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1 ANALYTIC SCORE DISTRIBUTIONS AND MOMENTS

I
FOR A SPATIALLY CONTINUOUS TRIDIRECTIONAL

MONTE CARLO TRANSPORT PROBLEM

by

Thomas E. Booth

ABSTRACT (u)

The interpretationof the statisticalerror estimatespro-
duced by Monte Carlo transportcodes is still somewhatof
an art. Empirically,thereare variancereductiontechniques
whoseerrorestimatesare almost alwaysreliableand there
arevariancereductiontechniqueswhoseerrorestimatesare
ofienunreliable. Unreliableerror estimates usually result
from inadequatelargescoresamplinghornthe scoredistri-
bution’stail.

Statisticiansbelievethat more accurateconfidenceinter- “
val statementsare possibleif the generalnatureof the score
distributioncan be characterized.This paper providesthe
analyticscoredistributionforthe exponentialtranzfwmap-
pliedto a simplespatiallycontinuousMonte -lo transport
problem.

..s

L INTRODUCTION

The Radiation ‘Wmsport Group and the Statistics Group at the Los Akrnos

National Laboratory are involved in a collaborative msearch project whose motiva-

tion is to obtain better confidence intervalsfor Monte Carlo transport calculations.

I
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1
The statisticians have repeatedly emphasized that the more information they had

about the general nature of the score distributions, the better they could make the

confidence intervals. The statisticians sought both empirical data from our Monte
Carlo computer code (MCNP*) and exact theoretical results to guide them in their “

att~.npt to ~r~vide better confidence intervsk. Empirical results2’3are described
4sewhei, by the authm-’~collaborators, R. A. Fol&er of the Radiation Th.nsport

Group and S. P. Pederson of the Statistics Group. This note describes some theo-
rfitic~ res”Jltsdeslmd 1““the statisticians.

Modern Monte Carlo particle transport codes (e.g., MCNP) offer the user a

wide variety of vananrr realm M‘il L.:chniques.These techniques change the score
distribution from the physical distribution, For example, if one counts the number

of physical neutrons penetrating a mmrnultiplying shield, then for each incident

neutron either one neutron penetratesthe ~hieldwith probability p, or zero neutrons

penetrate with probability 1 -p. The natural vaI;ance of this binomial process is

p – p2. One may not know the value of p, but one KilOWS the form of the score

distribution. However,when variancereduction techniqu,’sai-eused, the form of the

score distributi~” usually is not known. This problem is significantwhen confidence

intervals a“e desired.

The error estimates in a Monte Carlo calculation are reliable only when sufii-

cient numbers of large scores have been sampled.. In an analog calculation of the

penetration problem one knows how many large (i.e., score=l) scores have been

sampled. A statistical error estimate is relatively easy in this case because the
score distribution is known except for the exact value of the binomial parameter

p. By contrast, very little theory exists concerning the form, or general behavior,

of the score distribution when variance reduction techniques are used. Standard

statistical estimates in Monte Carlo codes are based almost always only on the

sampled scores with little consideration given to the impact of the scores that were

not sampled.

This work is not intended to supply Monte Carlo practitioners with practical

fqqggestionsfor picking variance reduction parameters. The interested reder can

consult references4 and.5 for this purpose. Tlie importance of this work lies in the

fact that statisticians now have an exact score distribution arising froma common

Monte Carlo technique to test alternative ways of obtaining confidence intervals.

The exponential transform is an old and widely used variance reduction tech-

‘ nique. References 4 and 5 summarize much of the knowledge about the exponential

transform. Recently, an exponential transform technique was applied to a simple,

2



discrete, two-state transport problem6-8 and the exact analytic score distribution

.waiIobtained. Because the same mechanismscreate weight fluctuations in the dis-

crete problem and a continuous problem, it was conjectured that the general nature
of the score distribution would be similar for a continuous tramp. rt problem. This

pper derives the exact analytic score distribution for a ~atially continuous trans-

Z problem with the exponential transform and shows that the fem. of the score
distribution is indeed vey similiar in the discrete and continuous transform cases.

This paper proceeds by deriving the score moment equations for a simple three

direction spatially continuous slab penetration problem. The derivation of the score

moment equations is not new and reference5 provides a far more general derivation
than is providixl here. In addition, reference 5 “providesa good source of references

for the historical development and Me of the moment equations. The equations

are redtived here fir three reasons. Fiist, the derivation is not difficult and there
is no more work involved than in simpli&ing the general equations to the simple

case herein, Second, the style of the derivation provides an introduction to the

derivation of the score distribution equations. Third, the present paper is easier to

,- because it is self-conttiried and does not have to.explairi the terms required to

treat more complicated problems before simplifying to the case herein.

IL DESCRIPTION OF TEST PROBLEM

The test problem consists of a slab of thickness 2’, with a normally incident

saurce at the z = 0 surface of the slab, and a tally that simplycounts the weight

penetrating the z = 2’ outside surface of the slab. The particles always

parallel, antiparallel, or perpendicular to the z-axis; thus, there are only
,,

possible particle directions.

111, !)ERIVATION OF THE SCORE MOMENT EQUATIONS

The physical state of a particle in this simple test problem is determined

move
tk!e

by its

z position and its direction either parallel, antiparaliel, or perpendicular to the z-

axis. In addition, the particle will carry a statistical weight w. A few definitions

are required before deriving the score probability equations.
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Definition 1. q(z, s,w)ds = the probability that a particle of weight w moving per-

pendicular to the i direction scores s in an interval ds about s.
Definition 2 @(z, s,w)ds = the probability that a particle of weight w moving in

the +~ direction scores s in an interval A about s.

Definition 3. $(z,s,w)ds = the probability that a particie of weight w moving in
the -~ direction scores s in an interval CZSabout s.

Definition 4. u= tot~ macroscopic cross section

Definition 5. a. = ,macroscopic scattering cross section.

Definition 6. p = exponential transform parameter.”

The exponential transform uses a fictitious total cross section ar,~~,~ti~ =.

(1 - Pp)o, where ~ is the direction cosine with respect to the x-~is. This Pa-

per allows P slightlymoregeneral treatrnen+in that the fictitioustotal crosssection

can be arbitrarily specified in three directions (p = {-1,,0, l}). The cross sections

for particks moving in the positive, perpexidicuiar,and negative directions ar&

C7+= fictitioustotalcross sectionin the + 5 direction (1)

cro= fictitioustotal crosssectionin the directionperpendicularto i (1.1)

u- = fictitioustotalcrosssectionin the - &direction (2)

Let s be the distance the particle moves between events (either collisions or surface

crossings). The exponential transform events are weighted

truemobabil.itvof event
w~”en:= . .

sari.l,ledprobabilityof event

byl:

(3)

The weight multiplication upon
,!. , is:

The weight multiplication upon

is:

collision for a particle moving in the +2 direction

oe‘US
w+ = -17+8 (4)

a+e

collision for &particle moving in the -2 direction

ue-08
w- = — (5)~_e-u_8
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The weight multiplication upon collision for a particle perpendicular to,tlie 2

direction is:
.,..

oe-us . .
W()= —

uoe-o~8 ,
‘(5:1):”

“. ,,,,
The weight multiplication upon cr~sing z = T is: ~~• .

e-@a
q’ = —e-e+. (6) :.

,. ..

The scattering probabilities for forward, 90 degree, and backward scattering are:”

j = probabilityof nodirectionchangeuponscatter (6.1)

g = probabilityof scatteringperpendicularly (6.2)

6= probabilityof direction,reversaluponscatter (6.3)

Using Eqs. 1-6.3, the score probability equations with the exponential transform

can be derived.

Later in this paper, the score probability equations with the exponential trans-

form and ,survival biasing (implicit capture) will be desired. The derivations are

very similiar and need not be done twice. For the current case of analog capture

set,

V+l

u,
9“0=—

The score probability equations are written and then explained below.

