NOTE: Use these huttons to print or save the form. DO NOT use the browser tool bar. SAVE PRINT

LA-UR-12-25478 Rev 1

Approved for public release;
distribution is unlimited.

Title: | The MCNP6 Book On Unstructured Mesh Geometry:
Foundations (U)

Author(s): | Roger L. Martz
David L. Crane

Intended for: | MCNP6 code release to RSICC, Oak Ridge, TN and general
distribution.

2
» Los Alamos

NATIONAL LABORATORY
EST.1943

Los Alamos National Laboratory, an affirmative action/equal opportunity employer, is operated by the Los Alamos National Security, LLC
for the National Nuclear Security Administration of the U.S. Department of Energy under contract DE-AC52-06NA25396. By acceptance
of this article, the publisher recognizes that the U.S. Government retains a nonexclusive, royalty-free license to publish or reproduce the
published form of this contribution, or to allow others to do so, for U.S. Government purposes. Los Alamos National Laboratory requests
that the publisher identify this article as work performed under the auspices of the U.S. Department of Energy. Los Alamos National
Laboratory strongly supports academic freedom and a researcher’s right to publish; as an institution, however, the Laboratory does not
endorse the viewpoint of a publication or guarantee its technical correctness.

Form 836 (7/06)

SAVE PRINT CLEAR FORM




The MCNP Book On Unstructured Mesh Geometry: Foundations

The MCNP6 Book On Unstructured Mesh
Geometry: Foundations

For use with MCNP6 Version 1.1 Beta or later.

Roger L. Martz
David L. Crane

March 2014

Abstract

Hybrid geometries with unstructured mesh embedded in a constructive solid geometry uni-
verse representation is arecently added (less than 10 years old) feature to MCNP6 and was
present in itsfirst production release as well as severa prior betaversions. This capability
requires methodol ogies previously not used in MCNP. After abrief introduction to the topic
of finite elements this document discussions the methods used in implementing particle track-
ing on unstructured meshesin MCNP.
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Chapter 1. Fundamentals

A mesh-tracking library has been developed for use with the MCNP6™ computer code [1].
Integration with this library enables MCNP to perform cal culations on hybrid geometries that
consist of unstructured mesh (UM) geometry representations embedded as universes using the
legacy constructive solid geometry (CSG). This capability provides flexibility to the practi-
tioner so that the strengths of each geometry type, UM or CSG, can be fully utilized. CSG
provides fast and efficient particle tracking when the geometry is represented easily by first
and second degree surfaces of analytical geometry. However, building models of complex
geometries can be difficult, tedious, time consuming, and error prone [2,3,4]. An additional
drawback of the CSG-only model isthat this geometry does not integrate well with finite ele-
ment codes for multi-physics analysis. Depending upon the geometry’s complexity, particle
tracking on an UM may be slower than with the equivalent CSG model because of more work
that takes place in the code - the subject of this document. In some situations, particles may
track asfast or faster in the UM model compared to the equivalent CSG model because of the
UM tracking implementation strategy. Equivalent isin the eye of the beholder since the CSG
implementation may be either aminimalist one or an attempted reproduction of the mesh
using the CSG features. Whatever the situation, any slower computational timeis awelcome
trade off to some users since complex models can be constructed with less difficulty using the
solid modeling tools present in state-of-the-art computer aided design (CAD) and computer
aided engineering (CAE) software. An inherent benefit of the UM geometry isthat it does
integrate well with finite element codes since the CAE tools are themsel ves often integrated
with finite element solvers.

The mesh-tracking library iswritten using modern Fortran and programming standards. The
library was created with a defined application programer interface (API) so that it could easily
integrate with other particle tracking codes. However, thiswork is evolving so that from time
to time the interface does change. Please consult the latest documentation or look at the code
for the latest description. Asalibrary, all use of its features are through the API.

The purpose of this document is to describe in detail the methodol ogies that support tracking
particles on an unstructured mesh representation of geometry with the goal that this would be
the only source of background information that one would need in order to start writing com-
puter code or to understand what has been implemented in MCNP. With this objective in
mind, some might read a section and say “1 already knew that.” So beit. The overall motive
isto be as complete as possible. Details on the API are presented elsewhere.

Some of the topics presented here can quite easily be presented in abstract ways that seem to
appeal to computer scientists and mathematicians. It isthe desire in thiswork to present the
topicsin aclear and simple fashion. These topics cover what isin the current MCNP imple-
mentation for tracking on an unstructured mesh. Thisis by no means an endorsement that
these topics or this discussion describes the best or most efficient means for implementing
unstructured mesh tracking. Maybe better methods will emerge as the technology matures.
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However, researching these methods then implementing and testing them isno trivial task;
considerable time and effort has been expended for the current version of the library. Whether
the following is efficient or not, the most important goal is that the implementation yields an
accurate result in areasonable amount of time.

Finite Elements

In very simple terms, the finite element method (FEM) and its practical application, often
known as finite element analysis (FEA), isanumerical technique for finding approximate
solutions of partial differential and integral equations. The FEM is anumerical method like
the finite difference method, but is more general and powerful in its application to real-world
problems that involve complicated physics, geometry, and/or boundary conditions[5]. In
reality, the term FEM actually identifies avariety of techniques that share common features.
Over the last several decades, the advancement in computer technology has enabled solving
even larger systems of equations, to formulate and assembl e the discrete approximation, and
to display the results quickly and conveniently. This has also hel ped the finite element method
become a powerful tool.

