Pigure 18 we see that for pure scattering (c“ al)K=1,
and hence that all neutrcns ave in the ssymptotic distribution. Por c
somll (large absorption) K (c) is very flat asd spproximtely zero, Prec-
tically all neutrons are then in the non-asymptotic distribution. BEven for
equel amounts of absorption and scattering (¢ = 0.5) K ig only O.4s Thus
vhen thera 1c sny appreciable amount of absorption one must be very careful

in trying to draw conclusions from the asymptotic distribution alone since this

‘mey describe but few of the neutrons. This is particularly true since most
of the neutrons in the asymptotic distribution may be in the ‘resion vhere
the non-asymptotic distribution is still large.

| The even moments of the nop-'a.aymptouc density, N,,, defined by

7
{

My = | m™ (47)

my be cbtained by subtraction of the moments previously found.

«107=



Thus s ' | '
Non = j‘(,o = Cop) TR Yon = Aon | (L8)

Incidentally this also determinesthe even moments with respect to/;tof

g (cyu), Using (38)

. -
on B d 2n + L arjs
prtd 7z g r e dr (L9)
[rmes [ eipae (oot o
= (2n + )¢ Sl,ua“ g (esp) du |
or | 1o, N,
Yo = | N8 (000 4z rm iy (50)
(o]
From (17) and (42) we find: ‘ ,
| No pot i :Ié | | (51)
S . |
Nyz—f 0 (1-3KD) (52)
(2 =e)
Thus: ' : ‘ ‘
E (r2) (non-as) Nb 2 (1 I 2—%D). (53) -

Table 12 éives Nh/h! for even m between m = 0 and m = 20.
No» Ny and (rz)‘v(non-as) are plotted in Figures 20 and 21. The various
averages of r2 are given in Table 13 and plotted in Figuf; 22.

Oh looking at Figure 22 and Table 13 we see thalt for ¢ small
(ra)‘v coincides very closely with rzav(non-as) in agreement with the
previous observation that for 1arge absorption most of the neutrons are in the
non-asymptotic distribution, - It should be noted also that (r2) (non-as)
A~ 2 (mean free path)2 for ¢ <1. (For ¢>1 it decreages slightly.) We see
that it can be quite incorrect to consider the non-asymptotic distribution to
bé negligible after a mean free path from the source,

For a complgte'determination of the non~asymptotic distribution we
must consider the function‘g‘(ctji),of equation (31) (Table 11, Figure 19)

in greater detail., This functlon is of great importgnce since it also occurs
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2 f/x“ glc, ) dp

TABLE 12

POINT SBOURCE IN INFINITE MEDIUM

TABLE OF Ny/m! ® (w +1) T,(c)
Nn 2 m'th moment of non-asymptotic distribution

PART 1
c 0 0.1 0.2 0.3 0.k 0.5 0.6

nm

0 1.0000 1.1111 1.2409  1.3118 1.2824 1.2017 1.1080
2 1.,0000 1.2346 1.5352 1.6886 1.5912 1.3878 1.1775
b 1.0000 1.3108 1.7340 1.9366 1.7708 1.4735 1.1891
6 1.0000 1.3665 1.8887 2.1239 1.8924 1.5190 1.1822
8 1.0000 1.4108 2.0173 = 2.27h49 1.9810 1.5438 1.1681
10 1.0000 1.4478 2.1285  2.4015 2.0485 1.5568 1.1512
12 1.0000 1.4796 2.2211  2.5103 2.1013 1.5624 1.1331
14 1.0000 1.5076 2.3161  2.6057 2.1434 1.5632 1.1150
16 1.0000 1.5327 2.3975 2.6904 2.1775 1.5607 1.0972
18 1.0000 1.5554 2.47127 2,7665 2.2053 1.5559 1.0799
20 1.0000 1.5762 2.5421  2.8354 2.2282 1.5495 1.0633

e 0.7 - 0.8 0.9 1.0 1.1 1.2 1.3

n ,

0 1.0176 . .8635 .8000 LTh43 .6952 .6518
2 ‘993  Baty 76 .61 532 W78 milg
b .9562 . TTh5 .6343 .5257 ko9 . 1739 .3203
6 9198 7236 .5778 685 3855 . 216 L2715
8 .8867 - .6832 .5361 4285 .3483 ."876 . 2408
10 8570 . .6500 .5036 .3984 .3212 . 2634 .2193
12 .8304 .6220 ATT3 <3747 -3003 - L2451 -2033
1h .8065  .5981 4554 .3554 .2836 2307 .1908
16 7848 5772 4368 .3393 .2698 ., .2189 -1807
18 .T651 .5590 L4204 .3256 .2582 . 2090 1723
20 STHTL L5428 4066 .3138 .2483 . 2007 .1652




TABLE 12

PART 2
1.4 1.5 1.6 1.7 1.8 1.9 2.0
0 .6133 .5789 . 5480 5202 JLHko 8720 510
2 . 3652 ,3258 2924 . 2637 2391 2176 .1989
k 2769 L2414 2121 .1876 - .1670 <1495 1346
6 .2318 .1999 1739 .1525 <1347 «1197 1071
8 <2041 L1748 ‘1513 1321 .1162 .1030 .0918
10 .1850 1579 1362 1186 1041 . 0921

12 1710 .1hk56 .1253 .1089 .0955 . 0Blgdy .(T{SO
14 .1601 1361 L1170 .1016 . 0890 0785 . 0698
16 <151k .1286 1204 . 0958 ,0838 L0740 . 0657
18 k2 .1223 .1050 .0910 L0797 - LO702 0624
20 .1382 1172 .1005 .0871 0762 L0671 . 0596
2.2 203 2-“’ 2‘5 2‘6 2'7

k2 . .3828 . 3688 3558 3437

268 s e g L&

L1105 1008 .0923 .0848 -Wal 0722

" 0870 .0790 ~.0T20 . 0659 0605 .0558

.O7h2 .06 L0612 . 0559 .0513 .OhT2

060k | 05h6 +0bg7 L Ok53 L0415 0382

0562 0508 .0hé1 0421 .0385 -0354

0528 .0kT8 + Oh3h 0396 o362 0333

.0501 . 0453 LOh12 0375 - O3k - .0316




TABLE 12

PART 3
N
\\ 2.8 2.9 3.0 k.0 5.0 6.0 7.0
m \ '
. . 3324 .3218 .3118 .2379 .1923 .1613 .1390
2 L1086 .1018 . 0957 «0559 . 0366 . 0258 .0192
L . 0669 L0622 . 0580 ,0318 . 0199 .0136 . 0099
¢ L0515 .OL78 Oblly 0239 .0149 .0101 . 0073
8 .0k 36 L0403 037k . 0201 . 0124 . 0085 . 0061
10 L0386 .0357 .0332 LOLTT .0110 .0075 . 0054
12 .0352 .0326 .0302 .0161 .0100 , 0068 . 0049
14 L0327 .0302 .0280 0149 . 0093 . 0063 . 0045
16 L0307 .028Y4 . 0263 .0140 . 0087 . 0059 .00L3
18 .0291 . 0269 . 0250 0133 .0082 . 0056 . 0041
20 L0278 .0257 .0239 .0127 . 0079 . 0054 0039
\\
c 8.0 9.0 10.0 “11.0
n
0 .1220 .1088 . 0981 -0893
2 . 0148 .0118 . 0096 . 0079
L . 0075 . 0059 . 0047 .0039
6 . 0055 0043 .0035 - 0029
8 .00L6 .0036 0029 . 002k
10 . 0041 .0032 . 0026 -0021
12 . 0037 . 0029 .0023 .0019
1L . 0034 \0027 - .0022 .0018
16 .0032 .0025 .0020 - 0017
18 , 0031 .002h . 0019 .0016
20 . 0029 .0023 .0018 .0015
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TABLE 13 _

POINF SOURCE IN INFINITE MEDIUM

, 25y (t,otal):_rg.a.

125y (asymptotic)= 6/ko° .

c r2ay (total) | 12, (asymptotic) rPpy (non-asymptotic)
0 2,000 000 6.000 000 2.0000
.1 2.222 222 6.000 000 2.2222
.2 2.500 000 6.001 091 2.4743
o3 2.857 143 6.031 155 2.5745
Y 3.333 333 6.176 306 2.4815
.5 4,000 000 6.5ul 403 2.3097
.6 5.000 000 T.288 170 2.125Y%
.7 64666 667 8.738 259 1.9527
.8 - 10.000 000 - - 11.888 606 1.7982
.9 20,000 000 21,733 132 1.6622
092 - 25,000 000 26,704 866 1.6370
-9y | 33.333 333 35.010 787 1.6126
<96 £0.000. 000 51.650 85g 1.58389
<98 100.000 000 101.625 052 1.5656
+99 200,000/ 000 201.612 408 1.5622

l‘eav (non-agymptotic)= 2 {1-31‘3{ }

1-¢ 1-X

1
i

f
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in the integrand of many more complicated neutron problems.