IJ

T
#(z, 9,ro)cfs = ~+e-u+(V-z)

{[ (9 S@ %%w+vw)+ W7($l,%w+vw).
z

(6.4)

(6.5)

!
,,

(7)

1
+6*(v,s,w+vw)] + ~4(s)}dy+e-u~fT-ZJ4(s - WW) d.s
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, :,,,,. .

I00
q(z, S,w)ds = ~Oe-””’{9[%(z$~,u~) + (f+ b)TI(i,s,tw)

Jo \ -“L

(8)

+ :442,8,VW)]t :qs)}dzds

“[lz
{ [M(IJ(z,s,w)cL9= a-e-”-(=-u) g y,s, w_vw)+gq(y, s,w-vw)

0’
(9)

1
] y(s)}dy+e-”-’qs)d$+ N(w,umfo +

Eqs. 7-9 state that the probability that a particle of weight w at z will contribute

a score in ds about s is equal to the sum, over all possible next events, of the

probability of each next event times the probability that the particle scores s in

ds subsequent to the sampling of that next event. The possible next events for a

particle moving in the +i direction arx

1.

2.

3.

4.

5.

Collision at y with T > y z z, then survival at y, and then scattering in

the +5 direction.

Collision at y with T 2 y ~ z, then sumiwd at y, and then scattering in

the –5 direction.

Collision at y with 2’ z y z z, then survival at y, and then scattering
perpendicularto the z direction.

Collision at y with T z y z z, thep absorption at y.

Ree-flight to z =2’ and penetration of the slab.

The corresponding next event probabilities are:

10 ~+e-a+(lf-z),g,fo

2. u+e-a+(v-=),g,~.

3. u+e-U+(v-=),g,q.

40 ~+e-a+(lf-~),l - g.

50 e-U+(T-z)O

The probabilities that a score s in A will subsequently occur after the above

events are:
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1.

2.
3.

4.

5.

Summing the above probabilities over all next events yields Eq. 7.
Similarly, the possible next eventsfor a particle moving in the -2 directionare:

.’ 1.

2.

3.

4.

5.

Collision at y with z z y z O,then survival at y, and then scattering in the
+5 direction.

Collision at y with z z y z O,then survival at y, and then scattering in the

-~ direction.
Collision at y with z ~ y z O, then survival at y, and then scattering

perpendicular to the 5 direction.

Collision at v with z ~ y z O,then absorption at g.

Ree-flight to z = O.

The corresponding next event probabilities are:

1.

2.

3.

4.

5.

~ ~-u+-v) ~
193 .

u_e---( -ll),g,f.

u-e +-(-ll),g,q,

~ e-u-(~-U),1 - g.

-a-re.

The probabilities that a scores in ds wili subsequentlyoccur for the aboveevents

are:

,, 1.

2.

3.

4.

5.

@(y,s, w_vw)ds

?j(~,s,w_vw)ds

T)(9,s, w-vw)ds

6(s)ds

6(s)ds

Summing the above probabilities over FLUnext events yields Eq. 9.
Note that z will not change for a particle moving perpendicular to 5. The particle

a“ll collide at z and either be absorbed or scattered. Note that a forward or

backward scattering still Ieavesthe particle traveling perpendicular to 5, and a 90
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degree scattering puts the particle in the +5 directions with equal probabilities of

~. The possible next events for a particle moving perpendicular to 5 are:

1. Collision at z, then survival, and then scattering perpendicular to the 5

direction.
2. Collision at z, then
3. Collision at z, then

4. Collision at z, then

survival, and then scattering in the +5 direction.
survival, and then scattering in the –5 direction.

absorption.

The corresponding next event probabilities are:

1. I,g, (f+ b)

2. l,g,;

3. l,g,;

4. 1,1– g

The probabilities that a scores in ds will subsequentlyoccur for the above events

zire:

1. q(z, s,wovw)ds

2. #(z, s,wouw)ffs

3. IJ(z,s,WWw)d9

4. t(s)ds

Because there are no weight-dependent games, a
. exattly the same random walk as a particle of unit

times as much. Expressed.rnathematically:

particle of weight w
weight and its tally

f#(’z,s,W)ds = 4(2,:, l)d: + fp(z,:)d:

#(z,s, W)da= +(2,:, l)d:’ + IO(z,:)d:

,.

q(z, s, W)A = 71(Z,:, l)d: + ?l(z,:)d:

will have
will be w

(10)

(11)

(12)

where the last equality in the equations defines #(z, t), ~(z, t), and q(z, t). Note that

#(z, t), #(z, t), and q(z,t) are the probability densities for obtaining a score t fkom a

unit weight particle. Substituting Eqs. lth12 into Eqs. 7-9 and letting t = $ yields

8



[1#(2,t)dt = ‘Ta+e-u+@=){L[/#(y,-L)+ ~q(~,-.L)+b@(y,.d-)]
z W+vw W+v

1
+ ~t5(wt)}d~ + e-u+@-=)d(wt - w~) wd

(13)

~(z~’)d’=ro”e-””z{v v
*[&)(z,$+(j+b)q(z, $+@z,;)l+:w)}dzwdt (14)

Recalling that

6(azj = $(2) (16)

Eqs. 13 and 15 become

vT
#(z,t)dt = ~+e-”+(”-’’{*[f4(,! *)+,,(,,*)+b#(i, *)]z

~~• 1

(17)

+ %J(t)}dy + e-a+(=-%(t - WT) dt

~(z’t’dt=ru”e-”oz{wov5 v v v
++j@,:-)+ (f+ b)~z,$+:~(z,~)] +;~(t)}dzdt (17.1)

q@ t)dt =

Define

L,(z) =
1

#(z, s)srds

(18)

,,

(19)

9



b“””~~~““‘
. .... . .-.,

“’a “:...”””-. —...—.— —. ...-

M,(z) = Iq(z, a)s’ds

N,(z) =
J

c#(z,a)a’da

(20)

(21)

Note that with s = &

J$4(99&)trdt = J J-&$(y,s)(wvs]rd(wus) = (WV)r @(y, s)srds= (WU)’~r(y)

(22)

J
~)trdt =+m! Wv

J
+)(wus)’d(wvs) = (wv)rMr(y) (23)

Multiplying Eqs. 17.1 and M by #rand integrating and using Eqs. 22-24 yields

J ( v, ~w-)rg[b~r(y)+g~r(g) + JLJV)]dYLr(z) = ‘a-e-u-.=- (
(J

Mr[Z)=Jm*@?-a02{(vw)rgfjVr(z)+ (f + b)kfr(z) + :;r(z)]}dz

Using Eq. 5.1

Mr(z) = #9[~JVr(Z)+ (~ + tJ)M’(Z)+ ~~r(z)]~m Coe-””z{-}rdz

.,

~r(z) = urg[~Nr(Z) + (f + b)Mr(Z)+ ~Lr(Z)]OO”{~}r[~o+~(~ - ~0)]-1

Defining

G= v’gao{~}’[ao + r(a - 00)]-1

Eq. 25.3 becomes

10
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—.

hf,(Z) = @j~r(z) + (f + b)kfr(z)+ &r(Z)] (26)

,Multiplying Eq. 17 by t’, integrating, and wing Eqs. 22-24 yields

I

T
ZVr(Z) = u+e‘u+(V-~)(~~+)rg[f~r(y) + ~Mr(~) + 6L(y)]~y + ‘-U+(T-S)W$ ’27)

z

Using Eqs. 4-6, note that the three equations above are independent of O+,ao,

and 0- for r = 1. Thus the mean score is the same as the analog case for any choices

of o+, Co,and a_; thus the method is unbiased.

Substituting Eqs. 1,2,4,5, and 6 into Eqs. 25 and 27 yields

Jz -(r+(t+e-(a - )(.-v)rgvr [b~r(v)+ qhfr(gl)+ fLr(~)]d~L,(:) = u_e
o u-

J

T
Nr(Z) =,, cr+e-a+(v-=)(~)’ e-(a--+)(v-=)’

u+
9V’[fNr(Y) + dfr(y) + b~r(y)]~~

z

+e -a+ (T-Z) e-U+(T-z)r

Rearranging the two equations above yields

L’(Z) = (~)-r+l@Vr
1
z~-(ur-u-(r-l))(z-v) [h~r(y)+gA!fr($/)+ .fL(~)] 4

0

J

T
~r(Z) = (~)-r+lg~Vr e-(ur-u+(r-l))(v-=) [f~r(y) + gMr(~) + ~L(Y)] ‘y

z

(28)

(29)

(30)

(31)

+ e-(ar-a+(r-l)) (T-z)

Multiplying Eq. 30 by .e@ -c-(r-l))= ~d ~, 31 by e-(~r-a+(’-l))z yields
,.