No oneindividual can claim credit as the inventor of the finite element method. 1ts modern
development can be traced back to the work of Alexander Hrennikoff in 1941 and Richard
Courant in 1942 [5-7]. Courant's contribution is considered evolutionary, drawing on alarge
body of earlier results for PDES devel oped by Rayleigh, Ritz, and Galerkin, and has earned
him the title of "the father of finite elements’. The method remained dormant for half a gener-
ation until the advent of modern computers [5]. Development of the FEM began in earnest in
the 1950s for airframe and structural analysis. Itsformal presentation is attributed to Turner,
Clough, Martin, and Topp in 1965 [8,10] and to Argyris and Kelsey in 1960 [5,8]. Theterm
“finite element” wasfirst used by Clough in 1960 [5,9].

During the 1950s and 1960s the FEM technology transferred from the aerospace industry to a
wider range of engineering applications such as heat transfer and fluid dynamics. Since then,
the FEM has been used successfully in various engineering disciplines over the decades and
continues to grow with the availability of more powerful and affordable computer systems.
Not only do these computer systems permit the engineer to analyze al kinds of problems by
solving larger systems of partial differential equationsfor example, they are generally coupled
with interactive graphical user interfaces (GUI's) and solid modeling enginesthat allow easier
construction of highly complex three-dimensional models, than what was possible in the past,
along with quick and convenient display of results.

This chapter is not intended to contain an in-depth discussion of the FEM. One can find
numerous materials on the internet or in the many text books that have been published in this
area, not to mention the user's manual for both free and commercially available FEA software.
However, this chapter does discuss those concepts borrowed from the FEM/FEA field for use
in tracking particles on an unstructured mesh in a Monte Carlo code such as MCNP and does
present relevant background information.
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The Basic Features

The FEM is endowed with three distinct features that account for its superiority over other
competing methods [5]:

» First, the problem’s physical domain, either geometrically ssmple or complex, is repre-
sented as a collection of geometrically simple sub-domains, called finite elements. Other
methods would refer to such asub-domain asacell, mesh-cell, zone, etc. In order to avoid
confusion, the practice in thiswork is to use the terminology finite element or element
when dealing with the unstructured mesh and to use appropriate terminology in discussing
other paradigms. Each finite element is viewed as an independent domain by itself. Here
the word “domain” refers to the geometric region over which the equations are solved.
Today’s CAE tools perform this function quite easily once the solid model is constructed.
Various element shapes and sizes can be used depending on the needs of the analysis.

* Second, over each finite element, algebraic equations among the quantities of interest are
developed using the governing equations of the problem. These will be different depend-
ing upon the type of problem to be solved.

» Third, the relationships from all elements are assembled using certain inter-element rela-
tionships to obtain a solution of the whole.

Approximations enter engineering analyses at several stages. The division of the whole
domain into finite elements may not be exact, introducing error in the modeled domain. The
second stage is when element equations are derived. Typically, the dependent unknown or
state variable (u) of the problem is approximated using the basic idea that any continuous
function can be represented by alinear combination of known functions (¢) and undeter-

mined coefficients ().

u~>"Cio; (Eq: 1-1)

Often, algebraic relations among the undetermined coefficients ¢; are obtained by satisfying

the governing equations over each element where the solution is represented as a linear com-
bination of terms evaluated at the nodal points. The approximation functions ¢ are often
taken to be polynomials, and they are derived using concepts from interpolation theory.
Therefore, they are termed interpolation functions; sometimes they are referred to as shape
functions. Thus, approximation errors in the second stage are introduced both in representing
the solution u aswell asin evaluating theintegrals. Finaly, errors are introduced in solving
the assembled system of equations.

A polynomial isthe most common form of the functions ¢, for two principal reasons[10]: (1)

It is easy to handle the mathematics of polynomialsin formulating the desired equations for
various elements and in performing digital computations. (2) A polynomial of arbitrary order
permits a recognizable approximation to the true solution.

The subdivision of awhole domain into parts has two advantages: (1) Allows accurate repre-
sentation of complex geometry and inclusion of dissmilar material properties. (2) Enables
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easy representation of the total solution by functions defined within each element that capture
local effects (e.g., large gradients of the solution).

Considerations & Contrasts

The geometry of the domain can be discretized, depending on its shape, into a mesh of more
than one type of element (to be discussed later). Unless restrictions are place on the element
type, this requires that the Monte Carlo particle tracking routines possess the ability to track
on these different element types. Although textbooks discuss many different types of ele-
ments, in terms of three-dimensional elements, most CAE tools use meshing algorithms that
generate at most three basic types of at most two orders (see below).

The number and the location of the nodes in an element depend upon (a) the geometry of the
element, (b) the degree of the polynomial approximation, and (c) the weighted-integral form
of the equationsin the underlying FEM. By representing the required solution in terms of its
values at the nodes, an approximate solution at the nodesis obtained. Generally, Monte Carlo
estimation of results over the mesh would not be aslocalized. That is, path length estimators
or collision estimators calculate results that are averaged over an element's volume and hence
could be considered representative at the element's centroid. Naturally, point and surface esti-
mators can be implemented on the mesh for specific locations, but could prove too costly, in
terms of calculation time and computer memory, for all node locations and element faces.

