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INTERSECTIONOF A RAY WITH A SURFACE

OF THIRD OR FCURTS DEGREE

..

\

by

E. D. Caohwell

C. J. Everett

AfmRACT

It has become desirable to include, in the geometric subroutineof

Monte Carlo programs, a procedure for finding the lnteraectfon8of a line

of flight with a toroidal surface. Such problems, for surfaces of third

or fourth degree, depend in an obvious way on the eolution of cubic or

quartic equation8. Although the latter subject la centuries old, we give

here, without apology, a careful expositionof its details, required for

IrsMhinecmtation,

derived for 8olution

and not to be found el&ewhere.‘A routine ie then

of the required torus-intersectionproblem.

1. The reduced cubic of a cubic. IIIthe Tw-

lor expmsion of the complex cubic

f(x) =d+cx+bx2+x3=~~f(k)(xo)(x-xo)k/k!

one has f“(xo) = 2b + 6X0 = O for X. = - b/3, end

then,

p= ff(Xo)=C - (b2/3),

q= f(xo)=d - (b/9)(c+2p). (1)

Theorem 1. For x= y - (b/3),andthep,qof

(l)we have the identity

x3+ bx2+cx+d*~+py+q. (2)

2. Roots of the reduced cubic. For the re-

ducedcublc (2), wedefine W= (p/3)3+ (q/2)2,and

for the sake of uniformity,

/

wl/2 If ph o
v=

-q/2ifp-o.

Note: aljn rneanathe ~incipal root of Zn = a, the

principsl root of my equation referring to ilm

greatest real root, if SW, otherwise to the non-

reel root of greatest magnitude, and least argument

0 on (00,3600).

We verify at once the $ener@ relations

~ = W, and (-q/2+V)(-q/2-V)= (-P/3)3. (3)

NOW ifp= O, (2) reads y3+ q= O, its roots

being H = (-q)l/3, UJH,and w%, where

IN= (-l+Lj5)/2,W2 = (-1-~) /2, and U)3n 1.

Suppose p # O in the reduced cubic (2), let y

be one of its roots, and z the principal root of the

quadratic 22 - yz - (P/3)=0, sothatz#O, and

y = z - (p/3z). (4)

Substitutionof (4) in (2) shows that

26 + qzs - (p/3)3R [z3+(q/2)12-U=o.

Hence z must satiafy

23 .-q/2+v

Sincep+O in (3),

roots, Km and Jm, m

Let

or z3 .-q/2-v.

each factor has 3 distinct cube

= 1,2,3, z being one of these.
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H = HI = (-q/2+V)1’3. (5) Proof. From Th. 2, we c~te

Then the 3 distinct numbers ~ = HJm all satisfy Y. - y. = (lw)H - (kh2J= (hM)(H-U12J)
-L c—

<3 = (-p/3)3by (3), and scae~must be - P/3 Y1 - Y3 = (liJJ2)H- (I~21DJ - (1-W2)(HIUJ)

itself. We choose J1 = J where
- Y3 = (W** )H - (WN2)J - (UJiY2)(H-J).

J = (-P/3)/H (6) ‘2
Since (1w)(1*2) . 3, IN- W2 . W > and

and list the Hm, Jn in the order
(H-J)(HWJ)(HiN2J) -H3 - ~= (-q,lzw) - (-q/2-v)

Hm = H, UJH,u)%; Jm = J, U12J,WJ (7) = 2V, ve findA= = (3@2(4vh = - 4(27)W. (cf.

noting that ~ HmJm = - p/3. Since z must be one

of the numbers (7), the original root y muzt be, by

(4)>.one of the numbers

Ym = Ha + Jm; m = 1,2,3. (8)

The formuks (5), (6), (’i’),(8) actwQv field

the roots in general, as shown in

Theorem 2. A reduced cubic satiafiesthe iden-

tity

(9)Y3+ py+q= (Y-Y1)(Y-Y2)(Y-Y3)

where yl = H+ J, Y2=UJH+U 2J, Y3 =UJ% +UJJ ~lol

H= (-q/2+V)1/3, J= (-P/3)/H.

Proof. We need only coqpute the aynznetric

functions:

U?l = (kJiW2)(H+J) =0

(3).)

4. Nalpre of the rcQtS of a real cubic. If

all roots of a cubic are red and distinct, its dis-

crimin8nt A is obviously p08itiVe, and Z-O if any

root in repeated. If one root r is real, and two

form a conjugatenonreal wir 2,=, then

A = ((r-z )(r-=)(z-;))2 = fjr-z12.2iI(z))2c O.