J&(Z)Jur-u-(’-l))=
I

= (~)-’+lgd ‘e(Cr-C-(r-[
1))Vb~r(~)+qJ&(y)+fJ&(y)]~y(32)

u o

11



1

T
Nr(z)e-@r-’’+(l))))’ = (~)-r+*gd e-(ur-u+(r-l))y[f~r(y) + ~A4r(~)+ W!J)]dV

z

+ ~-(ur-u+(r-l))T

Differentiating Eqs. 32 and 33 yields

L;(z)e(”’-U-(’-l))=+(crr

(33)

t7_(r-l))Lr(Z)C?(’’’-’’-(’-1M=

= (;)-’+’wfe(ur-a-(’-’))’ - (34)

X [bN’(z) + g~’(z) ~ ~Lr(z)]

N;(z)e-(ar-u+(r-l))z - (d~ - t7+(T- l))Nr(Z)e-(ur-”+ (r-l))z

= -(;)-r+1~9~re-(ur-”+ (r-’))= (35)

X [f~r(Z) +’@!fr(Z) + bLr(z)]
,,

~ Multiplying Eqs.34 and 35 by e-@’r-a-@l~=and e@-c+(r-l))=respectively yields

LJ(z)+(ar-a-(r–l))Jk(z) =(~) ‘r+]agt)r[bAlr(z)+ qA4r(z)+ ~~r(z)] (36)

JV~(Z)- (07’- (7+(7’- 1))N’(Z) = ‘(%)-’+* a9Wr[~Nr(z)+ 9Mr(z) + W(2)] (37)

.RearrangingEq. 26 and defining D by

~ ? “G
= ~1 -G(j+ b)

(37.1)

yields

M’(Z) = ~(Nr(z)+L’(Z)) (38)

Substituting Eq. 38 into Eqs. 36 and 37 yiekb

12



L;(z) +(crr-u-(r- l)) Lr(z) = (:)-’ +*agu’[bN,(z)+D(Nr(z) +L,(z))+jLr(z)] (39)

! A$(z)- (cm - cr+(r - l))jVr(Z) = -(~~)-r+’~gvr[J/Vr(z)+ ~(~r(z) + ~r(z)) + 6L(2)]

(40)

Rearrangingyields

L:(z) +[(Or-a-(r-l))-( ~)-r+l~,g~r(D+f)] Lr(z) = (~)-r+lCgv’[b+D] ~r(z) (41)

Jw + [(y)a+“+lcfgvr(f +D) - (err- a+(r - 1))] N,(z)

= ‘:(~)-r+*~9Vr[~+ b]~r(z)

(42)

Detinhg

[( )
0+

a =— -’+%gv’(’f + f)) - (cm- C+(7 -
u l))]

~“= [(a–o_(r - i)) - (;)-’+’ crgv’(D+ f)]

(43)

(44)

(45)

(46)

and inserting into Eqs. 41 and 42 yields

~J(z)+ YL(2) = CN’(Z) (47)

N:(z) + ~Nr(z) = PLr(z) (48)

This is a system of first order linear difkential equations so one tries a solution

of the form7:

13



N,(z) = aeri’ + be’zs

1$.(2)= ceri=+ &r2=

~ A particle at z = Omoving baikwards always scores Othus,

,, L,(O) = O.

Applying this boundary condition yields d = -c so that

J&(z) =c(erl= -#~=)

Substituting Eqs. 49 and 52 into Eqs. 47 snd 48 yields

arleri=+ br2erz=+ aaer’= + 6aer2== /3c(er1Z- er2=)

rlcerl= - cr2er’=+ ~c(er*Z- er~~)= ~aer]=+ cbemz

Collecting coefhients of the exponential in Eqs. 53 and 54 yields

a(rl + a) = /3c

b(rz + a) = -~c

c(rl + ~) = ca

-c(r2 + 7) = cb

Solving Eqs. 55 and 57 together and Eqs. 56 and 58 together yields

(49)

(50)

(51)

(52)

(53)

(54)

(55)

(56)

(57)

(58)

(59)

(60)



Eqs. 59 and 60 are the same, so take

rI=$[-(Q+7)-~(a+ 7)2-4(Q7~] =;[-(a+ 7)-&7)2+4&] (61)

A particle at z = T movinginthe +5 directionalwaysscoresexactly], sothat

IV.(Z’)= 1 (63)

Rom Eqs. 57 and 58

rl + y
a = -b—

rz+ ~
(64)

Using Eqs. 49 (at z =

Solving for 6 yiekls

T),63, and 64 yields

[06)

Substituting Eqs. 66 and 64 into Eq. 49 yields

N,(z) = [er2T- -d’’]- ’er~zr~z+e-
1 (67)

Multiplying the numeratorand denominatorof Eq. 67 by rz + 7 yields

Nr(z) = [-(rl + y)eri=+ (rz + y)era’ ] [-(r~ + ~)erl~ + er’~(r~ + y)] (@U)

Note from Eq. 68 that the rth moment becomes infinite whenthe&nominator

vanishes; that is, when

(69)

15



Consider the case whenrl and r2 ure complex.Notethat the im#nary parts of

rl and ra are the same magnitudesbut oppositesigns; thus de6ne z and y ~

rz G z + igf

Additionally define o and p by,

Substitutinginto Eq. 69yiekis

or .,

Z’c= +’#+-q

Recalling that (for integer m) eiffi-l = ew,

[ [ 1]
T 1 rnz - arctan ~e=-

9 z+ 7

(70)

(71)

(72)

(73)

(75)

(76)

Note that for complex roots that there is always a positive solution for T= fbr

some m. For practical purposes, the smallest positive 2“ is the one of interest. A
computer program to calculate critical thicknessis @en in AppendixA together
wi~ha specfic exampie.

Rewriting the numeratorof Eq. 68 using Eqs. 70 and 71yields

= ez={[z+7)eiw–(z+7)e-ivr+~9(ei9= +e-*)) = 2~~{(z+7)$ti9x)+P4Yz)} (W
16



Note that the denominator of Eq. 68 is the same as the numerator evaluated at

z = T, thus

N,(z) = [eZ’{(z +y)sin(yz)+ ycos(yz)]] [eZ~{(z+ 7)Uin(W)+yco@?]]-’ (W

A computer program that calculates the moments from Eq. 79 and estimates the

moments via Monte Carlo transport is given in Appendix B together with a specific

examp’k.

IV. DERIVATION OF SCORE DISTRIBUTION EQUATIONS

The moment equations of the previous section alb determination of the critical

thickness for a dab with given a,a., a+, ~, and u-, but the actual score distribution

is also interesting. The special case for which:

(7+ = a(l -p) (79.1)

Uci= u (79.2)

c7- = C7(l+ p) (79.3)

will now be consideredbecause it is the tridirectionalanalog of the oldest exponen-

tial transform variation in MCNP.

It will be shown that the score distribution (for the choices Eqs. 79.1-79.3) is a

discrete distribution, determined only by the numberof collisions the particle has
while moving in the forwarddirection and the numberof collisions the particle has

while moving in the backwarddirection. Most of the theory for this comes directly

from the MCNP manual (ref. 1, p. 144),and is paraphrasedin the next paragraph.

Consider the penetration of a nonmultiplying slab whose nuclear cross sections

are constants, independent of space and energy. Let the desired tally be a simple
count of the number of neutrons penetrating the slab per incident source neutron.

