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A NEW METIIOD rro ASSESS

MONTE CARLO CONVERGENCE

R.. A. Forster, T. E. Booth, And S. P. Pederson

Los Alarnos ~tItiOIKd ~Jab~rtitory

Los Alamos, NM 87545

ABSTRACT

The central limit theorem can be rpplied to a Monte Carlo

solution if the following two requirements are satisfied: 1)

the random variable has a finite mean and a finite variance;

and 2) the number N of independent observations grows

large. When these are satisfied, a confidence interval based

on tlie normal distribution with a specified coverage prob-

ability can be formed. The first requirement is generally

satisfied by t}]e knowledge of tile type of Mo]~te Carlo tally

being used. The Monte Carlo practitioner has oIIly a lin~itcd

llulld~er of marginally qunntillabl<+ lnethods that Ilst?salllpled

values to ilSSUSS tlw fultlllmell~ (Jf tile second requirct]lent;

e.g., stntistir:li error reduction proportjiounl to 1.//7 with

error lllngl~itu~le gui(lelincs. No consid{!rntioll is given to

Wlmt Ims not, yet, I)f’en mlnph!(l.

A Iww nwtlmd is I)rcsrl]tcd IIorv to nssess tile Collvrrgcnc[!

t~f MoIltc Carlo solutif)us l}y nnnlyzillg the sllnpc of trll[?elll-

l)iricni prot~nl}ilit,y (iel]sity fullct,ion (I) IIF) (If histt~ry stores,

,1’(.r), wl~oro the ir.II~lolIi vnrinl)lc J. is t,hc s~.ore fro]ll OIIC lmr-

tiric !Iistt)ry nlltl ,1’’~~1,j(r ),1.r I. Sillc(~ j’(r) is ~I(~l{i[)IIIkliowll

rxl)licill.y, Mol]t{” {Tnrlo [)nrticlv rniI({OItI wnlks S{lllll)l{’ ,f(.r)

illlljli(itly. [ !III(ISS tllrr[’ is n Inrgf’stl l){wsil~lc Ilist{)ry s(<f~rl’,

tllo f’illl)ilir:~l j(. r ) IIIItst t’vr~)ltlnlly {It’rrvasr ll]or~” Htovl)ly

{,II!LIIl/,1 1 fr}r I,llf, ~(),-f}ll({ ltlt)lll(illt (,1”‘~ ,1’”’,/’(,1’)(1,!”)~t) ($xist,. It



is postulated that if such decreasilig behavior ill the en~piri-

cal j’( .1.) l~as not beel~ observed, then ..Y is Ilot large elmugh to

satisfy tl:c central limit tl~eorem because ,t(J.) has Ilot been

colnpletely sampled. Therefore, a larger JVis required before

.a confidence interval should be formed.

‘1’he largest r’s for an unbounded empirical history score

PDF have been fit to a generalized Pareto function, which

is a flexible two parameter distribution used to mode! rare

events given by

P(lrf’to f(r) T= (,,-1(1+ I:J+)-1+ ,

The two parameters a and k are determined by a maximum

likelihood fit to the largest 5% of the r’s up to 200 values

using the dowrihill simplex ]nethod. The E?stiilmted slope of

the largest history scores is then defined as

Slopr” = 1 + l/k ,



L INTRODLJCTION

A(”(-llr;it(’ (“~)llfi[!(’11(’C illt(’~VillS f-ill: olll~ I)(h Cr(’iit(’(1 W!ll’11 tkl(’ Illulllwr of ll~)llt(’

C’ill”l{)l]istori(’s -Y I)(’COIll(’s lilrg(’ (!]1(,Ilgll SIIC1l t lliit th~ comliti(ms of t11(?C(’lltlrd

limit thtt(wlll ( C’LT ) w(} met. T]K \[(Mltf2 ~arh llSt’r llilS a liIIlit(”d llIII1lIJW of

nmrginal lllethm Is to w+’ss the fulfilhnwt of this concliti(m, sIICII w statistical error

r(xluctioll l)r(qMlrt imml to the 1/ fi and error magnitude rldw of thunlb,’ third

n~(mwnt cstinlntors,2 nncl folwth nwxnent t=stirnators such as t}le varimncc (jf the

varialllw’. “S4 ~ IWW Ilwthod is drscrihecl in this l)iip(?r th..t wmrnitws the prnl~al]ilit,y

(Ivnsity flmcti(m (PDF) (listril)~lti(nl of history worm.