Theorem 4. The nature of the roots of the real

cubics (2) iI!Iindicatedby the sign of their comnon

discriminantthus:

I. A3 > 0 (W c O) implies 3 real distinct

roota.

II. A3 = O (W = O) implies 3 real roots with

duplication.

III. A3 < 0 (W > O) implies one real root and a

nonrezl con~ugate pzir.

&lY2 - Y1(Y2+Y3) + (Y2Y3) Proof. The cases at the right are the only pos-

. (WUJ2)(H+J)2+ {H2+(UJ+W2)HJ+#)
sibil.ltienfor a real cubic.

n- (H+J)2+ {#-HJ+fi .- 3HJ . p

Y1(Y~3) = (H+J)(I?-HJ+#] = H3 + J3

= (-q/2+v)+ (-q/2-v)= - q.

Note here that J3 = (-p/3)3/H3 =

(-P/3)3/(-@+V) = (-cI/2-V)by (3).

3. The cubic discriminant. The disc.riminant

A of a polynomial of degree n with roota Zl,..s,Zn

Is defhad aa

5. Calculation of the cubic roots. For a real

reduced cubic, the roots may be written -moresimply,

under these cases:

Caae 1. W c O. (p< O necessarily.) Here,
v=w~~,8>0,md-~2+v=-~2+ j$

= r(cos8+ i sin 8 ) for r = ((-q/2)2+82]*= [(-p/3)*)3

>0 ande= arc cos(-q/2)/r on (00,1800). Hence

H _ # (co@/3+.i ain 13/3),and J = = (since H.ii

. - p/3). The roota ym in Th. 2 me then 2H(H),

2R(uJH)~2R(w2H), i.e.,

and is invariantunder a transition of the roots. l&30), and *3 = 240° + 9/3 C (240° ,300° ). Since
Theorem ~. The discriminantof tie cubics (2)

COO*~-cos(360° -*3) 9 coa(120° * /3), we my write the
is

A3 = - 4(27)W. 3 rokl. roots In the decrec8in& order

.



‘1

y - 2(-P/3)*COII(13/3, 120°+3/3,12t)0+e/31

with angles on the intervals (00,600), (600,KOO),

(UO”, I&o), respectively.

Case 11. V = O. (p ~ O ~~e~~~i~c ) ~

either case, we verify that V .0, 00 H . (-q/2)*,

J - H (since H.H _ [(q/2)7* _ - p/3). The root8

aret.&ereforeH+ H.2H, anduJH+w %.w2H+wH

=-H. Since (q/2)2. (-p/3)3Z 0, we prefer to

coqpate K = - H = (sgn q)(-p/3)*, and list the roots

8S K,K, - 2K.

Case III. W > 0. Hare, one verifies

q/2+ V+ O(forp. Oornot), so

H = (-q/2+V)*~ O and J = (-P/3)/H+ H

$(since = - q/2- V#-q/2+V=IH3). ‘pheroots

are therefore H + J (real) and *{-(H+J)* i.@ H-J))

(con@gate nonreal.).

S~ for all roots of the real cubics (2)”—.. —— .“

x3+ bx2+cx+d*y3+py +qwherex= y-b/3

relates the roots, and P = c - (b2/3),

q = d - (b/9)(@@.

[

wl/2 for p + o

w ● (P/3)3+ (q/2)2, v s
-q/2 for p = O.

1. W <0 (p < O) e=c cos[(-q/2)/P% 6 (OO,l&IO),

P = (-P/3)*,

y= 2P cos{0/3;120%3/3] real, distinct, decreasing.

II. W = O (P S O) y = K, K,-2K, K = (S= q)P,

P = (-p/3)*.

Specifi.ca13y, -P=-P<O <2P forqc O

-p. -p 50.2p forq=O

-2P< O<P. P for q > 0.

III. W>o. H = (-q/2bV)*# O, J =(-P/3)/H + H

y - H + J, ~-(H+J)+fi(E-J)] .

Note tlmt case III is the 0U3Y one involvinga

cube root, or reference to the definition of V.