From (31) we cee that

g (c, 0) =g (0, ) =1 (54)
If +4~1 we £ind

ok ,
glc, u) 2 {1og-(—c‘:‘.ll’2 ]2 (55)

and hence v
g (c,1) = 0 | (56)
For ¢) -;8-5 g decreases monotonlcally from its value 1 at
A= 0 to the value zero at u= 1, Forc<:2 g has a maximum in the
interval between O and 1. As ¢ decreases the maximm moves to the right

and becomes steeper. For ¢ very small

Erax ™ "—%'_5 (57)
mce
A useful form for g 1s obtained by expanding in powers )ue
giving: '
hnd on
g (e,u) =1+ 37 [ u - (58)
nwl '

Table 14 gives the coefficlents [ | m(c) fromn=1tona G,

(58) is particularly suitable for use in integrands involving
g (c, 1) sinée the integrale can then often be performed analytically*.
Thus inserting (58) in (38) gives as en expansion for the non-asymptotic

density p(r)

(")"WI- f { S ,;#en} .mﬁ
(59)
- 1 ¥
ll»ﬁ“ra ' 4ymMr o= G(C) Fan (=)

* "A table of integrals involving the functions E_(x)" by J. LeCaine,
Canadian Declaseified Report MT 131 (NRC-1553),71947.
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‘rﬁ (c)

TABLE 1}

|
$

-117-

e mnal mz? ms3 mazbh mszb
0.0 .000 0000 000 0000 000 0000 000 0000 .000 0000
0.1 .175 3260 087 LO59 058 5930 .Oll 5304 036 1861”
0.2 .301 300  .18h 1174  .136 9303  .111 2099 .09 8LT7
0.3 3779339 .252 8340 1971273 . .164 7031  .1i3 0627
Ol 405 2158 270 8665 206 3158 .166 6143 .138 9820

0.5 .383 1497 .230 1370 153 L39L 105 819 .073 1294
0.6 311 7356 137 1791 .055 2330 .010 1338 ~-,016 O7hl
0.7 190 9735 L013 1375 -,0h8 6138 -.068 9470  -.072 0571
0.8 .020 8633  -,106 2314  -,111 1084  -.091 7518  -.O7L 1921
0.9 = =.198 5949 '-.170 5601  -.104 4227  -,06L §5h6 -.0l42 8277
1.0 -.b67 hO11 -1k 8695  -.057 1761  -.035 w25 -.025 0780



Multiplying (59) vy by re® gives a8 the corresponding expan~

gion for € (r):

€(r) =142 ) CelEy(r) (60)

- n=)
(60) may ve used to investigate the hehavior of ¢ (r) for r small.

However, this may be found more simply ueing (28). Thus from (36), (37),

and (39) we obtain | 8 -k.or 7
€ (r) = brxBe® [ p(r) ¢+ 52 S § (61)

Inserting the expansion (28) for @ (r) we f£ind for r small.

2
2 38K 2 ,
€ (r)~ {1 + ("? + =) + c(2 - 3{-‘-—-):-210.9, r% (62)
Hence: ‘ ‘
€ (=1 B (63)
en® . 9 %o

€' (0) » Gl 4 22 (6%)

~ The expansion (62) may also be used to determine other properties of the

function g(c, s ). Thus, for example, from (40) we have

€ (r) = re' 5‘} m}ﬁ*—’-@'rﬁ“‘ du

(65)
ul-rerf———g-(sﬁuea" £ -r% du
/(4
Therefore: |
P
1 2 <
S Assad o) L ST r 25 (66)
.)4 .
To investigate € '(0) further, we note that
2
For ¢ << 1, -9-3’%— =~ % e'z/c (from (13-80)) (67)
c
2 _
JenNx e eca | (68)
2 s
d Ko |
For ¢ 23 1, —ye & -3 (from (13-81)) : (69)
E'(O);:;Tl';-3<0 ¢l - (70)

=118~



|

2 2
For ¢ » 1, -55’%1-’»;- -15.. c (from (13-82)) (11)

2
'...el(o)z-.’%—e | c»1l (72)

, Thus we see the slope of €(¥) at the origin changes sign as
¢ increases, Indeed, using Table 8 and the expansions (13-80 to 13-82) one
find; that starting from the value O at ¢ = 0, ¢'(0) rises to a maximum
of 0,63589 at ¢ = 0,3L0L, then decreases becoming negative at ¢ = 0.7647.
For ¢ large ¢'(0) is asymptotically a linear function of o,
From (62) we see that the coefficient of ralog r in the
expapaion of ¢(r) also changes sign as ¢ increases. For c'<]gg it is

oslitive, For c> 8 it'is negative,
P = :

™
It may be noted that the equation for €(r) in the vieinity

~of the origin (6é) is actually more complicated than that for the total
density (28), However, it is advantageous to use €(r) since it is more
convenient in later work,

The behavior of €(r) in the opposite limit of r >>1 may also

be obtained rather simply. Making the substitution

. P | (73)

in (LO) yields for arbitrary ¢ and r

o

€(c,r) = v ‘i‘ g(c, 1}-:: e~TX gy (7h)

For r » 1 only, the region x <<1 will contribute appreciably to (7h). In

_this region g ,(c,—ﬁ-;) can be approximated by
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g (c,x) =

TR

(75)
(rrc) ( 1 1 X 2 |
1+ . log ‘f;
where x =2 o~2/c < (16)
Introducing (76) into (T4) and substituting
yesrx | ‘ (1)
yields |
2.2 | :
€(e,r) = (5735)° ¢ (A) | (78)
vhere o
-y
e
f(/\)=j1*(*_i‘iig K (79)
o m
and A= log 2r - 2/c . ~ (80)

With the introduction of the varisble A it is apparent that in
the limit of large r the function € of the two variables ¢ and r becomes @
function only of the combination given by (80).
| From (79) 1t is seen that #{ A ) is a rather simple Pfunction.
It has & flat meximm of megnitude slightly less than one for some small
negative value £.A . For large | Al 1t goes over imto (--i’-‘-):(2 s P(A) 18
given numerically in Table 15 and graphed in Fgures 23 and 24,

| For | Al<¢m £ (L) may be approximated by the Taylor series:
£ (LX) =2(0) +X £'(0) + /l;- £ (0) + ous (81)

With repested use of the relation
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TABLE 15
THE FUNCTION £(A)

A\ 2
A £(N) O
=20 .0259 1.048
«16 +0LO7 1,057
-lh 00535 1.062
-12 0732 1,068
=10 .1058 1.072
"8 016’-&0 10063
- 5 0362h 0918
- 3 Q6208 0566
- 2 07670 . 0311
-1 8723 : .088
- QS 08920 .023
0 .8832 .000
5 8460 .021
1 . 7851 '+ ,080
2 6256 .254
3 11686 27
5 02600 0659
8 ,1236 801
10 .0835 846
12 0601 877
) 0452 .898
16 0352 913
18 .0281 : S92l
20

«0230 0933
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a 1 - d 1
T 1+(_._.......8.I?~'“1,° ¥ dlogy 1+ ( A-logy
(82)
=y ddy 1
1+ ( .2\._:1;}.9.&1 )
and integrating by parts one finds
LYo - ' .
£ (0) = j e yl &y = o0.88322 (83)
o 1+ ("gg",“:l') ' ‘
o0
£1(0) =-5 Lo¥ » oy z - 0.0468k (84)
J 1+ (2e8Y) |
v
* o
£11(0) =~5 3y =1 - - e dy = - 0,11500 | (85)

1+ (d08.3)
w

Similarly £111(0) = 0.01863, £IV(0) = 0,08280 and £'(0) = - 0,0202.

Using the first six terms in (81) gives £( A) correct to
four significant figures foi' I Al <o.5. o

For large |Al(i.e., A?>> n?)an approximate expression for

£(A) may be found by expanding the integrand of (79) in powaré of /A
and integrating term by term. Of course in part of the region of the
integration the expansion of the Integrand will not be ‘convergent. However,
it can be shovm that fof large (Al the contribution of this region is

negligible, In this way one finds

: : 2 2 |
2OV 2 () {1- Y 1r/2;\237” v 0 (L) (86)

2
where ' A > “2 }
X - 005772 see . )

The above properties of £( A) allow us now to discuss the

(87)

asymptotic ‘behavior of €(c,r). We have, of course, to keep in mind that
large negative values of A are compatible with the condition r 5>1 only if
c 1. Small values of |Al are only possible if ¢ & O.L. For larger ¢

the maximum of €(r) (if it exists at all) will be at distances which are
- 12}~




not large with respect to 1 and hence cammot be treated by asymptotic
methods. In other words: For ¢ <<1 the asymptotic formulae will cover
practically the whole range of €(r) starting from €(r) =1 +0 (c) for
log r << 2/c via the maximum for large r and the subsequent decrease for
still larger r. Fore = O.4 or 0.5 only the region to the right of the
maximum is asymptotically describable, For ¢ >> 1 the asymptotic descrip-
tion will only hold when €(r) is already small compared to one,
The eacpressioné for €(r) for large r in the various limiting

cases following from the abbve expansions for £( A) are as follows:
log r << 2/e (J.oe <<1) |

€(c,r) =1 +c {(log r)+ 1.270}4}4. voe
log 2r ¢ 2/c (.'.c 50,4)

€(c,r) :0435-5 {1 - 0,05303 [(1og 2r) - ‘25} - }

In this case we see that the maximum of €(r) is

€ “ s Oc36
max ‘- ""‘"2“'

e
which occurs at
? = .2]; e2/(: + A,
where A, Z - 0.k

. 2
(10g 2r - 2)% 5, o2

This includes all ¢ for suffiéiently large r. "Sufficiently

large r" means

log r > 2/c c «1
(1og r)2>) 172 >l
- 2 )2 (1, 4/ ~25 ]
€(e,r) = ('c' Tog r ) { Y Tegr ¥
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The ultimate asymptotic behavior for all ¢ is thus

((c,r)N.;__._’-L.__

c2(1og r)2
From Table 16 for € the function
() = (Ze) e . (95)

can be constructed, Plott_ing this as a function of A one obtains, for
r = 20, reasonably gbod agreement with £( A). From Figures 23 and 2L we see
that f lies slightly higher than £. For $ = 10, the deviation of T( A) from
£( ) is already much more pronounced, This is, of course, just what is to
be expected, |

Using our present expansions we can now investigate the point where
the asymptotic neutron density begins to dominate the non=-asymptotic density.
From (39) and (37) we have |

-3K2 2\ -1-K
-ﬂ—%—; < K> °(r ) (96)