Litth) work n]~pmrs to lmw IN*CI1[lone in this mm Smr6 tlistrilxltirm llist,ogrmlls

ha~’c IM’CI1gcnerntc(l’i with ;UI (’ll)plli~sis 011 d(!tcrn]ining’ if iL sIllall ntln]lwr of ]lislori(”s

ilCCOllIlt for n lilrg~ fr{artioll Of t,ll(’ t.otill rcslllt. Sum (Iistrihutiou histograms crIIl

;11S0 1)(’ 11S(8(1 to (slT[ltJC iUl(l Stll(l~ I)otll illldyt. id’b ;III(l m11)iricd7 PDFs for l]jst(my

SC(MX*S.Tlws{ ;ux- Iwfld in (lt~t{wnilling if thr (listrill~lti(m lliis I)wn swnlhl w(I11

t’llollpjl to f’.X1)m”t.il VVI’11ronvvrgd s(Jlltiou. This ptipw for~lscs on initin.1 stu(li(w

of ILltj]ltc Cil.~lo Ilistxmy s(’(Nx’tlistril~llti(>lls frolll partir]r tr; ulsport lMX)I)lVIIM.ml
t{’~t,(O;d(.lll;lt.iolls lliiy(’ 1)(*(111l){’rforll](-(l Ilsing ;I.nlo(litir(l vt~rsi(m of hlCNP. *

11. THE II ISTORY SCORE PROBABILITY DENSITY FUNCTION

f(x)

A llistol’~S(I)II’ lMJSI(YI to ii tiillyI)iil I)y hl(’.’NP r: III IN*tllollgllt (.: ;IS Im.villg l)tItsIl

S11[111)1(’(1f[oll] illl 11]1(1(’rlyillg il,ll(l g(’[l(’I’;dly lllllillo Wlk llishwy S(’[nl’ I)EII’ J( ,/’), Wll(’r(’

1.11(’ L’;ill(lo:ll Vill’i;ll)l{’ J’ iS I.]1(’ S(”(JI’(’ flk)lll 011(” (’olll])l(’h” I)illtii”!(’ ]liSl,OY~ to ;L t,ill]y ])ill.

‘1’11(* Ilist(lly SI’01(1 (m;III 1)1’ ,’it l141r ])cwilivt’ tm Iv’g:ttiv(.. ‘1’llr tllm]lt ity ./(,r )f/J is II1[J

1)1’ol)ill)ilit,v (}f s(’1(’{’l.illg ;I IIisi,(my Wf)rt’ Ilf’t,wffw’11J’;III(l .r + f/r f~w1,11(1tjldly I]ill. F4:MOII

t:llly I)ill will lI;I\’(’ its twll J(r).

l’l If. IIMMI,}I,f*IItIrIIlff~rttl f(~r lixl)r(v.:sill~ ,f(.r) [l~~lt.11~’tll;lt.i(”:lllyIS

,((J’ ) /,(.1”)I Jy/vv.l’ J’,) , (1)
1



The mean or expected VRIUC< x > of the history scores is the first moment of

the histor~” scores distribution; ntirnely,

<x>= J xf(x)dx , (3)
—m

The nth central moment of r is defined to k

,Lth
Cm tral moment =

1
m :($)(x -< X>)ndx . (4)

-m

The variance U2 of the population of z‘s is Mined to be the second central u.oment

of .r, which is equal to

02 =<x~>– <x>? , (5)

(i)

(s)

‘1



For e.arh tnlly bin, XIC’NP priuts the cstirnamd mean (Eqn. (6)) and thr estinli~tt’tl

rel:ttive t.’rror R E, where t Iw RE is

RE = ST/~ (9)

(10)

This quantity is convenient because the estimated statistical uncertainty in the

result is given as a fraction of the result.