Consider artificially changing the total cross section fkorna to a’ = o(1 -pp) where

p is the coainewith respect to the slab penetration direction and p is the transform

parameter. The weight multiplication upon collision is

17



e-WP8
Wc= —

1- pp’
(80)

where s is the sampled distancetraveledby the particle for the currentsampling. If

tlie particle does not collidebecause it reachesa geometricsurfacebefore collision,

then the weight multiplication is

w, = ~-pw

Suppose for a given penetrating particle th~.tthere

(81)

are k flights; m that collide and
k - m that do not coliide. (Note that there may be many geometric surfaces in the

slab for such things as tallying even though the slab is homogeneous, thus there

may be many collisionless flights.) The penetrating weight is:

(82)

However, note that the particle’s penetration of a slab of thickness T means that

k“

xplsl =T
1=1

(83)

and hence

m

Wp = ~-PT ~(1- j9/4i)-1 (84)
i=l

,,

Note that the only variation in WPis because of the (1 - p~i)-l factors that arise

from collisions. Every particle that penetrates has the same exponential factor
e-~T ~gUdeS of how it penetrates the slab. Thus the variation in weight is due

to the number and type of collisions; that is, how many collisions of positive p and

how many of negative p.

Now consider a problemwith only three possible directions;that is pi = {-1,0, 1}.

Using”Eqs. 79.1-79.3in Eq. 84 to obtain the penetrating weight, and hence the
scor~, yields

.

. . . Urn*= (1 - p)-m(l +p)-ne-~Tum+” ., (85)

18



where m ts the number of collisions in the forwarddirection and n is the number

of collisions in the backward direction. This is a discrete score distribution and

all that is now lacking are the probabilities of having m collisionsin the forward

directionand n collisions in the backward direction. Define

Dejinitim 7.

Definition 8.

Definition 9.

Ann(z) = the probability that a particle moving in the forward direc-

tion will penetrate the slab after making ezacily m collisions while

moving in the forwarddirection and ezactZyn collisionswhile moving

in the backwarddirection.

%nn(z) = the probability that a particle moving in the perpendicular

direction will penetrate the slab after making ezuctly m collisions

while moving in the forward direction and ezactfy n collisions while

moving in the backward direct:an.

Ann(z) = the probability that a particle moving in the backward di-

rection will penetrate the slab after making ezactly m collisionswhile

moving in the forward directionand ezactly n collisions while moving

in the backward direction.

Following the earlier procedure, the equations for ~~n(z), ~n(z), ad #inn(z) -

written and then explained below.

J

T

&nn(@ = c+e-a+(’-=)9[f~m-l,n(Y) + 9!lm-l,n(Y) + Wm-l,n(Y)]41 m ~ 1 (86)
s

.

~n(z) = g[~&bfa(Z)+~lhbn(z) + (f +b)%m(z)] (87)

I
I$mn(z) = ‘o-e

-~-(.-~)g[~m,n_l(y) + ~~,n-1($1)+ .f%~-l(y)]dyn 21 (88)
o

Equation 86 states that the probabilitythat a particle makesexactly m z 1 collisims

in the forward direction and exactly n z Ocollisionsin the backward directionis

equal to the probability of each next event, times the probability (subsequent to
that next event) that the correct number of collisions occur in the two directions.

The possible next events for a particle moving in the +5 direction are:
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1.

2.

3.

4.

5.

then survival at y, and then scattering in the

Collision at y with T z y z z, then survival at y, and then scattering in the

-5 direction.

Collision at y with T 2 y z z, then survival at y, and then scattering in the

directionperpendicular to i.

Collision at y with T ~ y ~ z, then absorption at y.
We-flight to z = T and penetration of the slab.

The correspondingnext eventprobabilities are:

10 ~+e-u+(ll-z),g,fo

2. u+e-u+(u-=l,g,b.

3. u+e-U+(u-z)
99A”

4. C+t?-a+(lql -g.
5. e-at(~-r).

The probabilities (subsequent to each of the above events) that the sum of the

collisions for a penetrating particle will be m,n are:

1. &_@(y)

2. Vtn-l,n(V)

3. qM_l,n(y)

4. 0

5.0

The probability in 4 is zero because an absorbed psrticle cannot penetrate; the

probability in 5 is zero because a free-fight leads to m = O and Eq. 86 requir- at

least one collision. Summing the above probabilitiesover all next events yields Eq.

86.
The possible next events for a particle moving perpendicularto 5 are

1. ColIision at z, then survival, and then scattering in the +5 direction.
2. Collision at z, then survival, and then scatteringin the -5 direction.

3. Collisionat z, thensurvival, and thenscatteringin the directionperpendicular

to 5.

4. Collision at z, then absorption at z.

The correspondingnext event probabilities are:

20



l,g,;.

2. I,g,;.

3. I,g,f + 6.
4. 1,1–g.

The probabilities (subsequent to each of the above events) that the sum of the
collisions for a penetmting particle will be m,n are:

1. &*(Z)

2: %n(z)
“3. ~.(z)
4. 0

summing the above probabilities over all next events yields Eq. 87.
The possible next events for a particle moving in the -5 direction are:

1. Collision at y with z z y z O,then survival at y, and then scattering in the +5
direction.

2. Collision at y with z z y ~ O,then survival at y, and then scattering in the -5

direction.

3. Collision at y with z z y z O,then suwival at y, and then scattering perpen-
dicular to the Z.

4. Collision at y with z z y z O,then absorption at V.

5. FkAlight to Z = O.

The correspondingnext event probabilities anx

L ti-e-a-(s+,g,b.

2. a-e-e-fz+,g,~.

3. a-e-U-@-V),g,q.
4. cr-e-u-(s-~),l -g.

5. e-U-Z.

The probabilities (subsequent to each of the above events) that the sum of the

collisions for a penetrating particle will be m,n are:
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(89)

1: &,n-~(y)

2., ~,n-~(y)

3. ~,n-~(~)
4. 0

5.0

Note that the probabilities in 4 and 5 are Obecause a particle cannot penetrate

(z = T) if it is absorbed nor if it crakes z = O. SUmrningthe above probabilities
tier all next events yields W.. 88.

RearrangingEq. 87 and defining

Q= w’[1 - (f+ b)g]-’

yields’
.,’

Q~[4*. + k.]~.(z) = – (90)

Substituting Eq. 90 into Eqs. 86 and 88 yields

J
An(z) = ‘C+e-”+b-=) g[(f + :)bl,n(v) + O +

r ~)@m-lAV)]dY. ‘“2 1 (91)

1
*inn(z)= ‘a-e-”-b) g[(b + ~)hb,n-1(~) + (f + $)lkn-l(Y)] ‘y n ~ 1 ‘(92)

o

Rewrite Eqs. 91 and 92 in terms of the.distange from the z = 2“boundary. That
is, let

s = T-z (93)

F~n(8)= &(Z) (94)

B~n(S)= #~n(Z) (95)

Additionally, let
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~ - go+
2

n+=

r= T-y

,.
a=“2: + Q

/5=“2b+ Q

(96)

(97)

(98)

(99)

(loo)

Changing variables from x and y to s and r yields

F’.(8) = Kc-a+” /[ 1
(loi)“eu+r(a~m_l.(f) + p~~-lk(q) ‘r

.0

(102)

Note that

l?m~(s)= o for n’l~o (103)

I

because a particle moving in the backwarddirection that does not have at.least one

collision while moving backwardcannot penetrate the slab. Also, note that

Fh(s) = O for n>O (104)

because a particle moving forward cannot have any collisions moving backwardif

there are no collisio..s while moving forward. Finally, a collisionless f&e-fight that

penetrates the slab occurs with probability

Fw(z) = e-”+” (105)

After evaluating the so!utions for,srnallrn,n it appears that good guesses for&n
-d & ~:
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I

,’

.

m n-1
Finn(s)= e-u+” E xa~*jd” +e“-’ b~~jd” (106)

j=O j=O

m n-l

Bmn(S)= e-”+’ ~C~~jti + e“-’ ~d~.jti (107)
j=O j=O

Rom integral tables for positive integers n

(108)

substituting Eqs. 106 and 107 into Eqs. 101 and 102 yields

●ll m-1 n-l

Finn(i)= Kc-”+’
Jeu+’[a{e-u+rz%-l,nj~ +eu-r~bm-lo*ji]

j=O j=O

(109)
m-l n-1

1
+ P{e-”+r~ ~-l,nj+~ + e“-’~&.l,mjrj} dr

j=() j=O

.