There are three sources of error in afinite element solution: (a) those because of the approxi-
mation of the domain; (b) those because of the approximation of the solution; and (c) those
because of numerical computation [5]. A similar statement can be made regarding the Monte
Carlo method even though this method is viewed as more exact or accurate. If the Monte
Carlo calculation uses the same unstructured mesh representation of the geometry as a corre-
sponding finite element calculation, it will likewise suffer from the approximation of the
domain by the elements. For relatively simple geometries that can effectively use the CSG
capability, approximation of the domain is a non-issue.

The meshing algorithms that generate unstructured mesh representations of the geometric
domain cannot guarantee meshes that are free of excessively distorted elements or have a suf-
ficient number of elementsin aregion containing high gradientsin the solution, both of which
result in loss of accuracy in the finite element calculation or, in the case of nonlinear prob-
lems, non-convergence of solutions[5]. Because of some of the approaches borrowed from
the FEM, tracking of particles through irregularly shaped elementsis a problem for Monte
Carlo codes aswell. The degree of irregularity may be different between the two methods
regarding where and when accurate results are obtained. To date, empirical evidence has
shown that if the unstructured mesh passes the mesh quality checks from the CAE tools, then
there is no problem tracking on that mesh asit relates to the element shape. However, the
Monte Carlo cal culation does not need arefined mesh in aregion containing high gradientsin
the solution to obtain an accurateresult. That is, it isnot anecessary condition. What is more
important to the Monte Carlo calculation is how accurate the el ements represent the region
through its volume - amore integral quantity. Whereas a sufficient number of elements may
be necessary for the finite element cal culation to converge to the correct result, amore refined
mesh may only be needed in the Monte Carlo calculations to visualize the detail, particularly
in ahigh gradient region.
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Element Types

Finite element text books discuss many different types of one-, two-, and three-dimensional
element types. Since MCNP is a generalized three-dimensional Monte Carlo code for radia-
tion particle transport, our concern is with the three-dimensional element types that can be
generated with a commercially available software product such as Abaqus/CAE [11]. The
elementsfor consideration are then those with 4, 5, or 6 sides and commonly referred to astet-
rahedra, pentahedra or prisms or wedges, and hexahedra. These element types are depicted in
Figure 1-1.

For first-order elements there are nodes at the vertices so that a tetrahedron has 4 nodes, a pen-
tahedron has 6 nodes, and a hexahedron has 8 nodes. Modern meshing algorithms do not
guarantee the placement of four or more nodes associated with one face to lie within a plane.
Hence, these faces may possess some degree of curvature and are termed bilinear with the cor-
responding volume termed trilinear. For second order elements, in addition to the vertex
nodes there are nodes on the element edges midway between the vertices. A second-order tet-
rahedron has 10 total nodes, a second-order pentahedron has 15 total nodes, and a second-
order hexahedron has 20 total nodes. Because each of the second order faces has six or more
nodes, faces on all of these element types may result with curvature and are termed biqua-
dratic with the corresponding volume termed triquadratic. Due to the extra edge-nodes, a
higher degree of curvature can be obtained, making these second-order elements better suited
to model objects with curved surfaces; that is, fewer second-order elements than first order
elements are needed to accurately model these objects.

The element curvature for the trilinear and triquadratic el ements pose a challenge when calcu-
lating volumes; obviously, simple formulas cannot be used. A special method has been
devised for this purpose and is the subject of Chapter 10. Accurate volumes are required to
calculate accurate results at the elemental level.

Requirements Summary

An examination of previous work in thisfield shows that particle tracking on amesh, for the
type of problemsthat are covered by this current work, has been rather limited and special-
ized. Computer codes exist that track particles on a Cartesian mesh or one comprised of first
order tetrahedra as part of or separate from a CSG type environment. Generaly, in these
implementations a totally contiguous mesh isrequired; that is, one without gaps among ele-
ments and all spaceisuniquely defined. MCNP is considered a Monte Carlo code with gener-
alized geometry. Inthisvane, the UM capability for MCNP needs to be as accommodating as
reasonably possible.

The requirements for MCNP's UM capability stem in part from the modelling capability of
the CAE tools. Generally, geometry models are assembled out of parts. Inturn, apart may be
sectioned into smaller regions with different propertiesin each region. One of those proper-
ties can be the element type. When the part is meshed, al of the elements will be connected
into acontiguous object; all elements except surface elementswill share al of their faces with
aneighbor element. One or more instances of a part may be combined with instances of other
partsto form an assembly. If the parts possess curved surfaces, then often during the assem-
blage, small user-controlled overlaps and gaps will exist in the final product. It ispossible
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with some CAE tools to eliminate these gaps and overlaps; but, it may not be worthwhile or
desirable for the user to do this. Therefore, the tracking routines in the mesh library must be
robust enough to handle reasonable gaps and overlaps. However, it isknown that one element
cannot be totally inside the other. At this time there is no quantitative measure of what is rea-
sonable. Usersalways have the option of refining their modelsin the CAE tool to minimize or
eliminate gaps and overlaps if their models behave poorly in the Monte Carlo code.