Expressing €(r) in terms of £( A) by means of (78) and using the sinall ¢

DK 2
expressing for K ° and -5%9— (approximately valid up to O.l4), we obtain

“2“%'7(0;:' =-°%f- %ﬁl - on

where ' ' -
» e= e = 2re"2/° e (98)
The condition that p(r) = (Ow(r) 18 then
| £(log @) = Mpoe - | (99)
Hers e’ may be put equal to one without appreciable error, (99) then becomes
£(A) = : - (100)
This is solved by |
A =-2,78 ! (101)
so that - .
r z 0,031 62/¢ (202)
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For intermediate wvalues of r, €(r) must be obtained from
(40) by numerical integration. Teble 16 gives values of €as a function
of r determined in this vay. € i graphed in Figure 25. From thie figure
it is seen that the properties ofl g (c, ««) are mirrored in the behavior
of € (r); Thus for ¢ sufficiently large (¢ R 8/1r2) € decreases monoton-
ically with c. For smaller ¢ € has a maximum. As ¢ décregses further the
maximm moves out to larger r and becomes higher. As a consequence the
curves of € (r) for different ¢ cross. It should be noted that since €
occurs multiplied by e /LT r® the flat maximum of € will not be important
for the density P .

lﬁ‘low that we have € (r) 1t 15 quite trivial to obtain the total
density. Thus, by (39), we have p(r) on multiplying € by e'r/lt»'\‘r'&'z. Adding
the asymptotic density gives . p in accordance with (36). Tables 1T and 18
give the resulting wvalues of h”‘re Pas, lmra p and hvra,o for ¢ = 0.3
and 0.9. These are plotted in Figures 26 and 27. The ratio /3%//O as a
function of r is given in Table 19. This is plotted in Plgures 28 and 29,

Comparing Figures 26 and 27 we note that the behavior of the
density in the vicinity of the origin veries considerably with c. For
¢ = 0,3 hﬂ”raP decreases monotonically. On the other hand, when ¢ = 0,9,
hTf‘ra P first insreaaes to a maximm and then decreases. Also we see
that, although slmost the wlhiole density 1s the asymptotic density after
3 mean free paths for ¢ = 0.9, for ¢ = 0,3 practically all neutrons are
in the non-asymptotic density. PFurther light on thie is found in Figures
28 a.nd‘29 from vhich we find

For c = 1 at 1 mfop. p/p ~ 8.5 %
at 2.5 mef.po p/p ~ 0T %
-127-



-ga‘[—

& (r) For Point Source

% [ ] O 0.1 002 003 Ooh 0.5 006 R 0.7 0.8 0.9 1.0
0. 1,0000 11,0000 1,0000 1.0000 1.0000 1,0000 1,0000 1.0000 1.0000 1.0000 1.0000
21 1,0000 1.0210 1l.0438 1.,05k2 1.0526 1.0420 1.0269 1.0099 .9921 .9ThS  .9564
2 1.0000 1.,0382 1.0773 1.1000 1.0962 1,0756 1.047h 1.0162 .9843 .9528 .9222
o3  1,0000 1.0532 1.1088 1.1409 11,1346 1.0k6 1.0643 1.0206 9767 9341 .8934
i 1.0000 1.0667 1.1375 1,1781 1.1692 131301 1.0786 1,0236 .9693 .9173 .8683
.5 1.0000 1.0790 1.1640 1.2126 1.2008 1.1529 1,0909 1.0257 .9621 .9019 .8L60
6  1.0000 1.0904 11,1888 1.2Lk48 1.2300 1.1736 1,1017 1.9271 L9551 L8878 ,.8260
7 1,0000 1,1010 1.2121 1.2752 1.2S571 1.1926 1.1113 1.0279 .9483 8747 .80T7
o8 1.0000 1.1109 1,23h2 1.3038 1.2826 1.2100 1.1198 1.0282 .9417 .8625 .7910
9  1.0000 1.1202 1.2552 1.3311 11,3066 1.2262 1.1275 1.9282 .9353 8510 .7755
1.0 1.0000 1.1291 1.2753 1.3571 1.3293 1.2§12 1,13L3 1.0278 .9290 .8hk0o2 ,7612
2.0  1.0000 1,1990 1.L402 1.5699 1,5068 1.3504 1.1763 1.0149 B7u8 .7562 6568
2.5 1.0000 11,2258 1.,5068 1.6551 1.5738 1.387h 1.1866 1.,005h .0519 7250 6207
3.5 1.0000 1.2704k 1,6213 1.8000 1,6818 1.LL41S 1.1963 .9847 .812L 6749 5655
k.0 1.0000 1,2895 1.6718 1.8630 1.7265 1.L617 1.1978 .97h2 .7951 6543  .Sh37
K5 1.0000 1.3070 1.7188 1.921L 1.7665 14786 1.1976 .9637 L7791 .6358  .5246
5.0 1.0000 1.3231 1.7630 1.9757 1.8026 1.4928 1.1963  .953h .76k3 6191 .5076
6,0 1.0000 1.3521 1,84hk3 2.07h5 1.8654 11,5147 1.1912 .933h 7374 5901 .L788
7.0  1.0000 1,3779 1.9182 2,1630 1.9182 1.5304 1.1838 .91hi .7137 .565h  .4550
8.0 1.0000 1.4010 1.9863 2.2432 1.963L4 1.5L12 1.17h9 .896Lh  .6926 SO 4349
9.0  1.0000 1.4222 2.0497 2.3169 2.002Lh 1.5486 1.1651 .B793 .673Lh .5253 .L175
10,0  1.0000 1.hl17 2,1094% 2.3851 2.0366 1.5531 1.1547 8631 6560 L5086  LoO2h
11,0 1.0000 1.4599 - 2.1659 2.LL499 2.0667 1.555hk 1.1438  .BLT7 OLOO .h936 L3890
12,0 1.0000 1.4770 2.2196 2.5086 12,0933 1.5559 1.1327 L8330 .6252 4800  .3769
13.0  1.0000 1.4931 2.2710 2.5652 2,1172 1.5550 1.1215 L8190 .611h 4676 .3661
L0  1.0000 1.5084 2.3204 2.6188 2.1385 1.5529 1.1102 .8055 .5985 U562 3562
15.0 1.0000 1.5230 2.3682 2.6700 2,1578 1.5498 1.0989 ,7926 5864 k56 34N
16,0  1.0000 1.5370 2.kl 2,7190 2.1752 1.5459 1.0876 ,.7802 .5750 4357 .3387
17.0  1.0000 1,5503 2.4586 2.7658 2.1910 1.5413 1.076k 7683 .56L3 4265  ,3310
18,0  1.0000 145632 2,5019 2.8109 12,2055 1.5361 1.0653 .7568 5540 L178  .3238
19,06  1,0000 1.5757 2.5L39 2.85Lk3 2.2186 1.530L 1.0542 7457 SLh3 4096  .3170
20,0 ° 1.,0000 1,5877 2.5849 2.8963 12,2307 1.5243 11,0433 L7349 .5349 L4019 3107
TABLE 18 (SHEET 1)
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£ (r) For Point Source
TABLE 16. - (Sheet 2)
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6 (r) For Point Source
- TABLE - 16 (Sheet 3)
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Foint Souwrce in Infinite Medium
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For ¢ = 0.5 at 1 m.fop. p/p ~ 624

at 12 m.f.p. o/p ~ 10%
at 20 mnfopo | p/P -~ l“oa%
For ¢ = 0,3 at 1 m.fop. - plp~93%
at 10 m.f.p. p/p ~ 65%
at 20 m.f.p. p/p ~ S

For ¢ = 0,1 Even at 20 m.f.p. the asymptotic density contributes only
2 x 1074,

From these numbers it is seen that for large absorption
(small c) the "asymptotic density” is a Piction., It only dominates at
enormous distances where the total density is 1ﬁeignif1canta Bven for
¢ ~ 1l one mugt go to several mean free pethe before the non-aﬂymp’ootic‘

density becomes unimportant.
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15, Isotropic Plane Source

To obtain the neutron density corresponding to an isotropic
unit plane source at z = O we use the result of Appendix B, This tells
us that the unit plane source solution with plane symmetry is related

to that for the unit point source with spherical symmetry by:

fapL (z) = 211’5 Rpp(R) dr (1)
: ' |2\

Using the particular solution (14«30) for the point source gives:

2 ~Kolal SN |
: 3t o 1 ‘
Ope®) = - =53 2"2)10 +3 \[ dR S du sfi.s.*_l o WAL

\z) o
2 (2)
3K, e-'(o|2| 1 1 g(e, k) -lzl /e
"3 IR, % e e
°
We see that the first term in (2) is dominant at large distances
from the source and the second at emall distances, Thus it isaagain
convenient to decompcse pp £(z) into an asymptotic part, P.s(z), and a
non-asymptotic part, p(z), where
Cpp(z) = p(a) + Egq(2) (3)
K2 o= Kol
“and Paa(z) - e "'"é",(o (h) ,
p() = 7(2) 3 B (1) (5)
‘with 1 |
- 1 c ~\z\
V(z) - T2 S ‘Ei'j"‘&z e d (6)
)
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The relative contributions of the asymptotic and non-asymptotic
densities are shown by Table 20 which gives values of P na(zs)/(ﬂ(z).
Figures 30 and 31 are graphs of this ratio. The behavior is seen to
be quite similar to the point source results (Table 19, Figures 28 and 29).
- The general plane source solution with plane symmetry is obtained |

- from (2) by adding the general plane symmetrical solution of the homo-
‘geneous equation. This we have se‘en is of the form Ae K°z+ Be-K°z

where A and B are arbitrary constants. Thus the general plane sym-

‘métrical solution is-
~1

2 k |
2o o~ Wol2l 4 glo, ) ~ldln KoZ . o ='oB
- - o O
,opL(z) s TR +5 el du+ Ae © + Be .,(7)
_ X
- The asymptotic solution is ;hen
: 2 - , ‘
(B"é'"lF\" a}:o)o HoZ | pe Ho® 2>0
pm‘(z) = 0 ‘ 2 ' (8)
Be | + (A E-R: 55 ) e 240
The solution for large positive z is thus obtained from that for
: 3K 2 , ‘
large negative z by adding --.-%- -—53-9—- sinh KW o However, sinh K 2 is
o

just an infinite medium solution., In other words, the effect of the plane
| gource is to cause a discontinuity in the infinite medium solutions which |
| hold i‘ar from the source, '
The general plane scurce solution irrespective of symmetry is obtained
by adding the general solution (13-7) of the homogenéoua equation (13-1).