D#hing

.,’

. .

u●= t7+ + t7- (109.1)

● m-l

/[E
n-l

F~n(S) = Kc-”+” c1 am-l,nj~ + e“”rck zbm-l,njti
o j=O j=O

m-1

F’mn(S) = Kc-u+’[D
rj+l s

Ia%n-l,nj+kn-l,nj)~ ~

j=O

n-l

+ ~(dn-1,.j + Wrn-l,fij)

j=O

&’Ortidr]

Let i = j + 1 in the first sum and use Eq. 108 on the integral

(110)

(111)
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m
Finn(8)= Kc-”+’ [D CYa~-l,n,~-l+ /3~-1,~,~-1)$

i=l
(112)

n-1

{(;;+*>
+ ~(ak-l,nj + ~~m-l,nj) —

I }J(-ly+~(qor)~“]
j=O .

= o

m

[D
i n-1

Fmn(~) = Kc-u+’ CY(lm-l,n,i_l+ ~Cm-1,n,i-1 ); + ~(ah-1,.j + Mn-1,.j)
.= j=O

(113)
j

X{,;;+:X
-

[ 1 }1
(-l~+k#cr.s)k + ~ j+lj!

ko .

1 Noting that

~-l j n-1 n-1

Ix=xs
j=O k=O k=o j=k

(i14)

the double sum term may be rewritten and Eq. 113 becomes

m

x(
i

Fmn(~)= Ke-u+s aam-1,n,i-1+ Scm-l,n,i-l)f

i=l

n-l n-l

+~ea-s~~(a~m-l,nj +Wm-l,nj)(C.)k-J-’(-l~+k#Sk (115)
&=()j=k .

,,

n-1

+ Ke-a~’ Z( b
-1 j+l

()
a m-l,nj + Pdm-l,nj) ~ j!

j=O

Collecting coefficients of see-”+”yields

n-1

amno= K ~(abm-l,nj + kk-l,n~)[~]~+’j!
j=O

(116)

,,

~ollecting coefficients of s~e-a+’ yields

(117)
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.’

—

Collecting coefficientsof skea-$yields

n-1

bmnk= K ~(ab~-l,.j + %-l,nj)(~.)k-j-l (-l)j+k,# O<k <n-1
j=k

.
(118)

For the backwardequation, substitute Eqs. 106 and 107 into Eq. 102

(119)

Mee-a
T

/[
e-uor

●

+

n-2

~/lb “9m,n-lti
j=O

(120)

m[x /T
Bmn(s) = Me”-” (@am,n-ld +a~,n-l~) e-umr~dr

j=tl ●

n-2 T
+ ~(~bm,n-1~ + adm,n-1~)

II
rjdr n~l

j=O ●

(121)

Now using Eq. 108

(122) I



m

Bin.(#)= Me”-’ IX(O “)am,n-l,j+ Qcm,n-ld

x{-~[u.]’$d “--&7*)’g*’]
ko . w .

=

(123)

n-2

{

Tj+l ~j+l
+ ~(m-~ +C4n,n.li) ~ - — }] n>l

j=O 3+ 1

Letting i = j + 1 in the last sum, noting that a- = a++ u-, and noting that

yields

- Meff-ae--T m~~(P k-j-l~T&
amen-lJ + @Gn,n-lJ)(~O) ~!,.

k=o j=k
.

+Me”-”~(Pbm.-lJ +a4n,n-*J)~
j-+

m
Bmn(s)= Me”-’ [x(hn,n-l~ + W.,.-1J)

j=O
{-b’lk$}:=:

k=o
. =

n-2

+ ~(@bm,n-lJ + dnm-IJ){g}’::] ?3,,
j=O

Collecting”terms of ske-n+Oyiekls

[125)

(126)
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Collecting terms of cc-” yields

@+l
~mno= M ‘~2(~bm,n.lti + ~~m,n-ltj’)~ - Me-””+~(@m,n-*,j

j=O k=Oj=k (128)

+ acm,n-lJ)(a.)k-j-’ #T~.

Collectingtermsof sit?-’ yields

d “= ‘+bbm,n-l,i-l +a%n-l,i-1) 1S i S n – 1mm (129)

These recurrence relations may be solved recursively to obtain the exact score

distribution. Although closed form solutions have been obtained for some cases,
the author has been unable to obtain a general closed form solution.

One simple case can be obtained by induction. Assume that

~mo(s)= (Ka)m~e-@+O
.

then using Eqs. 101 and 103

.,

!
~m+l,o(~) s (~O)m+l~-~+s ~’e”+r~e-u+rdr.

I
= (Ka)m+le-”+” ~“~=(Ka)m+’&e-”+”. .

However, note that Eq. 130 is true for m = O, thus by induction it
m ~ O. Thus by Eqs. 106 and 130

(130)

(131)

.

is true fur all

(132)

V. EXPONENTIAL TRANSFORM WITH IMPLICIT CAPTURE

The exponential transformcan be used with implicit capture. The implicit cap
ture technique splits the colliding particle into its absorbed and surviving compo-

nents. That is, if the capture probability is c, then a colliding particle of weight w
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has weight cw absorbed at the collision and weight (1 - C)Wth~t survivesand um-

tinues its transport. For the caw of ~ti~ tr~~ with implicit capture?

thedefinitions of v and g are changedfrqm their definitions in Eqs. 6.4 and 6.5 to:

u,
v= —

u
(133)

9=1 (134)

That is, u is the weight change due to the capture game, and g is the probability

the particle survives the collision. For implicit capture, the particle continues its
random walk with probability g = 1, and there is a w ‘~ghtchange so that v = ~.

In addition, Eq. 85 includes the effect of implicit captures on the scoring weight
through the urn+”term. A computer program that recursively solves for ~.j.

bmnjt Cmnjt an ~ dmnj is given in App~dix C. Additbdly, thereinlies a specific
comparisonof thetheoreticalscoreprobabilityfunctionFm~withanempiricalscore

probabilityfunctionestimatedby a MonteCarlotransportcalcuhttion.

VI. CONCLUSION

This report provides analytic score distributions and moments for an interesting
set of spatially continuous exponential transform problems. These analytic score

distributions are intended to aid in the quest for better Monte Carlo confidence

statements. Proposed new confidence interval estimation procedures can use the

knownscore distributions as test
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APPENDIX A

The following FORTRAN program with ~ = .25, b = .25, and q = .5 com-
puted the critical thicknesses (fm finite secxmdmoment usingEq. 76) shown in

Table I (seep. 46). Table Jshowsthe criticalthicknessdependenceon transformpaF

rameter p and scattering cross sectionu,. A negativeentryfor a particulartrans-

form parameterp and scattering cross section u. means that the critical thiclc-

ness is infinite. That is, the secondmomentis tite fm all thicknesses.The re-

sultsare f= analogcapture.
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c

e

c

c

c

c

c

c

c

Px66MBsorios(tty, im~txty,mt~t=tty, ont,t~=out)

dtialsion tcrit(loo,100)

ca@@ut@ocritical thiakmso fox f idto mriaaco ad Czpozolttialtraneform

●*=totalcrog~g*etioa

aiga=mttoting cross ●ootioll

p=.zpon~ti~ trufom param.t.r

f=~obab~litp Of fozmrd •attm~ (MI direction d-go)

b=probability of bcckm,rd,scattcring

q=pmbebility of 90dogzaascattexiag

wri80{*,*)Jonter f,b,q-?J

road(*o’*)f,b,q

8*1

do S00 i=lo$

sigs=.l*i

do 7W j=l,49

p=.02*j

za=(aigo/(l-#)*(f+ sigs*q**2/:~*aig) / (1-~~*(f+b)/sig) )