12

tetrahedron pentahedron 2

15
16 7

13
20+ ° ®19

hexahedron

Figure: 1- 1. Finite element types. First-order elements have nodes
only at the vertices.
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Particle tracking through CSG objectsis basically a surface to surface (S2S) process. That is,
the code tracks the particle from the surface of one object (part) to the surface of another
unless interrupted because the tracking has exceeded the distance to collision or distance to a
variance reduction event, for example. However, in order to accumulate results by mesh ele-
ment, element to element (E2E) tracking is required so that path length estimates of the flux
and various flux functionals can be accumulated as the particle tracks from one element face
to another; these results are available for ex post facto analysis. The user should note that the
terminology E2E tracking is a bit of amisnomer. Tracking is till from surface to surface of
the element unless otherwise interrupted; thisis generally on amuch finer level than the tradi-
tional S2S tracking on apart. Obviously, for parts with high mesh densities, it will take the
code longer to track through these in E2E mode.

Initial requirements for the UM library are summarized with the following list.
» accommodate first and second order 4, 5, and 6-sided polyhedra
» any combination of element types may appear in a single geometry model

» parts may not contain both tetrahedra and hexahedra or tetrahedra and pentahedra;
pentahedra and hexahedra can be together in the same part

* robust handling of overlaps and gaps
» use E2E tracking to produce path length results at the element level

* produce adatafile for post processing results analysis
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Chapter 2. SKD-Trees

During the course of a Monte Carlo simulation on an UM model, many searches are required
to determine in which polyhedral element a particle resides (containment search) or what face
of an element is intersected (intersection search) during particle tracking. In the course of
performing these tasks, it is desirable to use an effective, that is practical and efficient, data
structure for the storage and manipulation of the many polyhedra which comprise afinite ele-
ment mesh model. The skd-tree is such a data structure [12].

kd-Trees: General Discussion

The k-dimensional homogeneous binary search tree, kd-tree, was first proposed by Jon Louis
Bentley [13]. The kd-tree has been the subject of intensive research and many variants have
been proposed over the years, including the skd-tree variant. In principle, the kd-treeisa
binary tree where the underlying space is partitioned on the basis of the value of just one attri-
bute at each level of the tree instead of on the basis of the values of all k attributes.

In atraditional binary search tree, records are defined by only one key. 1n akd-tree, records
are define by k keys. However, the key that determines the next sub-tree (i.e., left or right
branch) varies with the level inthetree. A node in the tree serves as a representation of the
actual data point and the direction of asearch. A discriminator whose value is between 1 and
kinclusive, is used to indicate the key on which the branching decision depends. A node has
two children or sub-nodes or branches or buckets, alow bucket (LOBUC) and a high bucket
(HIBUC). If the discriminator value at the node is the j’th attribute (key), then the j’th attri-
bute of any sub-nodein the LOBUC islessthan thej'th attribute of the node, and the j’th attri-
bute of any sub-node in the HIBUC is greater than thej’ th attribute of the node. This property
enables the range along each dimension to be defined during atree traversal and the ranges are
smaller in the lower levels of the tree.

Restricting the number of attributesthat are tested at each level of the tree has advantages: (1)
one test is made at each level instead of k tests, (2) memory is only required for one discrimi-
nator at each node, (3) search algorithms are simpler at each recursive step because of only
two options (LOBUC vs. HIBUC). The one attribute test per level is disadvantageous in that
decomposition in k-dimensional space has now become a sequential process as the order in
which various axes (attributes) are partitioned isimportant. Therefore, the kd-treeis often
characterized as a superior seria data structure [13].

The spatial kd-tree, skd-tree, isaspatial access method for k-dimensiona space where succes-
sive levels are split along different dimensions. That is, the kd-tree attribute referred to above
isgpatial. Objects are indexed by their centroid and a minimum axis-aligned bounding box
(MAABB) for all objectsin anodeisstored. This data structure can be viewed as an exten-
sion to kd-trees and successfully handles finite sized objects without object duplication or
object mapping [12]. However, the non-leaf nodes do not contain actual data points; all data
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points of interest appear in the leaf nodes. Thistreeis abalanced binary tree with exactly 2N-
1 nodesand log, N levels, where N isthe total number of elements stored in the tree, and each

element is associated with aunique leaf. Thetreeis constructed in O(N log, N) timeand is
searchable in O(log, N) time.

skd-Tree Construction

As mentioned in the introduction to this chapter, two types of searches are required for the
MCNP implementation. Containment and intersection search terminology is used in this
work and is not necessarily identical in meaning to the containment and intersection search
terminology discussed in the literature by other authors.

The skd-trees for this work are needed to store information about the model geometry. Gener-
ically, the geometry can be constructed from many simpler objects. Inthe CAE paradigm,
these objects are often referred to as parts or instances of a part (since asingle part may be re-
used many times). It is not these objects that are stored en masse in the tree, but rather the ele-
ments from the mesh representation of these objects are the objectsthat are stored. From here
on, elements are the objects that are stored in the trees.

Objects, whether they are solid parts or surfaces of a part, are tesselated with one of the basic
element types. Various types of trees are constructed with these objects in the UM library.
Separate containment and surface trees are needed for each part or instance of apart. Cur-
rently, a containment tree is needed for the global mesh model that is constructed from all
parts, but this may soon be eliminated and replaced by the part trees. Elementsin the parts
and the global model are numbered consecutively from 1 to the maximum number in that part
or global model.

The elements for the containment and intersection searches are dightly different. The con-
tainment search involves three-dimensional elements. The intersection search needs element
faces for those faces on the exterior of a part and are referred to as surface faces. The faces
may beflat (i.e., all nodesliein one plane) or possess curvature (i.e., they are bilinear or qua-
dratic). Either of thesetypes(i.e., 3-D element or 2-D face) is generically termed an el ement.
So, regardless of the type, the centroid of the element must be calculated and aMAABB must
be defined for each before the tree is constructed.