Hence the general plane source solution is:

o 3 Ko o~ Kol2! 1 ~1z )/ ~K o F
;Pp.,g(iz) 2 -2 92\10 ...% S g(c,,u./): d,u.+jf(ii)e du - (9)

0
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- where £{¥) is arbitrary,
Returning to the particular solution (z) we note that the various
even moments for the plane case are readily obtainable since, as shown

in Appendix B, they are related to those for the point source by

o0

g":2n ,opz(z) dz = -é-r-i-l‘rl- Spp(R) aR (10)

The 2n'th moment of one of the plane source densities is Just Tﬁ]i'i'
times that of the corresponding point source density.
Proceeding as in section 1l we find that for small distances the

golution (2) is approximately

2
opte) - 22 3 v - S o) o)
2 ,
+'\'§"-{1--°—E-—} +0(lzl2 log 1z1) (z <<1)
where ¥ = 0,577216
and  I(c) = jl {g(c’/u_) - 1} Qﬁf: - (12)
o

The function I(e) is shown in Figure 32.
The non-asymptotic density may be put in a convenient form by in- .

gserting the previously obtained expansion for g

Cgle, ) =1+ }:l Male) w2® (14-58)
n=

(where l"n(c_ ) are given in Table 1), into the definition of @(z). This

| givess
o0

o) = e (1) ¢ 7 To(e) Fanra(lzh)} (13)
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The detailed featurss of the non-agsymptotic density are best shown

in the function 7(2). From the expansion (11) we find that for small @

' 2 2
2a) » : <208 2+ [y nie] + 2o - o - 8 ]}

-log z =¥ + 2

A ']%égli (z4<1) ()

Hence

%(o) =1 (15)

d ‘
- 7'(2)3_11_0).__5 (z41) (16)

z2(log 2)

From Figure 32 we see I(c) is zero at ¢30 (where 7(2) fl),
rises to a positive maximum of 0.412 at ¢=0.330, vanishes at ¢ = 0,731,
and is thenceforth negative (being asymptotically proportional te =-c
for large ¢). For c = O, 7'(0) is zero. For ¢ Dbetween zero and 0‘.731,
7'(0) is +00, For small z the curves of 7(2) will be successively higher
with increasing ¢ until ¢ = 0,330. Then they will lie lower with increasing
¢ until ¢ = 0,731 where the initial slope is zero. For ¢ > 0.731 the
- initial slope is ~00 and the curves of 7(2) with increasing ¢ will lie
succeasively lower, This behavior 1s shown in Figure 33.

When 2 1is large we find on inserting the asymptotic expansion of the

El function in (5):

1l , :
p(z) Nz ezi 5&9;-:‘4‘-1 e"z/“' dum (z>>1) (17)

[}

Introducing x = }1 =~ 1 as integration variable and noting that only
the region x <<1 will give an appreciable contribution for large @2

enables us to write (to the same approximation as that leading to (1h=78))

17~
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o0
}(z) oz j 1g(c,x) e™®% ax - (z>>1)
)
where g is given by (14-75), Thus, on comparing with (14-78) it is
seen that asymptotically ‘}(z) behaves just as €(r) and the discussion
of section 14 may be taken over completely.. |
| In the region where z is neither large nor small, ‘7(z) must be ob-‘
tained by numerical integratiqn. Figure 33 shows the resulting functions,

Values of the function are given in Table 21,
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16. Anisotropic Sources

.1 Anisotropic Plane Source

» Consider a unit anisotropic plane source

a@,A&) = () 8(R) (1)

where N ‘ .
jfm) dnsl | (2)

As remarked in section 12, this problem may be solved by dividing

the neutron density into two parts

P (a) = P4(a) + Ey4(2) | (3)
where pd(z) is the density of neutrons which have come from the source
without havihg suffered a collision and P44 is the remainder.

Inserting (1) into (5-6) using (L4-8) gives for the angular density

of neutrons coming from the source without a collision

-lzl/v
£(R) & > V>0 (L)

\P(z, «a-)

0 . V<o

N

;.
|zl

On integrating over A the "direct" contribution to the neutron

‘with V=

density is:

R LV

,od<z)=§'r<n) —— an N )

V>0

These neutrons on being scattered act as an isotropic distributed

plane source 6f strength

Qupp(z) 3 cP4(2) | (6)

153~



Hence the total neutron density due to a unit anisotropic plane
source is: |

aniso, v oo
Ppﬂ(Z) = Pd(z)*rlc y pp_l(\z -2'l) ey(2') da! (7

-0

Here FﬁpL(Z) is the isotropic plane source solution previously obtained
(15-2)., When £(71) is non-gingular the asymptotic and non-asymptotic
portions of the solution may Be obtained by inserting the separate terms
of (15-3). |

Thus: oo ,

aniso. :

Pl ) 2 P4(2) + e j plz - 2'l) o,(z') da | (8)
n-as -oo

while 00 *

aniso,

Ppr | T cj Pasllz = 2'1) @, (z!) dz' (9)
as ~ o0 '

Inserting 6;8 gives for the asymptotic solution -

aniso. | a.{oz_e-l(oizl .
Cpz =T T3e TR, J (10)
as
" where 0 ‘ ) &~ =izt N
J=oe S‘ e,- Ko(‘z - z'\ - |Z|) do! X f(n) ] zv dn (11)
.00 V>0

Hence the asymptotic solution is similar in form to that for the
isotropic source, HoWever, the constant multiplying e~ Rolzl may be
different for =z laige and positive from what it is for 2z 1large and
negative,

If we introduce coordinates for f{ as in section 10.2 and‘let

- rall o '
) = X‘ £2(R)a¢d . (12)

o
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equation (11) becomes

TEe Sm e~ Rollz = 2!l = 121) g5 S £(u) o2 M

Tl du (13)

] #z')o

For 2z —>+ o0 1z =2 <zl = -2 ‘ (1h)
Decomposing the z' integral into portion_s from positive and negative

regions gives:

had 1 ' bo ' ) . » :
Jze 5 eK°z' da! X ) e‘z'M% - g o 0% 4z S f‘(ﬂ)e-z'/“gﬁﬁ (15)
0 - o0 -1

Carrying out the z' integration gives

1 - . "o -~
J=zc j f(j:') 1 au _g flu) 1 du

1 AL 1
° Z =Ko =1 - K,-a
1l . (16)
=g S £(a) du
AR
Similarly for =z <0 we find
1 1
Jze £l du - o % 17
-1 1+ KO/.L . Y o
The general plane symmeiric solution corresponding to an anisotropic
plane source is obtained bjr adding to (8) a solution 'cf the homogeneous
equation '
Py, = A cosh K z + B sinh Koz (18)

‘where A and B are arbitrary.
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For z large and positive the general solution is then v

@ ~ A cosh Koz + B sinh »{oz -[c X i(?&;ﬁ] :t:oz 3;::2
a0 oan
={A 'Fgl(_; B;io % cosh Koz
2" T - :
N B+-§9-‘_T;-%-‘§-9- [S %-_f‘i’lgﬁ} ~ einh K 2
-]

For z large and negative

Bﬁz{lf- d] |
P o~k T 5% S ‘JL."‘-&"L(“,«‘E cosh Ko®

-1 °
(20)
w2 T (" |
¢ %Ko [ £(- d ] ’
| +{B W; Y3 IC KO/"L v ainh KOZ
-l '
The solution for large poéitive,z is thus obtained from that for
large negative z by adding (o;1 '
e [ (7 ) - Bea) |
'o .S 0 fla) = £(-nt du }
20 T Vo T [ 3 TR 2| °h %P
-1
(21)

5 3 . v
2Ro. L£0
- ) fluw) + £(-u)) du X
+K'° 5 { | —> TR A sinh K 2
-l
The even part of the source thus csuses a discontinuity in the
coefficient of the sinh Koz solution which holds far from the source

while the odd part causes a discontinuity in the coefficient of cosh KoZ*
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It ig often useful to work with a solution which vanishes for z <0.

This solution whose asymptotic form is obtained by subbracting (20) from

(19) is just (21). This can be rewritten as:

(o“(z) z)c a’to (sgn I+)“I+‘ ‘I_' ?J;?;[GKO(”ZO)- (sgn I+I-)e"<0(z+z°)]k (z > 0)

d
(22)
, 0 J (z<0)
where - 1
‘ I, = £u) due (23)
= 1 Ko ‘
-1
Here sgn I stands for the sign of I and

(22) contains either sinh K (2 +z,) or cosh K (z+z ) depending on
whether esgn I+ I_z0, For simplicity we will carry through the analysis

on the assumption that the sign is positive. Then

Pag(z) ={c :‘§°2<sgn IthJ lI_\ ginh Xo(z + 25) (z>0)
Ko

(25)
0 (2<90)
8ince ' ‘
1+ I l -
1r R s T’r..é Ho © (26)
1l - l{o - 1+ Ko
we obtain from (2L) using the definition of K o
(27)

upper _ - -1
The{ bound is reached as f(,) approaches a § function for Lz .
lower

«157=




(It has been mentioned that the asymptotic density is not (19) if F( ) is
actually a g funetion, but this is irrelevant here,) Furthermore, it is -
seen from (24) that if £ L) is always of one sign and non-vanishing only .

poaitive negative} -
or {negativei/“ s % Will ba{positive o If f(u) is a symmetrical

function of s, 2, Will be zero.
For ¢ =2 1 we obtain by expansion of (23) and (2)4)

1
- ‘_S_l}* ) du | -
oz, B = , cml (28)

0 1 _
, Sl £lp) d

and (25) becomes

‘ 1
Pasl?) 2 ) =3 S F(u) du (2 + 3) |
-l | (29)
0
(25) also remains valid for ¢ >1. It should be noted‘ that, in contrast to
(19) and (20), (25) remains real for c¢>1. This may be seen as; follows,

Putting k, = 1 K o We have

. ,
e Uin) 1 - Slf‘ﬁ% 1re” L
1l -
‘where j _y.f(,czo) déu—
: A 1+kq
A2 kg 1 —fo A% (31)