6. The reduced quartic of a .quartic. In the

Taylor expansion of the complex quartic

2. ....i - . .. . — + BX3 + X4= ~F(k) (Xo)(X-Xo)k/k!F(X]=E+JJA+GA

one has F(3)(XO) =

then

6B+24Xo =Ofor Xo=-B/b, and

Q ● ~(Xo)/2f = C - (3/2)(13/2)2)

R = F’(Xo) = D + (B/2){(B/2)2-C]

s - F(xo)- E - (@6)(B/2)[5D-c(B/2)+3Rl. (u)

‘rha@em~. For X = Y - (B/4)~ ~d Me Q,R~S

of (U.),we have the identity

X4+ HX3+CX2+DX+E*Y4+Q# +RY+S. (M?)

7. Quadratic t%c$oriz.atio.x?.of$h.ereduced

-“ We assume R ~ O in (X2) until $10, and

seek numbers k ~ O,A,m such that

Y4 + Q#+ RY + S = (l?+kY+4)(#-kY+m)

shall be an identity in Y. For this we require

m+ L=k2+Q, m- L= R/k, mC=S

13)

i.e., ~.k2+Q - R/k, 2m = k2 + Q + R/k, with

~oduct k4 + 2Qk2 + Q2 - R2/k2 = 4S, SO that

k6 + 2Qk4 + (Q2-4S)k2 .R2 =0. The desired k must

therefore satisfy k2 n x, where x is a root (neces-

sarily nonzero) of the cubic

f(x) = X3 + -2 + (Q2-49)x - R2; R + 0. (14)

conversely, for any such ~ ~, and the corre-

(Y+C.J2 -

with the roots

(13) splits into the ho quadratic

a(w); (Y~~)2 - +(T-U)

Yn: $(-+~u)b; ~(k&J)*)
where we have set

T = - (X1+2Q); U = 2R/~.

0. The quartic dlscrim.tnant.Since

~+~+x3.
- 2Qmd (x$x$x&R2’0 ‘or

tbe roots Xn of (14), in SOY ftied order, we may de-

i’ine~ = xl~, $ = ~+, ~d k3 = * X34 so that

+l%k3 . R, thus obtaining the relations

T=~2+~2; U = 2$k3

and hence T + U = (k#k3)2; T - U = (~-k3)2. (17)

(15)

(16)

Note that (’T+U)*= i

The roots Yn in (15)

(~+k3) =d (T-U)*=● (~-k3) o

may ther&fore be expressed in
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the form

Y1,2 = ~(-k.#~+k3)) ; ‘3,4 ‘*@-#&k3)l (18)

(we read the= sign for the 1st subscript;the

signs here are not necea8arilycorrelatedwith

those in (15)).

An obvious counmtationnow shows that
2

()
ntiu(Yt-Yu)2=nXs k~-k~ =llx6(Xr-X6)2, and

we have

Theorem 6. The discriminantAk of the quar-

tics (X2):

X4+~3~X2+DX+E a Y4+&+RY+s, R

is equal to A3, the discriminant

+ O, X = Y-(B/k),

of the cubics

- R2
(19)

2

f(X) =X3+ 2@c2+ (Q2-4S)X

+cx+d=yJ+py+q3z X -t- bx2

where x x y - b/3, P

nernely,A=A =A =43

=c - (b2/3),q=d-(b/9)(c+2p),

-4(27)w,withW= (P/3)3+(q/2)2.

Moreover, in the notation defin~, the roots Yn of

(12) maybe expressed in the equivalentforms (15)

and (18).

9. Roots of the real quartic. The roots xm

of (19) are here restricted by the condition

X1%?X3 = R2 > 0, which implies at least one posi-

tive real root, and (-+), (+I+) as the only sign

pamibilitles when all 3 are real. We now choose

notation so that

1. xl ia a largest ~sitive real root, and

xl z x2 z X3 when all are real (W ~ O). IfW > 0,

we take x2 with argument on (00,1800),and x3=%”

2. In all cases, ~=xl~, ~= x2*, k3

=ix3$ so that ~k2k3=R, as before. This in-

sures the formulas (17), (18).

With these provisos, we give a complete deter-

mination of the roots Yn of (1.2),using the results

of 55 without explicit reference.

1. WC

(A)

Q2 - 4s>0)

sign, and ~

O (3 r-l distinct xi).

If condition CI: {QcOmd —

holds, then f(x) in (19) alternates III

root xm is negative. Hence we must

have xl >

kl =

k=
3

X2> x > 0
3

xl$>~=x$llq>o,

(sgn R)x3*.

There are k distinct real roots, namely

Y1,2 = &-k.#~+k3)l = *f-k.@+U)$

y3,4=?@#~-k3)] = ~ k.#T-U)$ .