If the surface face isflat and aligned parallel to one of the axes, the MAABB will be two-
dimensional. Inthe same situation for a surface face with curvature, the MAABB will be
nearly two-dimensional. Aswill be discussed later, neither of these situations cause problems
for the intersection search. If the surface faceisnot paralel to one of the axes, the MAABB is
three-dimensional .

In the tree construction, the key at each level or tree node is selected based on the maximum
extents of the elements belonging to the bucket; the extents are determined using the ele-
ments' centroids. The key or direction chosen isreferred to as the cut direction. It isaong
this direction that the elements in the current bucket are divided by a median point into low
range and high range buckets with the elements in each bucket sorted from lowest to highest
value along the chosen cut direction. After this, the process proceeds to the next tree level or
sub-node.
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At each level, a safety box is created. For the containment tree, the safety box is one-dimen-
sional with the direction along the cut direction. This safety box represents the minimum and
maximum extents of the MAABB’sfor all elementsin the bucket. The maximum extent is
associated with the LOBUC so that all elementsin this bucket have a coordinate valuein this
cut direction that isless than the maximum. A similar statement exists for the minimum
extent and the HIBUC. Note that this can produce overlapping buckets, but is a necessary
condition when storing objects with extents; the search routines can adequately deal with this
overlap condition. For the surface intersection tree, the safety box is three-dimensional and
represents the minimum and maximum extents of the MAABB’sfor all surface facesin the
bucket. The safety boxes are necessary for efficient search algorithms and are discussed when
these algorithms are described later in this work.

The construction of the element and surface trees are nearly identical, except for the number
of dimensions needed for the safety box at each node. The algorithm for constructing the skd-
tree is summarized in Figure 2-1.

All trees are static in the UM library. That is, they are created during problem setup and are
destroyed when the program terminates. Hence, there is no need for insertion or deletion
operations to expand or contract trees during program execution.

for each element

« find the centroid

e construct the minimum axis-aligned bounding box, MAABB
end
do until the bucket size equals 1

for all elements in the bucket

« find the direction with the largest extents based upon the
spread in the centroids; store this direction

e if a containment tree, find the min and max dimensions along
this cut direction for the node safety box; if a surface intersec-
tion tree, find the min and max dimensions from all MAABB’s
along all directions for the safety box

« find the median point along the cut direction, creating low
range and high range buckets

« sort the elements in each bucket solely along the cut direction
e repeat until the bucket size equals 1

when the bucket size equals 1

« set the flag indicating a leaf node

» safety boxes need not be set since they coincide with the axis-
aligned bounding boxes for the element

Figure: 2 - 1. Algorithm outline for constructing an skd-tree
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SK D-Tree Implementation

There exist several waysin which to implement binary trees and search algorithms for them.
Two approaches were considered for thiswork: linked listsand link array. Initially, both were
tried on simple problems, albeit not exhaustively. Inthe Monte Carlo transport, for which this
implementation isintended, trees are constructed during problem initialization, are never
modified during the calculation, and are destroyed at problem termination. Hence, the
approach isto allocate memory once at the beginning of the problem, keep track of usable
space in this alocation, and release the memory when done; hence, use an allocatable array.
These methods have been used previously by others and are re-implemented with this unstruc-
tured mesh capability.

The heart of each skd-treein thiswork isalink array, linkp, that has been alocated to the
appropriate size during program initialization. The size of thisarray is twice the number of
elementsthat it contains. Values stored in the array locations are either a positive integer, cor-
responding to the next left (non-leaf) node location in linkp or a negative integer representing
aleaf node. The absolute value of the leaf node value is an element number for that tree. At
each tree (non-leaf) node, branches occur in pairs. Positive array valuesin linkp correspond to
the location of the next left branch node (LOBUC); the right branch node (HIBUC) is always
assumed to be stored in the linkp array one beyond the left branch node location. A simple
tree containing eight elements and its corresponding linkp array isillustrated in Figure 2-2.
The cut direction and MAABB's at each tree node is stored in their respective arrays.

Node 1

Node 10 Node 11

A B C D E F G H

linkp array
214110|16|8|-A|-B|-C|-D |12 |14|-E|-F|-G|-H
12 3 45 6 7 8 9 10 11 12 1314 15 16

Figure: 2 - 2. Example binary tree with linkp implementation.
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Tree Searches

The containment and intersection searches are both two part searches. The appropriate skd-
tree is searched to find likely candidates that are added to a search list. The candidates are
based on the MAABB’s meeting asimple search criteria(e.g., isthe point within arectangul ar
box) and is not the same as meeting the search criteriafor the element itself. For the second
part of the search, the candidates from the list are tested against more difficult search criteria
(e.g., isthe point within atri-linear volume). The two search types are similar and both rely
on recursive algorithms that are discussed in Figures 2-3 and 2-4. Essentials on the second
part of the search, containment or intersection, are much more detailed and are relegated to
their own chaptersin this work.

for each point
do until a leaf node is reached or search is exhausted
« find the cut direction for the current node

= if the point position for the cut direction is <= the safety box
value, call LOBUC node

« if the point position for the cut direction is >= the safety box
value, call HIBUC node

when the leaf node is reached

« if the point lies within the element’s MAABB, add the corre-
sponding element number to the search list