S -‘ﬁlri?
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Instead of using (24) we may _determine z, from the equations:

8in 2k°zb S - 20

1 +'f92
(32)
1 -2
cos,2k°zo =
1+
and write (25) as
, 2 :
p‘s(z) = _c__f__lfg__ \[ -'-L.ML.& \sl‘fﬁ? gin ko(z+24) (z > 0)
L ae ] 1+ k, 2 2 : ko v
. (33)
0 : : : (2 20)
In simple cases it is convenient to éxpand f(u) in terms of
‘Legendre poljmomials oo
o F(w) = EE: a, B, (/L)
£20
o (35)
£(=u) =>: (1) 8, P, (at)
£20
Inserting (34) into (16) and (17) and using the relation®
1
Q (=)
H gy | mloe o
Ko Ji 1= K &
(where Q¢ is the Legendre function offihe second kind) yields ‘ ;
, _ oo ) .
2¢ Z ( 1 > 1 (z>0) |
J ow S ) ap Q,Z ("“"'—)
' p -1 ‘ _ (36)
| KO 1=0 ( ’ ) Ko (z <0)

]

W. léagnus and F, Oberhettinger, "Special Functions of Mathematical Physics,"
- p. 58
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Hence on remembering that

= l

c
(37)
Ko tanh'lk(o
(36) becomest o ' L ) |
a, Qp (- .
g ((1)2) —laman f 9 (38)
£x0 tanh™l K _ (z20) ).
Inserting the explicit forms for the Qg gives (with (37))
l 1l
J=2 ()a+ a,l.g..':_‘-ﬁ+ 132[3_(}_:_5_2-%]
1) ° -1 Ko 2 2 K .
, ‘ , ) '
. ', (39)
51 - 2 3 >0)
+(_1)‘3i( 3')'*'3»((3 -fl('}*'"° (=
2 Ko . o () (Z(O)
In particular for an isotropic source
- d : ‘
=3 Sﬂo | . | (o)
and J=1 | : | (L1)

- Explicit formulas for the non-asymptotic density may be obtained

by inserting (5) and p(z) from (15;2) into (9). This ylelds

7 (‘Si”) RRRECTaET Xl. i eleamt) {7 300 & %Q—W}
pL n-as A M N ” by
' : 2

1 1 ‘
+g j %%’- gle,ud) X OA)%{_Z‘_%-ZA&' -Z/M}- ﬁg:’l# e""‘/”‘} (2 0)

(o S 0

z- | ' fw)-'”“gf*%f Lre(c,u) | ! fwﬂ&{&&— *”//*}
° (43)

AR
(s} i [+]
: 1 o ‘
e\ duw F0d V] esfut 2/ ! .
+-§§’ -ﬁ*—g(gﬂ) jl f(#)-f{%ﬁi[e B/t o %i—f—,—’-‘;e ZZ‘*} - (220)
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16,2 Anisotropic Point Source

The treatment of this problem is quite similar to that of the plane.
source. |
Let @A) = £(&) 6 @ (1)
where S f(A)ydn=1 | : | (2)
Dividing the neutroh density into "direct" and indirect contributions

anlso @) 2 oy () + @4y () | (3)

we have from (6-2 2
) g ST |
. pd( ) = 2 (L)
r
f is the density due to those neutrons which have suffered at
id

least one collision, i.e., Pid(F) is the density due to an effective

isotropic source N R
qeff(r) ~C pd(r) (5)

Then if (ap(\? - 7'}) is the density at ¥ due to a unit isotropic

source at 7! (thus (Dp is just our point source solution) we have

@) = o Ipp(l? - 2) ey @) (@) |
BNy ot (6)
- oJ o, (F - F11) *(E)';i*“ (@) |
r'

Provided f(fi) is non-singular (i.e., does not involve delta
functions) the asymptotic and non-asymptotic portions of ¢O(r) may be
 found by inserting the corresponding solutions from (14-36).

Thus s
aniso 2 ar ‘ ‘ 2L ’
- £ 2 s r - > I ------—--e 2 . [
Ppeas f(r) ;-2— *c S P('rr ) f(;:r) 2 dr? (7)
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and =
aniso " 2y aer!

O, zc yp (IF -~ 2'1) i‘(-!-.-,-) ‘-e---*- ar : (8)
Inserting (14=37) and expanding the difference \r -¥| in the

exponential yields

( )e (d?') (r-» e0) 9

>

aniso 63{02 Rt Ko =T

e - cle®°r
as 3¢ Lyr

>
v ' . ry -1
In partiounlar, for the isotroplc case where f(r) I we'obtain

‘1so _ 3"(02 0" Kol ) tanh-l'Ko . bK02 o Kot

pas = - dcC hTfr ‘ K - 3¢ h'n’r (10)
o
which, of course, agrees with (14-37). From (9) and (10) we see that the
'asymptotic solutions for anisotropic and isotropic sources merely differ
by a constant factor, i.e,,
aniso - -
as - 0 o
= e OF pE ) e (@) (11)
iso tanh'lK
© o ' |
as
Equation (11) may be put in a more useful form by expanding f(f{)
in terms of spherical harmonics, Thus if sz(f{) are the orthonormal
spherical harmonics |
#A) =) e, YA | (12)
lm Am ~ . | , , |
and
: s .
m-, 3. S
ap, = 5~¥2 () £(A) dn. (13)
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Inserting the expansion

s
,.( E. P
r
" 0

= 2»(1-')32(2“1) I, %(K r') Py (A -A) (1L)
(<) ,
" where > >
- ﬁ'—'{-; A =§-:- | - (15)
éivesz | z‘;'

Iz| e o f(r') 9-5- (ar')

) ' (16)
=) (zp.+1)j 43¢ Kor") (2K LA :; £(A) P, (L-Aant ' ar

£=0

Using the addition theorem for spherical harmonica:

Pﬂ(a.-f{') z Z T,"(R) Yf‘ (A1) - Qn

m:-

and equation (13) gives

o .
Iz h“% 3y (D) j T I (K" g I{:r'v)% ar? (18)

(o)

Now it is known* that

o
' %
j e~T I‘U_% (Kor') (?T%F)a dr! :T{- Qp, (= o) : (19)
(o]
Hence _
=""“‘" ; Qz(Ko) a Yﬂ (.ﬁ.) ‘ | (20)

* G. N. Watson, "Theory of Bessel Functions," Cambridge, 1945. p. 387.
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and therefore (11) becomes

ﬁpaniso % ( 1 ) - » _
.88 _ - Z b a AN (A | (21)
£m. J
180 £n tanh™i
Pas o |

In particular for an isotropic source the only non-vanishing terms

are £=0, m =0, Then the right hand side of (21) becomes (as expected):

Q, () - -
:.5.:1 - ' : (22)
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Appogdix,A

oo
The Functions E, (x) = Sl ™V y M gy
1

, o
The functions E (x) = g e™*" y™? qu have been defined by Schloemilch,(l)

1l
and have oeen extensively used by Schwarzschild,(z) Eddington,(B) Hopf(h)
and others, Their Four.ier and Laplace transformsv have been discussed by
Placzek.(S) An extensive table of integrals containing these functions
has been given by Le Caine.(é): | |
In the following we give a few useful formulae for the functions

En*(x) as well as a table of the first four of the functions taken from

the more complete tables, extending up to n = 20, prepared by the Mathe-
matical Tables Project.(s)

(1) Zeitschrift fiir Math. und Phys, lj, 390, 1859.
(2) Gott, Nachr. Math, Phys, Klasse, 1906, p. Ll.
Berliner Berichte Math, Phys. Klasse, 191k, p. 1183.
(3) "The Internal Constitution of the Stars," Canmbridge, 1926, '

(L) "Mathematical Problems of Radiative Equillbrium," Cambridge Tracts
No. 31, 193k.

(5) "The Functions En(x)," National Research Council of Canada, Atomic
Energy Project Report MI-l,

(6) "A Table of Integrals Involving the Functions E (x)," National Research
: Council of Canada, Atomic Energy Project ReportnMT-IBl.

Since most applications deal with positive integral values of n and real x,

we restrict ourselves to this case, although most of the relations given have
a wider range of validity,




The Functions E_(x) for Real Positive Argument and Positive Integral n

1) Definition:
[ 2] 1l » o
En(x) z X ey gu = j /u_n-2 o X/h du (1)
1l o
in particular:

=X

By(x) =5~ | | (1a)
. w o .
E,(x) = - Bi(=x) = S o=u &t o (10)
X
E (x) = Qu(x) e +-L_L.. By(x),  n>1 (1)
n (n~1)1 ,
with 2
Quix) = -(—TLT!' 2:0_ (nen-2)! (=x)" " (1d)
2) Recurrence Relations:
En(x) = J‘ En_l(x')dx' : (2)
) v
E'(x) = =B _4(x) N | (3)
En(x) :E%T {g"x X En-l(x)} - n>l | . L)

3
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3) Expansions:
(a) The following expansion is equivalent to the definition (1):

| 00
E n xn'l
En(x) = — ;n-l_(Ln—%-;s (<1) l log U‘x - An sy n>»0

mfn=1

log ¥ = 577216 Ay 20, A= El, n>1 | ()

(b) Asymptotic Expansions (x>> 1)
En(x)':i’-; {1_£+n(nj?g n§n+1)!§_+2) } om0 6) -

Considerably more useful is the following expansion, due to G. Bla‘nch(s):

X |
E (x) = = 14—t n(n-2x) +n(6x2 - Bnx +n )]+R( ,,x) .
n X+mn [ (x+n) (JC+D) (x+n )6 n‘ »
where o) ‘
R(x,n) = n j °‘xu(-2bx3u3+ SBrx2u° - 22nxu + n3) @ _ : )
1 un(xu + n)8

4) Inequalities:

En(x):‘_— Hl}i' En+l(x), n>1 (9)
0¥ -X

x+n<E (X)Axi—ni n2l | (10)
2 | L

E "(x)< B (&) En+1(X) ‘ (11)

d (En+1(x)> >0

dx En(x) (12)