HI. THE CENTRAL LIMIT THEOREM AND $(m)

The CLT states that the estimated mean will appear to be sampled from a nomml

distrib[itimi with a KNOWN standard deviatioxl a/ W when lkr npprcmches ilifinity.

In practice, o is NOT knowu ild must be approximated by the A,imatmi standarfl

(Icvintion S. The luajor diflicldty in tipplying the CLT correct.ly to a Monte Carlo

rmnllt to form a c.onfidencc intcmml is knowil~g whm IV is large rnough.

How can this Iw nssmsed’? Sevt=rnl margimdly q~mntifiahle nwthods were nwll-

tioncd in the intro(lm-tion. A new Illcthod (I(wcrihd in this pmpcr i!lv(dv(x+ cxmTl-

ixling t,lw lwlmvi(~r of j( .r ) f(m Iiwge history scores to att,tmll)t, to rmwss if f( .r )

ill)l)l’llH to llilV(’ 1)(’(’11 “(-(lllll)l(’tt! ly” S/11111)1(!(1, If “~oilll)l~t(?’” Sillll])lillg Illlii OC-

rlmwl, tlw lnrgrst wtllws f)f tlw snmphxl r’s shollhl have ritlwr nwwly rrnchril

t,ll(’ ll~JIN*rlilllit, (if sllrlA n Iilllit, vxists) (w sIN)III(I (hx:rt.ns~t fnst(’r t,luul l/.r:l s() tlllnt,

c .r2 >= .)~’w ,r2\(.r)fLr rxists (a is i~+slllll(~(lto I)(*kll(nvll in t,llt* CLT). otlwrwist*,

N is ilss~ll]l[’(1 IU)I, to ]lilvt~ alqmmr)l(vl iniinity in tilt: S(VWCof tllc CLT, This is

1.111’I)nsis of tl](’ l)ro])(w(’(1 11S(’ of tll(’ fvll])iricill f(.r ) to ilSS(*SF Iklollt(” c’ilrlo t,:llly

(.ollvf’I’~(’ll(”(’,

‘1’11(’;Irglllilt’tit, sII(IIII(I Iw IIIJI(lf*tllnt.sillcc .$ Illllst, 1,,, n gIMMl f.$ti~l)nt(~ (If C, t!lc

vxlm.tr~l V:I,IIWof t,l]t’ ft)lld,il Ilisltwy SC(MWIll!ntwllt, <: .r” ..”.:: .[::<, .~4.f( J w’ SIIOIIICI

(’xist.. III t,ll(l lxIIM*I, wt. will nSSIIIIIt* tllllt {}lI]y tl]r sfIr(MIIl ;Ilt)[llt’llt III’(V s ti) i’xist :;()I

tlInl I lit’ ,/”(r ) t.I)IIvIIrg(*llrc’ rritrri(u] will Iw r{.l~ixt’tl wmIt’wll ILL. r441vcII.1,]1(.1(’:~s,I Ilis

:Issllllll]l.it)ll SIN II II(I l]ot, I)(* ffjrg~)t.t,(jll.



IV. ANALYTIC STUDY OF j@) FOR TWO-STATE MONTE CARLO

PROBLEMS

This pr~)jcct was clivided into two parts: 1) derive (and examine analytic Nlonte

Carlo score distributions both to assess their general uature and to use for statis-

tic:tl confidence interval studies; and 2) create and examine empirical history score

PDFs for real transport problems to assess their usefulness in predicting Monte

Carlo convergence. For the first part, the tally distribution of history scores has

been examined analytically5R for both an analog two-state splitting and exponen-

tial transform problem. This work provides the theoretical foundation for statistical

studies on relevant analytic functions to increaae understanding of confidence in-

terval coverngc rates for Monte Carlo calculations.