« if the point does not lie within the element’s MAABB, return

Figure: 2 - 3. Algorithm outline for containment search
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for each particle track
do until a leaf node is reached or search is exhausted

« for the current node, determine the closest intersection point
with the 3-D MAABB if the track intersection exists

« find the cut direction for the current node

-- if the intersection point for the cut direction is <= the safety
box value, call LOBUC node

-- if the intersection point for the cut direction is >= the safety
box value, call HIBUC node

« if no intersection with MAABB, return
when the leaf node is reached

< if intersection point lies on the surface of the element’s MAABB,
add corresponding element number to the search list

e if point does not lie on the surface of the element’s MAABB,
return

Figure: 2 - 4. Algorithm outline for intersection search with a surface tree
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Chapter 3. Containment

One of the two main pillars for implementing UM tracking is containment -- a concept that is
approachable in several ways. At times containment may mean, in what element doesa 3-D
location appear? In implementation terms this generally means searching at least a short can-
didate list and at most it could mean searching the entirelist of elements comprising the global
mesh model to find the appropriate element. At other times, containment may mean verifica-
tion that the location is indeed inside a given element or residing on its surface or an edge.

Fundamental to implementing containment in this mesh library are the concepts of interpola-
tion and mapping. These same concepts are aso important to some of the intersection rou-
tines needed for the UM library. Therefore, since these topics are highly essential for what
follows, an overview is provided in this chapter before discussing the details of containment.
Much more depth on these subjects exist in finite element texts, but is basically overkill for
what is required in the current work.

Transfor mation Basics

For simplicity sake, this discussion startsin the 2-D realm. The concepts presented here can
easily be generalized to other dimensions.

From elementary calculus, amost familiar relationship is the one that exists between cylindri-
cal or planar polar coordinates and Cartesian coordinates. Namely,

X = rcose y = rsin@ (Eqg: 3-1)

This transformation is nothing more than a mapping from the (r,0) space to the (x,y) space
where every point in (r,0) is represented by a one and only one point in (x,y). That is, the
mapping isoneto one. Figure 3-1 represents such atransformation where on the left isan ele-
ment in an irregular domain (i.e., adomain with curved boundaries) and on theright isan ele-
ment in aregular domain (i.e., adomain with straight boundaries). A non-rectangular region
can't be represented as accurately using rectangular elements asit can by using non-rectangu-
lar ones. However, since the transformation functions from one system to the other are easily
derivable and it is easier to perform mathematical evaluations and manipulations over rectan-
gular geometries, make the necessary transformations to the rectangular system and perform
the appropriate operations there. Finite element texts discuss making the transformations
solely for the purpose of making it easier to numerically evaluate integrals. Aswill beseenin
the discussion that follows in this chapter and others, the motivation for utilizing transforma-
tionsin thiswork is more than evaluating integrals.
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f'o 4 / Ar

@ X (b)

Figure: 3- 1. Representative Cartesian coordinates (a) and cylindrical polar coordinates (b).

The functional relationship between these two coordinate systems can be generally expressed
as

X = ¢1(r’ e) y = (Dz(ra e) (Eq 3-2)

where ¢, and ¢, are the shape functions, (x,y) represents the global space, and (r,0) represents
the local or master space.

In the work that follows, it is necessary to establish shape function derivatives with respect to
the (x,y) coordinates. Asshown above, the rectangular element shape functions were defined
in the master (r,0) element coordinate system. However, by the chain rule of partial differen-
tiation,
d0 _ d9IXx , dody
or  oJxor adyor

90 _ d0ox , dody
00  0xd0 dyado

(Eq: 3-3)

or, in matrix notation

do|  |ox dy||dd dd
ar| _ |or dr{|ox| _ j|oX (Eq: 3-4)

00| [ox ay||a0| |a0
00 00 00| |dy oy
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where Jis the Jacobian matrix of the transformation and is non-singular. A necessary and suf-
ficient condition for the system of equations to be invertible is that the determinant |J| of the
Jacobian matrix (also referred to as the Jacobian of the transformation) be nonzero for al (r,0)
of the master element.

The required derivatives 9¢/0x and a9,/dy are obtained by inversion.

% % ax dy
20 20 ax dy
dy 0 90 06

For the transformation from polar to Cartesian coordinates,

j = | cos6 sind (Eq: 3-6)
—rsin® rcoso
and
00 20 cosp —SNn8| |00
ox| — jllor| _ r(|or (Eq: 3-7)
20 00| | 4o 058 ||20
oy 00 r 00

Finally for this example, the differential area, dxdy, in the (x,y) space can be replaced by an
equivalent onein the (r,0) space [14]

dxdy = |Jdrd6 (Eq: 3-8)

yielding the well know expression

dxdy = rdrd6 (Eqg: 3-9)

Note that |J| may be regarded as a magnification factor that converts by multiplication the dif-
ferential dxdy into the differential drdé. Inthe 2-D case, realize that it is the 2x2 Jacobian
matrix J that plays, for two differentiable functions of two independent variables, therole
played by the derivative of one differentiable function of one independent variable [14].

In the analysis of practical problems, complex geometries must be modeled for which the sim-
ple element shapes, at first glance, may seem impractical. Thisrestrictionisremoved by map-
ping asimple element (i.e., rectangle in the previous example) in the master space coordinates
into amore complex shape in the global coordinates. Mapping is understood to be a unique,
one-to-one relationship between the master space coordinates and the global coordinates.