E,(x=a)
4 ’Ex‘; <0, 0<a<x C(13)



.09

.10
.11
.12
.13
b

.15
16
W17
.18
o19

.20
.21
.22
23
2l

025
.26
.27
.28
.29

.30
3l
.32
.33

QBh ’

35
.36
37
.38
39

E,(x)

oo

99,001983)
19.0099337
32,34818L)
2. 0197360

19.021,5885
15.6960756
13,3199117
11.5389543
10.1547909

9.04837L2
8.14,39L67

7.3910036

6.7515802
6.2097017

5.7380532
£.3258987
4.9627342
L.6L03901
L.3524165

4.0936538
3.8599250

3,54 939
3.2776161

3.1152031

¢

TABLE OF THE FUNCTIONS E_' (x)

2.9655830

2.8273315
2.69922176
2.,5802192

2.4693941
2.3659579
2,2692157
2,1785568
2,093Lh421

2,01339L5
1.9379898

1.8668L95

1.7996353
1.7360433

TABLE 22

E, (x)
o0
L.0379296

3.35L7078

2.9591187
2.6812637

2.u678985
2.2953069
2.1508382
2.,0269)10
1.918744L8

1.8229240
1,7371067
1.6595418
1.5888993
1.5241157

104640617
1,1091867
1.3577806
1,3097961
1,264,858

1.2226505
1.1829020
1.1453801
1,1098831
1,076235Y

©1.0L12826

1.0138887
0.9849331
9573083
.9309182

.9056767
8815057

- .8583352

.8361012
8147456

. 7942154
. T7LU622
. 7550414
+7371121

«7194367 -

¥ See also page A 11,

-'éz(x)

1.,0000000
0.9496705
.9131045
8816720
.8535389

8278345
.80L0L61
. 7818352
. 7609611
J7h12h)2

« 7225450
«T0LT52L
6877754
.6715385
6559778

+6410387
6266739
6128121
5995069
5866360

5742006
5621748
.5505352
.5392605
528331,

5177301
5074405
LoThli76
LB87737L

11691152
1601802
11514818
JLh3010L
347568

L1267127
1188699
112210
14037588
. 3961766

-4 L=

E3(xf

5000000
1902766
11809683
A1719977

11549188
LL67609
01388327
JA1311197
11236096

1162915
11091557
.L021937
3953977

- .3887607

3822761
3759380
3697408

3636795

3577491
3519453

3062638

«3L07005
3352518
3299142

3214681
3195585

3145343

. 3096086
3047787

.3000418
+2953956
290837
.28636852

+2819765

2776693
«273L4416
+2692913
2652165
.2612155

Eh(x)

.3333333
.3283824
.323526)
3187619
3140855

.3094945
3049863
.3005585
2962089
«291935)

+2877361
.2836090
.279552),
2755616
2716439

.2677889
2639979
2602696
2566026
2529956

2Lkl 72
«2459563
2425216
2391419
«2358162

.23254,32
.2293221
.2261517
.2230311
+2199593

2169352

2139581

.2110270
.2081411
2052994

2025013
1997458
.1970322
1943597

.1917276



L

W76
o717
.78
79

E0

1.6758001
1,6186591
1.5643972
1.,5128118
1.4637191

1.416951)
1.3723558
1.3297921
1.2891321
1.2502579

1.2130613
1,1774423

1,1433087

1.1105754

1.0791634

1.0489997
1,0200162
0,9921499
0.9653420
0.9395378

0.9146861
0.8907391
0.8676523
0.8L53838
0.82389LL

0,8031)73
0,7831081
0.7637Lh1
0.7450250
0.7269218

0.7094076
0.6924566
0.6760L48
0.6601493
0.6LL 7185

0.6298221
0,6153506
0,6013157
0.5877000
0,57LL871

. 7023801
.6859103

406699973

-65L613Y
6397328

46253313

6113865
5978774
.58L7843
5720888

5597736
5L78224
5362198
+5249515

.514,0039

5033641
11930200
11829600
Lu73173L
1636498

11543795
J4l53531
1365619
279973
1196516

L118170
1035863
03958526
+ 3883092
+ 3809500

3737688
3667600
3599179
353237,
3467133

3403408
3341153
3280323

- 43220876

3162770

© .3893680

+36824270
« 3756479
3690253
03625540

3562291
3500458
3439999
3380869
«3323029

«3266L39
. 3211062
3156863

»3103807

»3051862

«3000996

«2951179
«2902382
.2851,578
.2807739

2761839
2716855
2672761
.2629535
«258715L

«2545597
+250L84l;
.2L6L8 7Y
21125667
+2387206

«23L9471
+231214146
W227611Y
2210457
02205461

«2171109
.2137388
.2104,282
2071777
2039860

“p B

Ey

«2572864
253,276
2496373
«2L59141
21422563

2386625

. +2351313

2316612
.2282508

.221,8990

2216041

. .2183657

.2151818
.2120516
+2089739

2059475
.2029715
2000148

1943353

.188811L
.1861166
1834656
.1808573

.1782910
1757658
.1732810
1708358
.168L29Y

.1660612
1637303

.1614360

.1591778
.156951,9

1547667
.1526125
« 1504917
.148L037
2163479

5

.1891352
.1865816
.18L066L
.1815887
1791479

1767433

+17U37hL
+1720405
1697410
1674753

.1652),28
.1630430
.1608753
.1587392
.15663)1

1545596
.1525150
.1505000
.1485139
11165565

.1hh6271
1427253
« 1408507
.1390028
1371813

.1353855
.1336153
231318701
« 1301495
»12844533

.1267808
.1251319
1235061
.1215031
.120322)

.1187638

1172270
.1157115
.1142170
1127433
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0.5616612 .3105966 .2008517 «1413238 .1112900
0.5L492075 3050425 . 1977736 1423307 .1098567
0.5371118 .2996112 «19L7504 .14,03681 .1084433

 0,5253606 2942992 .1917810  .1384355 .1070L493
S 0.5139411 2891029 .1888641 .136532) L10567L)
0.5028411 .281,0193 1859986 JA346581 0 ,1043185
0.h920489 .2790451  .1831833 .1328122 .1029812
0.L4815535 2741773 .1804173 .1309943 .1016622
0.h713h12 2691130 L1776990 1292037 1003612
0.4614110 2607495 21750287 .1274401 0990780
0.4517u01 2601839 .172L4041 1257030 .0978123
0.L423343 2557138 .16982,7 .1239919 .0965639
0.4331729 .251336L  .1672895 1223063 .095332]
0.4242513 .2l 70495 1647977 .1206159 C.0941177
0.4155615 21428506 .1623482 .1190102 .092919)
0.L070958 - ,2387375 .1599404 .1173988 0917374
0.3988L68 2347080 .1575732 .1158113 .0905713
0.3908073 2307599 .15521,59 J1h2h72 .0894211
0.3829705 2268912 .1529578 .1127063 .0882863
0.3753300 .2230998 1507079 .1111880 . 0871669
0,3678794 2193839 1484955 1096920 .0860625
3606129 2157416 «1463199 .1082179 0849730
.35352)45 .2121711 .1kha8oh L106765) - .0838981
. 3466087 .2086706 21420763 .105334,2 .0828376
.3398603 .205238L «1L00068 1039238 .081.7913
«3332740 ,2018728 1379713 .1025339 .0807590
+3268)51 .1985723 - .1359691 .1011643 0797406
+3205687 1953354 «1339996 .0998145 .0787357
3144403 21921605 - ,1320622 0984842 .0777hk2
 +3084555 .1890L61 .1301562  ,0971731 0767659
.3026101 .1859909 .1282811 .0958809 .0758007
+2969000 .1829935 - ,126}362 .09L607L .0748L83
.2913212 .1800525 1246210 .0933521 .0739085
.2858701 1771666 .1228350 0921149 .0729812
+2805430 1743347 .1210775 .0908953 0720661,
2753363 «1715554 1193481 . .0896932 .0711632
2702167 .1688275 1176462 .0885083 ,0702722
.2652709 .1661500 115971 .0873L02 .0693930
2604057 1635217 1143231 .0861888 .0685253
.2556),81 1609416 .1127008 .0850537 .0676691
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1.53
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1.55
1.56
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1.58.

1.59
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0

2509952
L2L6LLLO
21419919
2376362
+23337UlL

2292038
2251222

.2211273

.2172166

.2133862

2096398
2059695
.2023752
.1988551
«1954072

1920298
.1887212
- 1854795
.1823033
1791509

.1761407
«1731513
.1702211
1673489
1645332

,1617726
- 21590659

1564119
.1538092
.1512568

.148753)
1462980
.143889)
.11415266
.1392085

1369342
1347026
.1325129
1303600
+1282551

!

.158408Y
«1559213
1534792
.1510812

1487262
«1h6h13h

<1LL1L18
.1419106
.1397190
.1375660

1354510
1333730

1313313

1293252

1273540

.1254,168
.1235131
.1216)22
.1198033
.1179959

.1162193
1144729

1127561
»1110683

»1094089
1077774

1061733

.1045959
.103044L9
.1015196

.1000196
098544k
.0970935
0956661,
.C9L,2628

.0928821
09152440
.0901879
.0888736
.0875805
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J1111041
1095325
1079855
1061627
1049637

1034881
1020353
.1006051
0991970
.0978106

.096L455
.0951015
0937780
0924747
.0911913

.08992175
.0886829
L087L5T1
.08624,99
.0850610

.0838899
, 0827365
081600
0804813
.0793789

.0782930
0772233
076169
0751313
0741085

.0731008
.0721080
.0711298
0701660
.069216),

.0682807
0673587
. 0664502
.06555L9
0646726
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.08393L7
.0828315

» 0817439
.0B06717
07961116

.0785723
0775447

. 0765316

0755326
.0745L76

- .0735763

0726186
0716712
0707429

.0698246

.0689191
0680260

0671453
. 0662768

.0654203

0645755
063742}

.0629207
.0621104
.0613111

.0605227
.0597452
.0589782
.0582217

+057L755

0567395
0560135

0552973

0515908
.0538939

053206l
0525283

0518592

.0511992
0505481

E
I
0668242
065990l

0651675
0643555

- .0635540

0627631
. 0619825

© .0612122.