1 -sig*(l*p)

zb=(-zigs/(1-p))O( b+ S~~/(~8i@ / (:-8iSs*(f+b)/si@ )“

zg=sig*(l-p)

1 -(9igs/(l+p))*(f+ sigz*qm2/(2*@ / (1-sigs*(f+b)/sig) )

zo=(sigs/(l+p))*( b+ sigs*q**2/(2*@ / (1-sigs*(f+b)/@g) )

~bz( (za-zg)**2+4.zMzo )

rz2=.6*( -(za+zg)+ricsqfi(m))+zg

zirt2=.5*cqrt(a)

zrrt2=.6*(-(za+zg))+zg

zth=atan(zirt2/zrrt2)

write(4,*) ’za,zb,zg,ze=D,za,zb,zg,zo

writo(4,*) ’zm,zirt2,m2,~~ ,zm,zizt2,zrrt2,zth

221=.6*( -(za+zg) )

zr2=.6*( -(za+zg) )

d=(za-zg)oo2+4*zboze

if(d.lt.O)go to 661

zri=z,rl-.6~sqm(d)

zr2=zr2+.6*s@(d)

Ztc=alog((zrl+zg)/(zz2+zg) )/(222-221)
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zrit.(4,*)’8igc,p,rc31ztc 8,i,j,sigsop,ztc

terit(i,j)=ztc

go to 700

sol Conttllno

c complexroot-

700

000

2000

1000
900

32

if (zth.l@.O)ztc=(-zth)/( .6w@(z8))

if(zth.gt.0)ztc=(3.14MMM#6W89793-zth)/(.6~sqrt(xm))

writo(4,*11sigs,p,c~lox ztc ‘,i,j,nigs,p,ztc

tcrit(i,j)=zte

Contl.nuo

Continus

writo(4.2ooo)

fomat(lhl)

do 900j=l,99

urite(4,1000)(tcrit(i,j),i=l,e)

fONt(l@hi~.6)

Contixlm



APPENDIX B

The following FORTRAN program with analog capture computed the fwst four

scoremomentsfor the problemdescribedin TableII (see p. 47). The theoretical

momentscomefrom Eq. 79 and the samplemomentscomefrom the program
runwith 10 millionsamples.Note that the highermomentsaremoredifficultto

estimatecorrectly,and thusthe fourthmomentis still not adequatelyestimated
evenwith10 millionsamples.(This program also provides Monte Carlo estimates

of the actual scoreprobabilitydistributionF~..)

program●rios(tty,iapmt=tty,ontput=tty,oatmc,tape4=omtmc)

comon/teb/rm(iOO),theorym(100),fmi(O:100,0:100)

c Cqmtos all tri-diroctioaal ●cattor~ UldytiC and UpiZiCti moBent8

c atig=totalcroes ●ection

c 8ig8=8cattaringCX088s.ction

c t=elab thickness

c f=probability of forwardscattering(nodirection Chaage)

c b=probability of backwardscattering

c q~dxhility Of w
writo(*,●) ●nter

ra3d(* ,*)p

urite(*, ●) ●ntor

road(*, ●)hpl

writ.(e ,*) ‘enter

degree scattering

p tuporuily= $

0 for analog 1 Zor implicit capture’

Sig,Sigs,t=?’

read(*, ●)IIig, uigs, t

wriw(*. ●) ‘enter

xead(*,*)sigp

mito(*, ●) ‘enter

road(*, *)8ip

write(*,*) Jenter

xoad(*,●)sigo

write(*.●)‘enter

read(* ,*)f,b, q

write(*,*)eater

read(*, ●)B09

do 11 ir=l,mm

g=sigsmg

●igfomrd= ‘

●i@ackwud= ‘

sigperpendicular=8

f,b,q=?‘

mmber ofmomentsto compute=?S
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if(izpl. aq.o)go to 643

g=i

V=aigB/mig

~ 643Contiauo

doo=(6*v**ti*q**2 )/(2*( l-g*v*@iro(f+b)))
=a=~~ig*r*~i~(l.p)O*(.~+l)O(f+deo)-~i8*(l+(fi-l)~)

zb=-(1-p)O*(-k+~)O&sigOr$$ti*(M@c)
z8=,lg*(l-(ir-l)*p)-(g*~@*~00lr0(~+p)**(-lx+~))*(f+~oc)
z;=(!+p)80(-fi+l)*6*si8*?*OH(HOO)

cccccccccccccccccc ncw .quatioaz cccccccccc

gc@=v**ir*g*si@* (si#si@) ●4fi/(ci@+fi*(sig-si@))

dea=.6*q**2*goo/(1-goo*(f+b))

writO(*.*)’za=D,ra

za.(si~/8ig)**(-ir+l)*~~g*g*~**~(f~.@)-(~~g*ir-~~~O(~-l))

writa(*,*)8za=8,za

zrito(*,*)’zb=’,zb

z~-(8i@/aig)**(-fi+l)*sig*&v**ti*(tMco)

writa(*,*)’zb=’,zb

writ@(*,*)’zg=’,zg

zg=gig*ti-ai~*(ir-l)-(8i@cig)**(-ti+l)*si@g*v**k*(fMaa)

writo(*,*)’zg=’,zg

writa(*.*)Dze=D,ze

zo=(si@sig)**(-*+l)*s**@**m(wec)

mite(*,*)$zo=S,zo

Cccccccccccccccccccalldnew●quathzz ‘Cccccc

z8=abz( (za-zg?**2+4*zMzo )

zirt2=.6*sqrt(zz)

-2=.6*( -(za+zg) )+zg

zth=atan(zirt2/zrrt2)

.C writo(4,*) $za,zb,zg,zo=’,za,zb,zg,zo

c write(4,*) Dzz,zirt2,zrrt2,zth=D,m,zirt2,zrrt2,zth

~1=05*( -(zatzg) )

zr2=.6*( -(za+zg) )

d=(za-zg)**2~z~z@

if(d.le.O)go to 661
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c reelroots

ml=xrl-.6*sqrt(d)

zr2=xr2+.6*sqrt(d)

ztc=alog( abs((xrl+zg)/(zr2+zg)) )/(zr2-zri)

writo(4.*) ‘siga, si~, sigO,si~,ro~ ztc ‘

1 ,i,j,8iglJ,8igp,aigo,8igm,ztc

rnuz=-(xrl+zg)*oxp(zrl*x)+(zr2+zg)*oxp(zr2*x)

rdon=-(xri+zg)*oxp(zrl*t)+(zr2+zg)*oxp(zr2@t)

rnO=rnuz/rdm

writQ(4,0)ir, 8thooratical8omont=D,rn0

thoorym(ir)=rnO

go to 700

661continue

c CO8P1OXroots

i~(zth.le.O)ztc=(-zth)/(.6*sqrt(zm))

it(zth.gt.0)ztc=(3. l4l69X63M9763-zth)/(.6Csqti(=))

write(4,*) $sigs,6igp,aigo,siJp,clMploxZtc ‘

1 ,sigs,8igp,sig0,sigm,ztc

y=.6@sqrt(a)

1=0

rnuz=ozp(zrl*x)*((zrl+zg)*Bin(pz)+y*cos(pz) )

rden=oxp(zri*t)*( (zrl+zg)*dn(y*t)+y*co8(y*t) )

rnO=rnuz/rdon

vrite(4,*)ir,’theoretical zomnt=9,rn0

700

11

12

theoryn(ir)=rnO

continue

continua

writo(*,*)$oator

read(*,e)nppk

npp=1000mppk

do 12 ir=l,mom

m(ir)=o.
coatime

nmborof pamiclac(inthowands)=?$

do 804nWOO=l,iQOO

do 803aps=l,nppk

Ml=l
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c

c

c

c

c

36

X=o ”