Once a particular form of mapping is adopted and the coordinates are chosen for every ele-
ment so that these map into contiguous spaces, the shape functions written in the master ele-
ment space can be used to represent the function variation over the element in the global space
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without upsetting the inter-element continuity requirements [15]. The following section dis-
cusses the various types and mappings used in the UM library. These element types are both
first and second order in nature. A variety of typesisdesired for a number of reasons. Obvi-
ously, as will be seen, the mappings for the higher order elements are more complex and
costly to implement from an algorithmic point of view, but can be highly beneficial from an
accuracy standpoint when modelling highly complex (i.e., curvature) objects. The higher
degree of accuracy obtained with the higher order elements often meansthat a smaller number
of such elements are needed to obtain an adequate solution.

Master Elements

The FEM uses elements of different shapes and order; each possesses a regularly shaped
counterpart, called a master element, for which interpolation functions exist, These interpola
tion functions are used both to approximate the geometry and for numerical evaluation of inte-
grals defined on the elements. Evaluation of these integrals requires transforming the
geometry of the actual, irregularly-shaped element to the appropriate master element.

Finite element texts [5, 15-17] generally begin the discussion of elements with the Lagrange
family of elements, which possessinternal nodes for the higher order elements. These inter-
nal nodes do not contribute to the inter-element connectivity. Alternatively, serendipity ele-
ments are used instead since they have no internal nodes; all of the nodes are on the surface of
the element and contribute to the inter-element connectivity. Serendipity elements are shown
in Figure 1-1.

The master space coordinate system is anatural coordinate system which permits specifica-
tion of a point within the element by a set of dimensionless numbers whose magnitudes never
exceed unity. These systems are generally arranged so that some of the natural coordinates
have unit magnitude at some nodes. Not only does such a coordinate system generalize and
simplify the formulation, but it also simplifies any integration.

A mapping function, u, can be found that transforms from the master space to the global
Space.

N
u? = D 0, (0)u’ (Eq: 3-10)
n=1
where
ud coordinatesin global space (d = 1, 2, or 3 representing X, Y, or 2)

0 coordinates in master space (= 6(g, h, r))

the d 'th coordinate for node n

On interpolation (shape) function for the n'th node
N total number of element nodes

and ¢ has the following properties

¢i(éj) = g (Eq: 3-11)
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N
z ¢ =1 (Eqg: 3-12)
n=1

Equation (3-11) requires the shape functions to have a magnitude of unity at one node and
zero values at all other nodes. From Equation (3-10), any point belonging in global spaceisa
function of any one element’s nodes in global space coordinates and the interpolation function
(i.e., its position in master space).

Derivations of the interpolation functions for the serendipity elements are generally found in
most finite element texts [ 5, 15-17]. They are presented as a matter of completeness at the
end of this chapter, with the notation used here, for all elements of interest in this work.

Asameansto illustrate the preceding discussion, consider the smple case of the 2-D rectan-
gular master element shown in Figure 3-2 and the mapping to an arbitrary 2-D rectangular ele-
ment.

/T\h
4
h=+1----- ® ' o
|
|
- — — 4
99
'
g=-1 g=+1

Figure: 3- 2. Serendipity master element and coordinate system
for the 2-D rectangular element.

Note that the origin of the master space coordinate system is at the center of the element and
the extents of the sides are from -1 to +1 for alength of 2. The interpolation functions are

01 = (1-9)(1-h) ¢, = (1+9)(1-h)
03 = (1+g)(1+h) ¢, = (1-g)(1+h)

(Eq: 3-13)

The mapping functionis

d 1

o = ZL-g)(A-huy+ 1+ g)(L-hup+(1+g)(L+h)u5+(1-g)(L+ hug]

(Eq: 3-14)
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Extending rectangular elements from 2-D to 3-D is straightforward as can be seen when com-
paring Figures 3-2 and 3-3.

Figure: 3- 3. Serendipity master element and coordinate system for hexahedra.

The master space axes are orthogonal and labeled g, h, and r. The origin of the coordinate sys-
tem is still at the element’s center. The extents of all sides are from -1 to +1 for alength of 2.
For apoint to be inside or on the surface of the master element, the following relationship
among the master space coordinates must hold.

-1<g,hr<+1 (Eq: 3-15)

The master space system for tetrahedrais somewhat altered from that for the hexahedra dis-
cussed above.

The master space axes are still orthogonal with labels g, h, and r, but the origin of the coordi-
nate system coincides with node 1 and the length of an edge parallel to a coordinate axis
extends from O to +1, see Figure 3-4(a). Therefore, the master space coordinates for the verti-
cesare

0.(9,h,r) =0,0,0 0,(9,h,r) = 1,0,0

(Eq: 3-16)
05(9,h,r) =0,1,0 0,(0,h,r) =0,0,1

The edge nodes are assumed to be located half-way between the vertices and their master

space coordinates are obvious. For apoint to beinside or on the surface of this master ele-

ment, the following relationships among the master space coordinates must hold.
0<g,hr<+1

Eq: 3-17
0<g+h+r<+1 (Eq: 3-17)
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@ ) 2

Figure: 3 - 4. Serendipity master element and coordinates systems
for (a) tetrahedraand (b) pentahedra.

The master space system for pentahedra, Figure 3-4(b) is similar to that of the tetrahedra.
Onceagaintheaxesare g, h, and r, but the origin of the coordinate system coincidesto a point
midway between nodes 1 and 4 (i.e., at node 13 if it is a second order element).