The signs in the two forms are here correlated,and

the first shows that Y3 > Yk > Y1 > Y2, the same

order obtaining for the correspondingXn.

Computation: As in $5, we obtain yl = 2Pcoe8/3,

and x . y - *
11 b/3>0,and~=xl>0, in any

case. Now:

Methcd I. One may com~te T,U from (1.6),with

T+ U> O (cf. (17)), and the Yn from the second

form abwe.

Methcd II. One may compute as in$5

Y2=2P cos(120°-13/3) . -P(cose/3+Jjsin6/3) >

y3.2P cos(1200.H3/3)= -P(cose/3 -fisin8/3), end

obtainx1>x2=y2- b/3>x =y -b/3>0,
33

~=~~, k3- (sgn R)x3*andthe Yn from the first

form above. (MethodII involves two more cosines,

or one more squsre root, sin 8/3 = +(1-cos%/3)*,

than Methcd I.)

(B) IfCI~, the xmare~al.lposi-

tive, since this would imply 2Q = - ~cOand —
.

Q2 - 4s .Zxlx2> o. Hence, in thio case, we must

have ~> 0>~> x3, ~.xl$, ~= il~l*, and

k3=- (sgn R)ilx3\*. We then see from (18) that

(Y1,Y2)~ (Y3,Yb)are different conjugate imagi-

WP irs~ namely

yl,2 = *(-~*i[!x21*-(sgn R)1x31@]

‘3,4 =*(&i[lx21*+(SgU R)Ix31*]).

If required, these mybe obtainedby computing

lx21*, lx31*,asin Method IIabove, or from (15),

(1.6);i.e.,



Yn = ~-k.pi[-(’w 1+

~~+i[-(T-U)]$

where - (TgJ)> 0 (cf. (17)). Here the signs V

not be correlAed with those of Y #Y4.
1,2 3,

II. W .0 (3 real Xm, with duplication).

The Xm ~ possibilitiesare (--+) and (+++). On

the other baud, we knm from 55 tit the Xn must

be of the forma:

1. tn -p- b/3< s=2P-b/3ifq<0
.- +
t s

++ +

2. ta -b/3-s ifq=o

ts

+++

3. s= -2P- b/3<t=P-b/3ifq>0

s t

i’ +-+

where s and t denote roots of multiplicity1 end 2

respectively,and P . (-p/3)*~ O. It therefore

appears that the sign alternative (-+ ) cecurs if

an&only ifq<Oandt <O. Thus we have again. —
two subcases;the simplerwe treat first as (sic1)

(B). If condition CII: [q< ~ t c 0}—

holds, tiens. ~>0>~= x3. t, ~=&,

~ = fi , k3 = - (s@ R)k2. The roots (18) are

then

(a) For R >0, Y1,2 = - &/2 doublet,

Y3,4 = J@ ● m ●

(b) For R <0, Y1,2 = - S12 * m,

Y3,4 = &/2 doublet.

Hence ~ Yn are real and equal, and two are non-

reaL con~ugates.

(A) If condition CII , then we must have

the eign case (i++),with ~ ~ x2 E X3 > 0, -d

~ = %*, ~ = ~+, ~ = (ssn R)%*, as in (m).

A= Yn are real, but with duplication, eince Ab . 0.

In detail, we have the following possibilities in

(18):

(l)q<o;s=~>~=~=t>o;~=~,

~=fiJ@ssnR)~

(a) R> 0iYl,2=-fi/2 ifi,

Y3,4 = &/2 doublet

(b) R c O; Y1,2 = - &/2 doublet,

Y3,4 = &/2 & 3 .

(2)q=o; 6n~(=x2=x3= t)> 0;

~-fi=~=fi,~=(s8nR)~

(a] R > O; Yl,2 . &/2, - 3&/2, Y3,4 = $/2

(b) R < O; Y1,2 = - &/2, Y3,h = 3&/2, - &/2.

(3) Oo; t=yx2>x3=s>o;

y3,~ = - J72 + p , J72

(b) R < O; Yl,2 = - $/2, 5/2 - &,

Y3,4 “ S12 + fi , - $/2.

Hence, if q $ 0, the Yn are

(a) for R >0, &/2 doublet, - &/2 + A

(b) for R <0, - &/2 doublet, &/2 + A.

Ifq=O, thenthe Yn are

(a) for R >0, .&/2 triplet, - fi/2

(b) for R <0, - &/2 triplet, 3.&/2.