SWo

li=o

VI

014continue

dimtaacoto colliaion

Xo=x

if(m.oq.o)sigfict= sigo ‘

if (m..q. -l)sigfict=si~

if(ml. oq.l)sigfict=sigp

ii=-alog(raato)/sigfict

X=X-*,

if(X.@.t)60 to 810

if(X.lt.0)60 to 803

w-w*aig*oxp(-sig*8)/(sigfict*cxp(-sigfict*s))

reducoweightif tiplicit captpro

if(impl.eqoO)go,to 877

w=w*sigs/sig

go to 878

877Continuo

chockfor ●bsorption

if(ranio.gt.sigo/sig)go to 803

876continue

rn=raafo

if(m.eq.O)go to 900

if(al.eq.l)go to 910

~=-1

n=a+l

if(n.gt.100)stop 14

if(rn.1.t.f)goto 814

m=o

if(rn.lt.f+q)go to 814

Bn=l

go to 014

900continue

Bu=o



if(rn.lt.f+b)go to 814

c ●catter right or left with equalprobability I
RU8.1

if(ranfo. gt.O.S)mu=l

go to 814

910Conthue

c ml=l

8=8+1

if(m.gt.iOO)stop 13

if(ra.lt.f)go to 814

m.=o

if(rn.lt.f+q)go to 814

~.-l

go to 814

810contiauo

c P~@trato tho slab at X=t

812

803

804

1000

712

S=t-xo

fm(m,n)=fmn(m,n)+l

Fu*eq(-sig*s)/eq(-si@ict*s)

do 612 ir=l,mom

r8(ir)=m(ir)+w**ir

continua

continue

continue

do 712 ir=l,mm

r8(ir)=rm(ir)/npp

urite(4,fOOO)ir,m(ir),theorym(ir)

urita(*,1000)ir,rm(irl ,theorym(ir)

format(i6,’-th soment=S,lpe13.6,Dthaorotical ●omnt=D,013.6)

Contiaue

8d=sqrt((m(2)-rB(l)**2)/npp)

urito(4,*)]mean,standard dowiation=$,m(l),sd

ddovistion=’,xm(l),sdwrite(*,*)’mean,Staadar

do 988r0,20

do 96sXI=0,20

f8n(m,n)=fBn(ll,n)/npp

37



I

986contiauo

986Contimlo

do WE m=0,20

writo(4,3000)(9, (fml(wd ,n=o,e))
3000foNt(i6, 1~9ci4.6)

986Conthlm

Ond
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I
APPENDIX C

The following FORTRAN programwith analog capture computed the theoretical
score distribution for the problemindicated in Table III (see p. 48) using I@, 116,

117, 118, 127, 128, 129, and 106. (F&(s) is evaluated at s = Z’.) The sample score
probabilities come from the same 10 million sample run of the programreferredto

in Appendix B.

programcoaf(tty,input=tty,output=tty,ont,tap84=out)

conon/tob/a(-l:20,-;: 20,-1: 20),b(-i: 20,-1: 20,-i :20),

IC(-l:20,-1:20,-1 :20),d(-1 :20,-1:20,-1:20),fact (0:30) ,f (O:20,0:20)

20

fact (o)=l

do 20 i=l*20

fact(i)=i*fact(i-l)

9rite(*,*)‘anterO for analog 1 for i9plicit capture]

road(*,●)*1

write(*, *) ‘enter sig, sigs, p,t=?’

read(*, ● )sig, sigs, p,t

urite(* ,*) ‘mtox f ,b,q=?S

read(*,●)forw,back,r90

g=8ig8/8ig

vat

if(i8pl. eq.O)go to ,S43

g=l

v=sigm/8ig

643continue

q=(g*rg0**2)/(1-(fOm+back)*g)
al=2tion+q

ba=2*back+q

sigp=nig*(!-p)

9igm=sig*(l+p)

rk=g*8igp/2.

rm=g*sigd2

writo(*,*) ’rk,m,rkm=D ,xk,m,rkm

do 1008=0,20

do 100n=o,20

do 100j=0,20
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c

c

c

‘c

,. c

c

c

c

c

c

,. c

c

c

100

21

22

62

72

a(m,m,j)=l.7o123

b(m,n,j)=l.7oi23

c(uuj)=l.7o123 .

d(m,n,j)=l.7o123

continua

do 22 i=0,20

do 2i j=0,20

a(o,i.j)=o

b(O,i,j)=O

c(i,Ooj)=O

d(i,O,j)=O

b(i,O,j)=O

continua

Continuo

do 72B=0,20

do 62 j=O,S

●(m,ooj)=o

continue

●(m,O,m)=rk**s*al*Wfact(m)

Contillno

a(t,O,l)=rk

d(o, l,0)=(-~(2*sig))*Ox’p(-2*si&W)

a(!,l,O)=( (rWrm)/(2*sig)**2 )*oxp(-2*sig~)

C(o,l,o)=d(%sig)

a(l, ;,l)=(rk*rm)/(2*aig)

b(l,i,O)=-( (xk*rm)/(2*sig)*~2 )*oxp(-2*sig*t)

c(i, l,O)=(rk*m)/(2*sig)**2

c(l, l,l)=(rkexm)/(2*sigj

d(f,l,O)=-( (rk*m)/(2*sig)**2 )*eq(-X#igW)*(i+~si&t)

a(2, l,O)=((2*rk*zkm)/(2*sig)**3)Qo~(-2*sigW)*(l+ai&t)

a(2,1,1)=((rkmkm)/(2*sig)**2)*(2+oxp(-2*si&))

b(2,l,O)=-((2mk*rkm)/(2*sig)**3)*o~(-2*si~t)*(l+s@)

a(2,002)=rk**2/2

do900 ir=l,10000OOO

B=22*aIlzo
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j3=21*raafo

c Choosofomllatotxyto ●pply ●t mmdo8

irfOXm=l+ranfo*O

go to(lll,l12,113, l14,115,116)irfoxm!.
.111continue

c try to Coqxtto a(m,n,o)

B=ms(l ,B)
,’ n-( 1,n)

if(ab#(a(m,n,O)).1t.1.e60)go to 900

9UB=0

do 300 j=O,n-1

if(abs(b(m-l,n,j)) .gt. i.e60)go to 900

if(aba(d(m-l,n,j)) .gt.1.060)go to 900

sun=ma+(al*b(wS,n,j)+be*d(m-1,n,j))*(-l)**(j+l)

i ●(2*8ig]**(-(j+i))tiact(j)

300continue,.,
iflabs(mm).gt.l.e60)go to 000

a(m,n,O)=rk*mm

c urite(*,*) Jm,n,a(m,n,O)=’,m,n,a(m,n,O)

go to 900

112continue

●(a,m,j)c tryto coqmte

j~ (l,j3)

j=min(j,s)

if(abs(a(m,n,j)) .1t.1.e60)goto 900

do 410j=lom

if(abs(a(m-l,n,j-1)).gt. 1.e60)goto 000

if(abc(c(m-l,n,j-1)) .gt.i.e60)go to 900

a(8,n,j)=(rk/j)*(al*a(m-l,noj-l)+ba*c(m-l,n,j-l))

c urite(*,*) ’m,n,j,a(m,n,j)=J,m,n,j,a(m,n,j)

410continue

go to 900

113continue

c trj to compute b(m,n.j3)

.“ IFDas(l,n)

W8ax(s,m)
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j3-(j3,n-1)

if(ab#(b(8,n,j3)).lt.i.060)60 to 000

k=j3

-~so

dO 430 j=k,n-1

if(a~(b(B-i,m,j)).@.l.@~)60 to 900

if(ati(d(m-l,n,j)) .@.1.@SO)Uoto 000
I

sun=mm+(al*b(m-l,n,j)+ba*d(~-l ,a,j))Q(2*Si@*(k-j-0*(-llo*(j+k) ~

1 ●fact(j)/fact(k)

430continue

b(80n,k)=rk*mm

c writo(*,*) $wm,k,b(wa,k)=’ ,m,n,k,b(q,n,k)

go to 900

114Comtinuo

c tryto Coqmte

j3=min(j3,8)

n--aax(l on)

kajs

c(m,n,j3)

if(abs(c(m,n,j3)).1t.1.060)go to 900

SU8=0

do 480j=k,m

lf(abs(c(m,n,k)).lt.i.060)go to 900

it(ab8(a(m,n-1,j)).gt.1.060)go to @oo

if(ab9(c(m,n-1,j)).gt.1.060)go to 900

ou=s-+(ba*a(8,n-l,j)+~*c(9,n-l,j))*(2@sig)**(k-j-l)