It was found that the splitting problem history score PDF decreases geomctri-

cidly as the score increases by a constant increment (this is equivalent to a negative

exponential behavior for a continuous score PDF). The history score PDF for the

exponent ial transform problem decreases geometrically with geometrically irlcreas-

ing x, Th(*rcforr, t 11Psplitting problem produces a linearly decrcming PDF for the

l~istory score on a iim-mr-kyq plot of the score prolmbility versus score. The cxpo-

mmtiul trnnsf(mn problcm generates n Iincarly decreasing score behavior (with high

smm: 11(’giitiV(? cxpmwilti:d roll (M’) (m a log..loq plot of the score I)robtil]ility vrrslls

sr(we lA)tm In gwwrnl, tlw (’xp(mmltiml trnnsform prolhl~ is the Ilmre (litficlllt to

snlll~)ie Iw{”uluw of t,hr Inrgrr illllmct of t,lw low lm)lml)ility hig]l scows.

Th(’illldyt,iC Hllil[)(+i W(”lv Colklpiwc(l with COIIll)ilrill)l(’ prol)hnus (“dClllilt,f’(1 with a

n~(xlifiml vrrsiol~ of hICNP. TINw~ simlms of thr nn:dytic nnd (;lul~iriritl j( ,r )s wvrv

in (’xvrllmlt ;kgre{wwlltl.b

V. PIZOI}OSED USE FOR THE EMPIRICAL ~(z)



n valid confidence interval rt=qllircs the existence of t hc first two nl(mleuts of j( .r ).

lle history score PDF is assured to IIavr these properties for all of mlr currrnt

estiIllattms an(l variance rcdlwtion tcchniqlws. ( Pi)int detectors with uo constant

fl~lx nei~hlmrhoods in scattering materials and the exponential transfor!n with a

‘hlarge” [lmJdmn (Iepcndcmt] stretching parameter

known exceptions. )

It i: assumed that the underlying ~(x) satisfies

fore, so should the empirical j(x). Unless there is

(and no w(~ ight wi ncknv are two

the CLT requirements, Thcre-

a lnr,gest possible history score,

the empirical ~(x) must event ually decrease more steeply than x‘~ for t hc second

moment ( J_mmx2j( J )dz ) to exist. It is postulated that if such decreasing behavior

in the empirical j(r) with no upper bound has not been observed, then JV is not

large enollgh to satisfy the CLT because f(z) has not been completely sampled.

Therefore, a larger IV is required before a confictcnce interval can be formed. It is im-

portant to note that this convergence criterion is NOT affected by any correlations

that may exist hetwcen the estimated mean and the estimated R.E. In principle,

this should make this ~(z) diagnostic robust in assessing “complete” sampling.

As mentioned ill %ction 3, the argument could h made that the fmlrth mo-

ment of j(x) shollid exist so that the estinmtc of ST in E(ln. (8) is valid for (MC

in the CLT in tlw place if a/W. This would incrmwe the decrwwing hchavit-)r

req~iiremcllt to x ‘-5 so thnt ~.~m J4J(-r )dz exists. We have clcctcd to Ilse the x ‘:)

rtvlllirt=mtvlt Iwcnllsc it is less stringent, I}llt will still th’tect tlw many illlporti\.Xlt

casw+ of imm(mll)l(’tc samldillg. This loosenml /(:r ) rritcrion for convergence colll(l

IN*]llo(litic{l ill tl]r flltllrr iLS exlwricncv with tl]c In(’tllo{l inrrc;uws.

Uotll tll(’ illl:dytli(’ illl(l rml)il” .1 history scorr IIistrilnlti(ms sllgg(’st tllnt iill~(’

sr(m? fill-ill iiIl(l 011(” (M’ Imm’ t’Xt#rlll)olil.tioIl” S(”llt’l]lcs f(m the high sc[m tnil of tll(’

]Iistxmy SCI)IX}PDF roIIhl Imwi(h’ JL Iilt’wlingflll (J:;till]iitt’ of S(”ol’(w Ilot, y(’t Snllq)h’(1

to lMIII) :Iss(ws tllf’ ilulxwtl (i lllls:ulll)lt’(1 IIistxmy sr(wtw (nl tlw IIltvul WI(I collti(l(vlr(”

illh’rv:d. ‘L’llis IIIL$ ll(~tj yf~tjlm~II col~si(ltmvl.



histogram of a straight line for j(r) on a log-log plot that decreases n decades in

J(x) per decqie incxease in .r.