.0604519
.0597015

.0589609
.0582299
.0575085 -
056796l
.0560936

.0553998
.0517151
.0540393
.0533722
.0527137

.0520637
0514222
.0507889
.0501637
.04 95466

089374
0483361
0477425
.0l 71565
.0L65780

.0L60070

- «0LSLL32

.0LLBB67
.0Lki3372
«0L37948

.0432593
.0L427307
.0422087
.0416935
.04118Y7
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.1261853
.12)1538
1221597
.1202022
1182805

«1163939
1145416
.1127228
.1109369
1091832

.1074609
.1057695
.1041082
.10214765
.1008738

0992994
.0977528
.0962333
0947405
.0932738

.0918327
.09044167
.0890251
0876577
.0863138

0849931
.0836950

.08214191

.0811649
.0799322

.0787203
.0775290
0763578
0752063
L07L07L2

.0729611
.0718665
.0707903
0697319

- .0686912

E
1

0863083

.0850567

.0838251
.082613L
.0814210

08021476
0790930
0779567

.076838)

0757378

- .0735885

.0725392
.0715063
.0704895

.0694887
0685030
.0675335
.0665787
.0656386

- .0647131
.0638019
0629047

.0620213
.0611515

0602950
.0594515
.0586210
.0578031
0569976

.05620L

.0554231

.0546537
.0538959
.0531495

.05201Lk
.0516903
.0509770
.05027LL
0495823

E,

.0638032
062946}
.0621020
.0612698
0604497

0596413
.0588L46
.0580594
.057285Y
0565226

.0557706

055029

.0542988
.0535786
.0528686

.0521687
.051),788
.05075986
.0501281
.0L94670

0488153

L0L81727
0475392
.0L691116

- ,0L62987

0456915
0450928
LOoLh502)
0439203
0433463

»0L27803
.0l22222
0416718
0411291
.0405938

. 0400660

0395455
.0390322
.0385259
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0499057
01392720
0486167
0480299
.0L74213

.0L68209

0462281,
+OL56L39
+OL50672
.0LLi1982

0439367
.0433827
.0L28361
0422967
.0L17645

.0412393
0407211

0402097

0397051

0392071
.0387157

,0382308
.0377522
.0372800
.0368139

.0363540
.0359001
.0354521
.0350100
0345737

+0341430
0337180
0332986
0328846

0324759

.0320727
.03167L6
.0312817
.0308939
.0305112

5,

.0406825
.0401866
.0396970

-.0392136

.038736L

.0382652
0377999
0373406

.036L392
.0359970

0355604

.0351293
.0347037
-034263L

.033868)
.0334586
.0330539
03265
.0322598

.0318702
.0314855
.0311056
.0307304
.0303599

0299941
.0296328
,0292761
.0289238
.0285759

.0282323
.0278930
0275579
.0272270
. 0269002

.0265775
0262587
025940
0256331
.0253261



x E, E E, | E3 | B,

vVt il RS FEOSEE wwwww wWwwww
® e

2,0 6.76676(-2) L.89005(=2) 3 75343(-2) 3. 0133u<-2> 2.50228(-2)
2.1 5,83126 L.26143 3.29663 2,6613 2,21893
2.2 5,03651 3.71911 2.89827 2 35207 1.96859
2.3 1.35908 3.25023 2.55036 2,08002 1,74728
2.4 3.77991 2.84403 2.2L4613 1.8L05k 1.55150
2.5 3.28340 2.49149 197977 1.6295L 1.37822
2.6 2.85668 2.,18502 1. 74630 1.L44349 1.22476
2.7 2,48909 1.91819 1.54145 . 1.27932 1.08879
2.8 - 2,17179 1,68553 1,36152 1.13437 0.96826
2,9 1.89735 1.,482L0 1.20336 1.00629 0.86136

.0 - 1.65957 1.3048L 1,06419 0.89306 0,76650

1 1.45320 1.14944 0.94165 0,79290 0.68231

.2 1.27382 1.01330 0.83366 C. 70425 0.6075L

.3 11.17672(-3) 8.9390L(~3) 7.38L33(-3) 6,257uL(~3) 5.41120(-3)

b 9,81567 7.89097 6.54396 5.56190 4.82093

.5 8.62782 6.9701L ' 5.80189  h.9L538 4.29619

6 7.58992 6.16041 - 5.14623 139865 3.82953

o7 6.68203 5.44782 L.56658 3,91360 3.41440

.8 5.88705 14.82025 14.05383 3,48310  3.04500

.9 5.19023 4.26715 3,6000) 3.10087 - 2.71618

0 4.57891 3.77935 3,19823 2.76136 2.42340

1 L.04212  3.3.888 2.8L226 2.45969 - 2.,1626)

.2 3.57038 2.96876 2.52678 2.19156 - 1.93034

3 3.15548 2.63291 2424704 1.95315 1.7233L

o 2,79030 2,33601 1.99890 1,74110 1,53883

5 2.1,6867 2.073L0 1.77869 1.5524L 1.37L3k

.6 2,18518 1.84101 1,58321 1,3845L 1.22765

7 1.93517 1,63525 1.40960 1.23507 1,09682

.8 1,71453 1.45299 1.25538 1.10197 0.98010

.9 1,51971 1.29148 1,11831 0.98342 0.8755L

.0 1,34759 ©1,14830 0.9964L7 0.87780 0.78298

.1 1.19544 1.02130 0.88812  0,78368 0. 70000

.2 10,6088 (-4) 9 0862 (=) 7.9173 (<L) 6 9978 (<)  6.2590 (~L)

3 9,4h181 8.0861 7.0597 6.,2498 5.597h

NI 8.3640 7.1980 6.296l 5.,5827 5.006

.5 7.4305 6.4093 5.6168 11,9877 L.L78L

6 6,6033 5.708L 5.0116 L1569 14,0067

.7 5.8701 5.0855 L7285 3.9832 3.5852

.8 5.2199 ~ L.5316 3.9922. 3.560L 3,2084

.9 L.6L31 4.0390 - 3.56L1 3.1830 2.8716

Note: The figures in parentheses indicate the power of ten by which
the numbers alongside and below in the same column are to be
multiplied, :
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holBlB(’h)
3,6768
3.2733
2.9148
2.5962

*

2.,3130
2,0612
1.6379
1.14606

1.3027
1.1621
1003692('5)
9.2540
8.2602

7.37L5
5.8809
5.2530
L.6930

.1933
3.7h7h
3.34L%4
2,992
2.6770

2,3937
2,1L08
1,9148
1.7129
1,5325

1.3712
S 1.2271
10,9825(=6)

9,8306

8.800L
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7.8791
7.0551
6.3179
5,6583
5.0681

145400

L 3 - L] &
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By E,
3.6008(=L)  3.1826(-h)
3.2109 2,8L2l
2.8638 2.5390
2.55Lh7 2.2683
2,2795 2,0269
2.0343 1.8115
1.8158 1,6192
1.6211 14475
11476 1.2942
1,2928 1.1573
1,1548 1.0351
1,0317 0,9259
9.2188(~5)  B8.2831(-5)
8.,2387 7.4112
7.36L0 6,6319
6.,5831 5.9353
508859 ‘5.3125
5.2633 14,7556
L7072 14.2576
L.210L 3.8122
3,7666 3.4138
3.3700 3.0573
3.0155 2.7384
2,6986 2.,L4530
2,15l 2,1975
2,1621 1.9689
1.9356 1.76L2
1.7331 1,5810
1.5519 1.4169
1.3898 1.2700
1.24447 1.138L
1.1150 1.0205
9,988L(=6)  9.,1492(-6)
8.9485 8.2033
8.0179 7.3558
7.18L48 6.5965
6,4388 5.9160
5.7709 5.3061
5.1727 k7595
L.6369 L.2695
L.1570 3.8302

Eq

2.5L51
2,2763
2.0362
1.8217

1,6300
1.4586
1.3055
1.1685
1.0461

0.9366.
0.8386
7.5100(=5)
6,7261
6.02447

5.3970
L.8352
4.3323
3.8821
3.L4790

3.1181
2,7949

- 2,505k

2.2L461
2.0138

1,8057
1.6192
1.4521
1.302L
1.1682

©1.0479

0,9400
8.4335(-6)
7.5668
6,.7896

6.0927
54677
4.9071
L. Lokl
3¢$533

3,5488

By,

20570h(“h)
2.3012
2,0603
1.8LL9
1.6522

1.4798
1.3256
1.1875
1.0639
0.9533

0.8543
0.7656
6.1511
5.5142

ho9L37
L1326
3.9747
3.1967

2,8672
2,5719
2.3071
2.,0698
1.8570

1.,6662
1.L4952
1.3418
1.2042
1,0808

0,9701
C.8708
7.8169(=6)
7.0177
6.3006

5.6571
5.0797
1.561L
10963
3.6788

3.3041

Note: The figures in parentheses indicate the power of ten by which the

numbers alongside and below in the same column are to be multiplied.
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100
.01
.02
.03
<Ol
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007
.08
.09

.17
.18

.2k

E2(x) - x logg X

1,0000000
0.9957222
.9913450
9868687
.9822939

9776211

9728508
9679834

963019}
.9579593

.9528035
975526
9422071
.9367672
.9312336

9256067
» 9198870
9140748
9081706
.9021750

.8960882
8899109
8836433
8772860
8708393

' 2
E3(x) + %?\1oge % X Eg(x) - x log, x

+5000000
900463
1801859
4704197
607488

L511742
L6967
1323175
4230374
113857)