1 ●fact(j)/fact(k)

400

c

116

continue

c(mon,k)-mm

uritc(*,*)’a,m,k,c(m,n,k)=’,m,m,k,c(=,wk)

go to 900

Contilluo

c try to Umpllte d(m,n,o)
a--=dn,l)

SU91=0

if(abs(d(m,n,O)).1t.1.e60)go to Ooo.

if(n.oq.l)go to 614
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,,

610

514

dO 610j=0,n-2

if(ab,(b(s,n-l,j)) .gt.1.060)go to 900

if(abs(d(m,n-1,j)).gt.1.tiO)go to 900

suml=su81+(bo*b(m,n-1 ,j)+al*d(m,a-3,j))*t*~(j+l)/(j+l)

Continuo

Colltinno

8U82=0

do 640k=O,m

do 630j=k,m

if(abs(a(s,n-lOj)).gt.l.oEO)go to600

if(abs(c(m,n-1,j)).gt.1 .060)60 to 900

ati=am2+(bo*a(m,n-l,j)W*c(m,u-l,j))*(2*8ig)**(k-j-t)

i ●(fact(j)/fact(k))*t**k

630 conttiue

640continua

d(m,n,O)-n*mml-rm*erp(-2*sig*t)*mm2

c writo(*,*) )n,n,d(m,n,O)=J,m,m,d(mOn,O)

go to 600

116continuo

C try to cofqmto d(m,n,i)

c

c

900

c

“c

i=j3

n=aax(l,n)

i=8in(i,n-1)

i=nax(i,l)

if(i.go.n)go to 900

if(abs(d(m,n,i)) .1t.1.060)goto 900

if(abs(b(m,n-!oi-l)).gt. 1.e60)goto 900

if(abs(d~d,n-l,i-1)).gt. 1.060)goto 900

d(m,n,i)=-(rm/i)*(ba*b(m,n-l ,i-l)+alod(m,n-i,i-1))

writo(*o*)’ir=D,ir

urito(@,*) ts,n8i,d(mon,i)=’ ,n,n,i,d(m,n,i)

Continuo

a2lO=2*(rk*rkQzm/(2*sig)**3)*oxp(-2*8i&t)0(l+si&t)

mite(*,*)’b(i,l,O),d(lol,O)=’ ,b(l,l,O),d(l,l,O)

writo(*,*)1a210,a(2,1,0)=D ,a210,a(2,100)

a211=(rkmkorm/(2*sig)o*2)*(l+oxp(-2*sig*t))
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c writa(*,*) $a211,a(2,1,1)=’,a211,8(2,1,1)

●212=(rk*k*m/(2@J))

c writo(*,*) ’a212,a(2,1,2)=’ ,a212,a(2,102)

b2lO=-(2*rk*rk*d(z~*i6)*@3)*e~(-2*~i6*t)*(~+~i6ot)
c writo(*,*) Sb210,b(2,1,0)=’ ,b2100b(2,1,0)

wrlto(4,2000)

2ooofomat(J 8 n j’,

1, a(m,a.j) b(m,noj) C(m,ll,j) d(m,n,j)’)

c

c

c

c

010

do 930 ●=0,7

do 920n=0,7

do 010j=0,7

if(ab8(d8,n,j)).gt.i.060)a(m,n,j)=0

if(abs(b(m,n,j)).&.t.060)b(m,n,j)=0

if(abs(c(m,n,j)).gt.l.060)c(mn,j)=0

if(abe(d(m,n,j)) .gt.l.s60)d(m,a,j)=0

if(a(m,n,j).oq.O and. b(m,n,j).cq.O

1 and. C(m,n,j).oq.o ●nd. d(m,n,j).oq.O)@ to Qlo

conet=l

●(8,n,j)=a(m,noj)*con9t

b(m,n,j)=b(m,n,j)*const

c(m,n,j)=c(m,n,j)*const

d(m,n,j)=d(m,n,j)*con8t

writo(4,1000)n,n,j,a(m,n,j) ,b(m,n,j),c(m,n,j),d(m~a~j)

continue

920continuo

930continue

1000formt(3i3,1P6014.6)

do @70==0,20

do 060B=0,20

Sup--

8-=0
do 640j=O,m

●mpsu=p+a(m,n,j)*t**j

640 Continuo

if(n.oq.o)go to

& 960 j=o,n-1
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062 Contiauo

f(a,n)=oq(-airt) ~ae.w(~ip?’-

c f(m,n)=fact[m)*fact(a) ●f (Ml)/(rk*-*-@-)

960Coati.allo

970Comtillllo

do 980 ■=0,20

do 976 n=0,20

●m=(l-p)**(-D)*(i+p)**(-)*m(-w~~s-)

mito(4,wm)9,nssm,~(8cn)

3000soIm8t(2i6,1p7a14.@)

976contimm

880Contime

do 981m=0,6

mito(~,wo!)=,(f(m,a)o~~ss)
,.

3001fomat(i6,1P7014.6)

Oid
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TABLE 1

CRITICAL THICKNESS FOR FINITE VARIANCES AS A
FUNCTION OF SCATTERING PROBABILITY AND

EXPONENI’IAL TRANSFORM PARAMETER

●mn-Bht

p-s

p.4
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TABLE II

COMPARISON OF THE FIRST FOUR SAMPLE MOMENTS

VERSUS THE THEORETICAL MOMENTS

suploi-stmoment=1.67i871E-02thaorotical●mont-1.669347E-02

SUP1O2-Bdmomaat=3.26066?E-03theoreticalmomont=3.262S48E-03

98UP1O3-rdHat- 1.446749E-03thmmtical~t=l.6oG7G~-03

●uplo 4-thaomcnt-1.942878E-03thoomticalsommt=4.3777042-03

Roblu: u-l e-es U+m.6 uOml.Oo--1.6 T- 6.0

Sonillioo supl-

Isotropic Scattorimg: f=.26,b-.26, q=- .S

47



TABLE III
.

0
1

2

3

4

s

o

1

2

3

4

6

COMPARISON OF THEORETICAL VERSUS

SAMPLE SCORE PROBABILITIES (Finn)

l’hooroticdScoroProbabilitiesFmn

B-o awl n.z nws II-4 lP6

8.208600E-020.0000OOE+OO0.000ooowoo0.0000OOE+OO0.0000OOIMO0.0000OOE+OO

3.420206E-023.@477S4E-034.276661E-044.670260E-066.021469E-066.263604E-07

7.126434%031.745748E-033.162212E-046.01W44E-067.32W6E-06 1.00S919%06

9.636436E-M3.986371E-041.046659E-042.263313E-064.271736E-067.406441E-07

1.030879E-046.111302S-062.197693E-066.163842E-061.470S03E-063.136604E-07

8.S90666E-067.08S730E-063.369262E-041.184472E-063.626779E-079.037848E_08

SamploScoroProbabilities(10dllionsaqld

n-o IA U.2 IW3 n-a n-6

8.232220E-020.0000OOE+OO0.0000OOE+OO0.0000OOE+OO0.0000OOE+OO0.0000OOE+OO

3.423430E-02 3.832400E-03 4.392000E-04 4.320000E-05 4.0000OOE-06 6.0000OOE-07

7.1!1200E-03 1.729300E-03 3.177000E-04 4.980000E-06 6.800000E-06 i.300000E-06

1.006300E-03 3.902000E-04 1.067000E-04 2.460000E-06 4.90000W!--O6 1.0000OOE-06

1.027000E-046.020000E462.230000E-067.300000E-061.600000E-063.0000OOE-07

9.800000E-066.!OOOOOE-064.1OOOOOE-O61.1OOOOOE-O66.0000OOE-070.0000OOE+OO

Robla: Ana30gCqturm u-l 08-.6 0+=.6 U@.O u.-1.6T-6.O

,,
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