We used 10 bins per z decade and covered the unnormalized tally range from

10-JO to 10J[). The term “urmormalized” indicates that normalizations that are not

pcrforrmd Imtil the end of the problem, such as CCI1volume or surface area, are

not included in ~(x). The user can multiply this range using MCNP input when

the range is not sufficient. We keep track of both history score number and history

score in the x grid to examine the cumulative .mmber and score distributions. We

u~e a linear fit to the logarithmically spaced z grid of the form a + bs h(x) to find

the grid location wit bout a time-consuming search.

With this z grid in place, the average empirical ~(~) between xi and ~i+l is

defined to be

/(5) = (number of history scores in i~h score bh)/(N(J+’ – x’)) , (11)

where x i+l
= 1.2589zi. The quantity 1.258!3 is lGO1 and comes from 10 equally

spaced log bins per decade. The calculated J(TJs arc available on printed plots in

the output or using the new tally graphics commands. Any history scores that arc

outside the x grid are counted as either above or below to provide this information

to the user.

Negative history :xwrcs are ~ possibility for mme charge deposition tallies. Tlw

(Iefnult ~mx.e[lure lumps any negative history score into the one bin below the lowest

history scorr ill the h~lilt-in grid. If (Icsircd, a ~( –x ) ~i~n h created for negative

storm. Il)sitivc history wxmw will thvn 1X lumped into tlw highest bin in this casr.

VII. PARETO FIT TO THE LARGEST I1:STORY SCORES

hI lit t Iw I:lrg(”st .r’s. ‘1’llis fllllrl.if)ll lit+ ;l lI!IINIJ1*lt}f t*xllrllN’ v:dlw (li~l.ril)lltlit)ll:.

ilif”lllliillg l/r”, 1)1’gilt,iv(’ (’xlu)]l(~lil,i:d ( k ()), :111(1 (“ollst.;lllt (k I ), W(’ (hw’ohq)(’(1

s



i] lil~~(? Ilisttmy tillly taii fit tillg t (It”lllliflll{’ Iwillg t 11(’ ““siml)lex” illgOritllI1l.s wl:irll

Iill(ls tll(’ ~-illUCs of (l illl(l A’ th:it I)(’St fit tll~’l~lr,~t%t history St’oll’s I)y IllilXilll!lIll

Iikl’lilloo(l” {’slilmtioll. (Jth(u’ ;Ilgorithllls. sll(”ll ilS tllos(! Ilsillg tllc (1(’rivativ(’ of t 1](’

pill(’to. Cl)ll](] ])(’ 11S(?[1 for iIICrCilS(’(1 Sp(Td, bllt t]lC Sillll)h?!( lilt’thOd al)p(’arS to ])C

lllorc rol)llst il]ld not, tllrtt time c(msulning for this 31C’NP ill)l)liciitioll.

Thr nlllll}wr of largrst history score wll~ws to USP for the fit is i~ variablt? t!lat was

ill~(*stigitt~d. \\’e scttlr(l on a maximum of 201 points bccausc this would provide

ilb(>llt 10% prrcisio119 cm the slope estimator at IZ = 3. The precision incrcwtjs for

smaller values of n and vice versa. The number of lwlucs actually used iu. the fit

is the lesser of 5(% of the ncmzmo history scores or 201. The minimum numbm of

~.:llues WA for a Pareto fit is 25 with at lemst two “difhmmt” values, which rcquims

at lcnst 500 nonzem history smrcs with the 570 criterion. We were c,areful abollt

tlw il]l]]lt:lnel~tiltioll to IN: sure tlw terhniqlw woldcl multitasli and be reasonably

dfiricnt.