III. W > 0 (xl 7 O; x ,x = Z2 nonreal con.ju-23

gates). Under our provisos,we shall have

~=+09&~* = g + Iq ~t~ g,q>O, and

~ = (sgn R)% = (sgn R)(?wI). The roots (18) e.re

then

(a) For R > O; Yl,2 = ~ -5i2~),

Y3,4 = M 5*%) ●
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(b) For R c 0; Y1,2 = ~-kli~%),

Y;,k = ~(kl+~l .

Thus tlwre are two disLlnct real roots, and a pir.——. ——.
of nollrcw1 call~tz .. .- —-. —

Computation: As in $j, we find H = (-q/2+V)*real

JO, J= \-P13)/1{rea14H, Yl=H+ J, and

‘l=~1-
b/.l>O, kl=~>O. NOW,

~a) For R> O; T+U = (~+k3)2= (2g)2> O,

g> Oimplies~ = (T+U)*>O.

Similarly,T - U = (kyk3)2 = (2iq)2

=- (2rl)2implies 2rl= [-(T-U)]*>O.

(b) ForR<o; one finds~= [-(W)]* >0,

~ = (T-U)*> O in the same fashion.

This gives the 25,2q, required for the Yn, in terms

ofT+ U computed frOUI(~).

Schematic of real roots of the real quartic.

1. W<O (A)

(B)

II. W=O (A)

o X3 Xz xl

x “ —
X2 A L X3

X3 X2 o %

o ‘3X2 xl

(q<o)
t s

x“~

o ‘3X2X{

(q=o)
ts

x .~

o X3 X2X,
+

(q>o)
s t

x. –~

(B)

III. kl>o

y% o xl
t s

x. ~

o x,

x “ ~

The Xn are IX& ordered except in IA.

10. Procedure ~or real roots of the real quar-

ticX4+BX3+CX2+DX+ E=O.

1.

2.

3.

4.

5.

6.

7.

8.

9.

10.

u..

Q=c - (3/2)(B/2)2,R=D+ (B/2)((B/2)2-C],

S= E- (1/16)(B/2){5D-C(B/2)+3R).

R+ 04(3) R= O- (13).

b=2Q, c= Q2-@) d=- R2, p=C - (b2/3),

q=d - (b/9)(c+2p),W= (P/3)3+ (q/2)2.

W504 (5) W> O-(12).

P = (-P/3)* WC O-0(6) w= o+(8).

{b<O&c>O]-(7)

{bc O&cZO]or[b%O]~Nc, realXn.

FJ=arc coa(-q/2)/@G (o”,l~o)

x = - b/3 + 2pcos8/3, k = &

T=- (x+b), U=2R/k

Y1,2= M--} Y3,4=?4-))

Xn = Yn - (B/4).

(xfxk>xl>x2)

{

q< 0~ a = 2P-b/3, t = -P-b/3

)
k= fi/2+ (9).

q% 0- a = -2P-b/3, t = P-b/3

{q<o&t<o}+ (lo)

(qe O&t ZO]or(qz O]~(L1.).

{

R> O_ X=-k - B/4) (doublet)

R< O~X=k - (B/4) (doublet).

(~+o) - (IJ..l) [cl=o) - (11.2)

{

=Y = k,-~k’
I.1.l kt-fi~

I
-tf=y-B/4(lst doublet)

RcO+Y = -k,ktk’

.

.
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.

.
,1

.

11.2 R> O+ Y=k,-3k

[ I
a X=Y-B/k (lot triplet).

R<O~Y=-k,3k

12.

{

iP+ 0 4 V . W

1
+ H = (-q/2+V)i,

p.o*v.-q/2

J= (-P/3)/H,y=H+J+x=y-b/3, k=~,

T= - (x+b),U= ~/k+

(twrw, distinct).

The following provide the real rootB in the trivial

case R = O.

13. b =Q/2, c=b2-S- (14).

14. ccO(NoreaJ.Xi) c=04 (15)

15. b>O(Norea.LXi) b=O~(16)

2.6. Xi = - B/k (1 k-tuplet).

17. Xi =* G- (B/k) (2 distinct

18. d= fi, r=- b+d *(19).

19. reO(Noreal Xi) r= O+ (20)

20. xi = - (B/k) (1 real doublet).

21. s= -b-d S< O+ (22) s=

B>

C> 0- (18).

b< O-. (17).

doublets).

r>O+ (21).