.LoL 7785

-A 1l-

32
-3)4

86113037
8576797
8509676
-8liL1678
.8372808

.8303071
82321469
.8161007
.8088690
.8015521

7941504
. 786661y
« 7790943
« 7707
. 7637039

. 7558843
.Th79823
.7399982
.731932Y
. 7237854

. 7155575
7072491
6988605
6903921
6818413

6732175



Appendix B

Relations Between Point, Plane, and Shell Source Problems for the Infinite

Isotroplic Medlium

The basis of these relations is the linearity of the equations for
the neutron density. The density due to a distribution qs(?‘) of point

sources distributed over a surface S is justf}he sum.of the densities of each,

i.eo,

PF) = j ,op(li" - F11) q (¥) as - (1)
s

whera fop(l?I) is the density due to a unit isotropic point source at the

origin,

Hence, on choosing cyiindrical coordinates, the density due to a unit

isotropic plane source lying on the plane z = O isg

, oo 2
pp‘l‘(z) = j r dr g a¢ Cp (Va2 + r2 ) (2)
0 |

Rz \z2+ 1l | . | (3)

Then * ' :
Ppy(8) = 2T pp(R) RAR (L)

1|

On differentiating we obtain the inverse relation
st 4 |

The density due to a unit shell source at r = a is:

“B le



psh(?,a) z J

r‘za

> Ay dS': '
P(IF - 7 D o (6)

v -
S ,op({;'z-raz - 2ra cos @ ) d{cos ©

(4]

Here © is the angle between —r? and ?‘. Introducing R (the argument of /Op)

as variable of integration gives

\r + al
Psh(;") :j . M (7
. - 2ra
\r-a\ ,
Comparing with (4) we see
psh(?’a) 4 1:::1'& {ppi(lr -al) - /Op,l( |r+ ai)} (8)

' —» — - :
Relations between the currents jp, :]p 2 3 sh due to unit isotropic

point, plane, and shell sources may be obtained similarly using the linearity.

Thus the current due to a surface source qg (1) iss

i = j SRCEEDRNCOR N (9)

The current 'due to an isotropic péint source is redially directed and

a function only of the radial distance, i.e.,
(r) y (10)

Hénce the current of a unit plane source is:

?pﬂ(z) - S r dr Swdcﬁ f:;;%) Ip (V224 r2 ) (1)
0 0 '

wd 2=



By symmetry this vector has only a component in the 2z direction., This

component is: oo 4 ,

z2) 22T R) dR - 12

Jpge) z2ms | L) | | (12)
2\

Differentiating gives the relation

(r)
L@ ek & 13)
‘The current due t§ a shell source at r = a is:
PANCAVE j ‘f" -5 3, (IF - 7l) £ (1h)
rizta , hwa®
But ' ‘ ' e ‘
F - 7 > -
%—-?-.% .’ip(\r -7l) = -V j J_(R') dR! _ (15)
pe | p
‘r.r'l o

Hence, on comparing with (12),

EARCAVIERS g J %ﬂ“;-?ﬂ)ﬁ'
s s el iza e \F -2

(16)

a

g 1 1y L(\S re+ a2 - 2ar,,4: )
* - —E—-——-—.—————.—————-——————
- L

1 r’t a2 - 2ana

Introducing R \(;2.*. 82 - 2ar. as variable of integration gives:

111

EANCAVIERDS g X‘”" 3pR) @R )

|r-a|

N .
Thus Jgn(F,a) is radially directed. On writing

-
feh(f?,a)' = % Jan(r,a) | (18)

<B 3=



we find from (17)

\r+ al _
Ly g (rsa) :% X jpz(z)dz - r[jpz(lrf al) - jp'g(lr - al)] (19)

\r~-aj

-B L=



Append'ix c

Transformation of -the Isotropic Point Source Solution®

l. ec<¢l

From (14-29) we have that the point scurce solution is:

o) = 5.%.2 (1)
where
I(r) = f%r'i _L\P(k,r) dk , | (2)
tan=lk ellr
\/’(ksr) s A
1 - ¢ tan"lk/k
Since tan™lk = % tanh‘lik z 5—- log ;—1—%% : | (3)

%’ has branch points at k = i and «i, It is therefore single-valued in
the k plane cut by branch cuts from +i to +icc and =i to -~ico, We
choose that branch of the log function for which log 1 = O, The only

other possible singularities of Y/ are poles arising from zeros of

fk) 21 ~¢ EE%EEE | (L)

£(k) being an even function of k has only an even'number of zeros which
occur in pairs (ko’ -k, ). Hence to investigate zeros we can limit our=- .

selves to those zeros which lie within the contour C (Figure 34),

Fig. 3hL

¥ The discussion here follows closely that given by Placzek and Volkoff
in Canadian Report MT-l,

-C 1-



We will now prové that £(k) has but a single zero inside the contour |

C given by k = 1K  where Ko 18 the positive root of
Ko

C B cwmmmmmtm——
tanh~1 Ko

To préve this we use the theorem® that, since f(k) is analytic on and |
within C, the number of the zeros within C is given by ﬁ times the
~change in its largument on going around C in the positive direction.

The argument of f(k) on Cy (the real axis) is gero. Since f(k) -1
as \k\-—*oo the argument of f(k) along Co and Cg —*O as R >o0, Along
C3 and Cg we have k =z is (s real) and

1y = RET I 1-5
tan™k ’z"'il"gl X "71°¢T%s

c | e o
On 3 we have s = {1-‘1-3\ ezi"} ‘

Cs
Hence
- it
-1 1 L -3 e } 1 -1
tan™k = 2 e 8 + X
an ’Z‘Tl"g{ T3 i
c
=4taph 114 on { >
and 11
¢ tanh™ = C
£(k) =1 - ——L + 12‘;" on { Bz
Cg
On C3 s goes fromR to 1 + €., The imaginary part of f then increases
- c . . ‘
continuously from ( 0) to T The real iar; of f continuously
¢ tanh~

decreases from 1 -§ banh“]-% (=»1) to 1 = 1vé (—» -ooas €—0),

1 +¢€
Thus the _ohange in the argument of f£(k) on Cq -1 as R —>o00 and € =0,

* E. C. Titchmarsh, "The Theory of Functions," Second Edition.

«C 2~

(5)

(6)

(7)

(8)

(9)



Now the real part of £(k) on G, = -o= as €->0 while the imaginary

part remains finite. Therefore the change in the argument of f£(k) on C)

a8 € —( is zero,
The same discussion as for C3 shows that
lim A

Rs U5
€0

arg £f(k) =1

Combining we see

AC arg f(k)v = 2™

Hence there is one and only one zero of f(k) within C.

Therefore, since Y(k,r) is analytic within and on C except for a

simple pole at k = k, = 1K o wé have by Cauchy's Theorem:

1

= lm (k- ky) ¥(k,r)
k —vk, |

Expanding f(k) in powers of k = k, We obtain

("]
Residue = = T
af(k)} | o (tan‘ ko)
‘ | c tan=l k, - |
Differentiating 1 = -—T——-Q 2 QO with respect to ¢ gives:
(o)
‘ tan=l k\ tan=l k
e ?( < an c)z an ko
2k, ko K d Ko
0 Q¢
Thusi >
bko j'kOr - 1 3 K0 e"" Kor

Residue=k° 5 © R Y

] '\/J(k,r) dk = Residue of Y(k,r) at k = k,

(10)

(11)

(12)

(13).

(1)

(15)



(12) then becomes:

2K,
1 = _ 1

mj Pkor) dk = "'2'”5‘39"
c .

Nows

e~ Kot

; 6 ' | : .
?-Jm- 5 W(k,r) dk = ; %ri j y(k,r) dk
C - .

Cy

‘ C
For R »oco, W(k,r)—v‘i‘g oni 2}
Cq

Therefore:

| Cw
o7 g Plk,r) dk — Eli{ j ol g - g
R

CatCg

r 2r R+
Since oo _
I(r) = 5= S K,r) dk = 1im { e
el _I( » R oo |21 .

: o0 ;R
trtr L +§§ W(k,r) dk

R >

Cy

Y(k,r) dk

= lim {'2'%‘;1' j‘ \P(k,r) ék'+9.(lg_._fr}

(16)

(17)

(18)

(19)

(20)

(where we interpret oscillating integrals in the senge of Cesaro summability),

We have, on noting that 1im
€0 Gh'

«C L=

= O since k = i is a branch point but not



a pole,

3K 2 .

I(r) = lin {-% 6K° o Mo -};_;; j Y(k,r) ak (21)
R—>o0 ¢ : : v
€0 C3*Cs

Using (8) we have:
B e S ¥ (ko) de
€=>0 CatCg

(22)

Chenging the integration variable to w= 1/s gives:

| 2 1
I(r) = -%_...a..'.(.?.. e” KO’+% S et g(c, ) -‘3-4‘-5: | (23)

de 7
[

where g(c, i) is that defined in (14-31).
Combining (1) and (23) yields

2 1 | |
elr) :H:Ter {- Z':° o= Ror +j glc, p) o T/ 9—%} ' (2h)



‘2. c>1
In this case the two poles of W(k,r) lie on the real axis at ¥ ke

where ko is the positive real root of

tan~l k

1-0.—-—.E—J a0 ‘ . (25)

o
Without a prescription as to what is to be done at the poles the integral ;
in (2) giving E(r) is undefined. Different prescriptions such as going
below or aboée the poles or taking the principal part of the integral will
give different solutions, The lack of uniqueness as compared with the
case c¢<1 arises from the use of Fourier Transforms, This method auto-
matically selects out the quadratically integrable solutions, For c<1
this solution is ﬁnique; For ¢ >1 none of the solutions are strictly
speaking quadratically integfable. They are all oscillatory.

The solution which isxideﬂtical to (Zh) on replacing }(o by -ik° 

‘is obtained by choosing the path C' (Figure 35) for the integral I,

¢ 1

Y
0)

—§+~-—
[¢] Fig . 35

1
-
)

This solution describes an outgoing wave in the time dependent problgm.
An incoming wave is obtained by inteérating below -ké and above k..
Standing waves can be constructed by a superposition of these, It may

" be noted that all these solutions are obtained from that found with the

path C' by the addition of an infinite medium solution.

o 6



The analysis, being identical with the case 641, will be omitted,

3o cal

The result is obtained most simply by passing to the limit in the

formula for c¢<1 (equation 24) or in the formula for ¢>1,