From the Pit~.~tofit, wc d(~fhcd tll~ slopP of ~( .rlUrgc) to be

slope z 1 + 1//: . (13)

VIII. MCNP TEST PROBLEM RESULTS AND ANALYSIS

!)



The variance red.llctit)u .metlmds employe(! 1 were implicit capture with weight

cutcdf, low-score peint. ~letcctor R~lssiwl rolllettt=, mlt] a 0.s Incan frre path (4 cII1)

11(’i.glll~[jrllt)oclaroun(l the clet, wtors to produce large, but finite. highm monwIlt,s.

otlvw tallies or varinnce redllc: ion methcds could be used to make this calculation

Iliuch more efficienc, but that was not the object of this calculation.

Oue point detector result at 14,000 histories ‘.ms 1.41 x 10–B n/cmz/sec with an t:s-

timatcd relative err r of 0.041. The estimated ~ was decreasing as approximately

1/~ for the last half of the problem. lJsing the currently accepted rules-of-thumb

for a valid hlonte Carlo result, the confidence interval formed from this tally could

easily be accepted by even a careful Monte Carlo practitioner,

The correct detector result, obtained from a 50 million history ring detector tally,

is 5.6S x 10–8 n/cm~/sec with an esti-mated relative error of 0.0054 and a slope of

4.9. (The ring detector result for 14,000 histories was 4.60x 10-8 n/cm2/sec with

an estirna t~ld relative error of 0.17 and a slope of 2.1. ) The apparently converged

14,000 1,lstory pciint cletector result is a factor of four brlow the correct result!

The new convergence criterion proposed here provides compiling evidence that

MI IV of 14,00il is not large enough aml a confidence int ervid should NOT be formed.

The large .r sk>pc is a very shallow 1.4 (i.e., 1/x 1“4), which could not continue

indrfiuitely bcrall.se the mean would not exist. This is a clear indicator that the

tlllboundmi j(x) has not yet km completely sampled.

Fig~m” 1 rmnpnrrs tlw empiriml lmint (lctcctor ~(r )s for 14,000 ,and 200 million

llisttmics. The 14,000 history j(r) clc;wly has unsampled regions in the tail, which

indicntc imwmplrte J(x) sampling, For the point (Irtector, ovrr seven dcca(lw+

of .r have bcrn s:Llnl)lrd I}y 200 miilion his%rirs compmcd to (IIdy three drcafles

for 14,000 Ilisttwics, TIN’ l~rgrst, r’s (Jcrllr from the cxtrmuely (Iiffirldt to s}ull~dc

historirs ti~;ltl lMWSnildt,il)lc snmll mwrgy hws Collisi{)lls ch)sr to tile (lctrctor. l%’

200”Illilli(jl. Ilistory l)oillt (Ictvct,or rrslllt is 5.44X 10-8 ll/cllla/src with an rstitunt.r(l

r~’l;lliv(’ .‘rl”{)l of (1.()~1~iUl(l Ml rstilnnt,wl !+101)(”of 2.4. Thr I)oillt, (Ictrct(m I( ,r )

slt)l)f~ is ill(’r(-ilSillg, I)llt still (10(’S 11014y(’t il[)l)(’itr ~molklt)btldy SM1l)hd, mmlllo~(l
i.(111]]).tct(’lll]~iririd ril]g ((r) for ,7(1llli]lio~l ]Iist, ol’i(}s, SIIOWI1 ill Fig. 1, ill)l)t’;lrS to

1)(’ ‘-l)llll)l(’t(’ly S; U1)])I(’(1 1)( ’(”;1,11S(’ (Jf t,ll(’ lill~(’ S] O1)(-.
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History Score x

Empirical point detector j( x )s for 14,000 and 200 million

lmutron histories and the mnpix-ical ring detector ~(.r ) for 50

Illillifm neutron historirs vms~ls the llist(~ry score z,

IX. CONCLUDING REMARKS

II



have an important, but improbable, portion thnt has not yet produced a Iargc

history score. CAVEAT EMPTOR.
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