0- (23)

O + (24).

22. x i = - ( J 3 / k )+ & ( 2 distinct singlets).

23. xi = - (B/4)+ {0, i fi (3 distinct,
1st a doublet).

24. Xi = - (B/4)+ X, - (B/4)+ X (4 distinct).

1-1. Equation of the e.lllpticaltorus. If

r,s,a > 0, and y. $ 0 are arbitrary, then

(x-a)2/r2+ (Y-yo)2/s2 = 1 is the equation of en

YI

t-+

s
Yc. r

I
a

x

/
/’

ellipse in the X, Y-plnnej centered at (a,yo)l wifi

X,Y semi-axis lengths r and e.. Rotation of the el-

lipse about the Y-axis generates an elliptical toms,

which we call proper if a > r, and degenerate if

a % r. The two have essentiallydifferent “primi-

tive” equation8:

22422
[(X +Z ) -a) /r + (Y-Yo)2/s2E 1; a > r (a)

(20)
2 2*

((x+z )~a??r2+ (y-yo)2/112= 1; as r. (b)

In the degenerate case, the upper sign yielde the

equation of the outer mu?face, the lower, that of

the inner. In the limiting case a . 0, these sur-

faces coincide,and (20b) is an ellipsoid of revo-

lution.

Writing p = r2/s2> O, p ~ 1, equations (20)

may be written in the form

f2a(x2+z2)3 a>r

X2+Z2WY2+YOY+B0 “I (21)●2a(x2+z2)* a~r

2where B. = a - r2 + pyo2. It is notable that, in

squaringboth sides, en extraneous factor, with no

real solutionx,y,z, may be introduced in the first

case only, so in either case, a Point (x,Y,z) is on

the complate surface if and only if

{X2+Z2+pY2-21YYoy+Bo]2= Ao(x2+22); a? r (22)

where A. = 4-a2.

1.2. Intersectionof a line with the torus.

A point (x,y,z) on the line {x= ?+d, Y= TTH3X~

z . c + y x ; - a c x < m ] , through the mint (q)q~c)~

with direction (a,B,y),a2+S2+y2 = 1, lies on the

torus (22) if end only if X satisfies the que.rtic

equation

[[(1-@2)+pB21X2+ [2(a?+y~)+ ap8q - 2P9YOIX

+ [~2~2+pq2-2pqyo+Bo1]2

= Ao[(l-62)X2+2(a~+y~)X+(~2+~2)1. (23)

Setting F =

Mu

u=

(GX2+MX+U)2

1-E12,G u F+P92, L= 2(a?+yC),

L+2pB(q-ye), ‘J! = 52+C2P

T+Pn(@Yo)+Bo, (23) becomes

= AO(FX2+WT). Since G = (1-6%1)+92(0)

7
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t

1

fa %arycentrlc”, with O S @2 S 1, G ifIbetween 1

and p > 0, hence G > 0. Defining M’ . M/G,

U’= U/G, A . Ao/G2, the latter quartic beeomes

(X2+M’X+@ )2 - A(FX2+U+T), or

4
X +2M’X3+(M’2+@ -AF)X2+(2M’U’-AL)X+(U’2-AT)E O.

(24)

T@ore.m ~. All.points (x,y,z) of intersection

of theray(x.g+aX, y.@X, z=~+yX; X>O]

with the torus (22) are determinedby the poaitlve

real roots X of the quartic

4X +BX3+CX2+DX+E=0

where we set

F = 1-62, L= 2(a~+y~), T = ~2~2,

G = F+PB2, A = Ao/G2, M’ = {Lt2pB(q-Ye)}/G,

U’ = @+PT(@yo )+BO]/G, and

B=2M’, C = M’2+2U’-AF, D =

Here Ao=h2, Bo 2 2 2= a -r +pyo

of the torus.

Finally, we state without

2M’U’-AL, E = U’2-AT.

are stored constants

proof the obvious

Theorem 8. (a) An arbitrary point (x,y,z) is

(properly)inside

and only if

x2+z2+Qy2-

(b) A Point

(as r) is on the

if

x2+z2+py2-

the outer surface of a torus, if

2 273
2PYOY + B. < 2a(x +Z ) .

(x,Y,z), on a degenerate torus

(open) inner surface if and only

2pyoY + B. <0.

Thus the @nts (x,Y,z) of intersectionof a

ray with a degeneratetorus my be tested for the

Prt of the surface on which they lie.
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