Edges parallel to the g and h axes extend from O to +1, but edges parallel to ther axis extend
from-1to +1. Therefore, the master space coordinates for the vertices are

0.(9,h,r) =0,0,-1 0,(0,h,r) =0,0,1
0,(9,h,r) = 1,0,-1 05(g,h,r) = 10,1 (Eq: 3-18)
05(9,h,r) =0,1,-1 0g(0,h,r) =0,1,1
For apoint to be inside or on the surface of this master element, the following relationships
among the master space coordinates must hold.

0<g,h<+1l
—1<r<+l (Eq: 3-19)
0<g+h<+1

Polynomial Form

It should be noted that al of the mapping functions presented here are polynomial in form.
For example, consider the 2-D rectangle presented earlier. Equation 3-14 can be rewritten as

u? = o4 + 0,0+ agh + o,gh (Eqg: 3-20)
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where
_ 1l d d d  d
oy = Z(u1+u2+u3+u4)

_ 1l d d d d
o, = Z(u2+u3—u1—u4)

1. d, d d d

~1,.d d d d

Note that only terms with linear variation appear. The last termisbilinear sinceitislinear in
both gand h. Therefore, it ispossiblefor the four nodesin global spaceto not all appear inthe
same plane.

The other mapping functions are of the form

u? = o4 + 0,0+ agh + o, + osgh + 0g0r + o hr + oc892 + (xggzh + ... (Eqg: 3-21)

Generally, for serendipity elements, this leads to one polynomial / coefficient for each node.

Other simple functions, such as the trigonometric functions, could have been chosen [10].
However, polynomials offer ease in mathematical manipulation and have been commonly
employed in FEM’s. First, with polynomials, it is easy to handle the mathematics in formulat-
ing the desired equations for various e ements and in performing digital computations. In par-
ticular, polynomials can be differentiated and integrated with ease. Second, a polynomial of
arbitrary order permits a recognizable approximation to the true solution. A polynomial of
infinite order corresponds to an exact solution. However, practical purposes limit useto finite
order.

Element Classification

For FEM’sit is possible to employ different shape functionsto approximate the geometry than

those used to approximate the function of interest (i.e., dependent variable or state function)

on that geometry. Therefore, the finite element formulations are classified into three catego-

ries:

* Superparametric -- the approximation used for the geometry is higher order than that used
for the state function.

* |soparametric -- equal degree of approximation is used for both.

» Subparametric -- the approximation used for the geometry is lower order than that used
for the state function.

The functions needed in this work use the same shape functions that approximate the geome-
try since these functions are geometric in nature.
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Element Containment

The chief problem of interest for this chapter is determining the state of a given point relative
to agiven element. Isthe point inside that element, outside that element, or on its surface? If
it ison the surface, on which of its faces does it reside may be important. Or perhaps, know-
ing that it ison an edge or corner may be important. Any of these questions and concerns are
addressable by knowing the master space coordinates (g, h, r) and which of the master ele-
ment conditions, equations 3-15, 3-17, or 3-19, to apply.

All the variables of interest are contained in equation 3-10, which gives rise to a system of
three equations in three unknowns when considering a 3-D problem.

N
X = Z d,(9, h, NX,
n=1
N
y = Z q)n(ga h, r)yn (Eq 3_22)
n=1
N
zZ= Z 0,(9, h, )z,
n=1

The unknown g, h, and r can be easily found for a given x, y, and z by applying Newton’s
method to minimize the error terms, Eg , in the following system of equations which readily

follow from Equation 3-22.

N

« z d,(9, h, r)x, =X
1

m
I

m
1

0n(9, h, )y, —Yy (Eq: 3-23)

m
I

q)n(ga h, r)zn —Z

n=
N
)3
n=1
N
2
n=1

Successive iterates of the error functions can be found from the previous system of equations
by using a Taylor series expansion where the second order terms and higher are ignored.
Thus,
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i oE oE
+1
E, E, + —agXAg+ —ah"Ah+ > XAr
: . oE E E
E)I,+1 _ E}I,"'aa_YAg"'aa_hyAh"'%YAr (Eq: 3-24)
- . 9E,  0E,  OE
i+1 _ i z z Z
E, =E,+ ) Ag+ >n Ah+ S Ar

Setting ;" * to zero and re-writing in matrix form yields

JE, OE, OE,

9g o or Ag Ex

9By 9By Byl zp| = - E, (Eq: 3-25)
0g dh or Ar E,

JE, OE, OE,

0g oh or |

When Ag, Ah, and Ar are small such that each iswithin an epsilon (e.g., 1019 of zero, the
resulting values of g, h, and r can be used with equations 3-15, 3-17, or 3-19 to make the
appropriate containment determination.

It should be fairly obvious how Equations 3-15, 3-17, and 3-19 can be used to determine if a
point lies on a particul ar face (see Table 3-1 for face definitions) or an edge. Consider a hexa-
hedron for example. For apoint to lie on the edge between nodes 1 and 5, the following must
hold.

g=-1; h=-1; -1<r<+1 (Eq: 3-26)

Table 3-1: Face Definitions By Vertex Number

Nllj?ger Tetrahedra | Pentahedra | Hexahedra
1 1-2-3 1-2-3 1-2-3-4
2 1-2-4 4-5-6 5-6-7-8
3 2-3-4 1-2-5-4 | 1-2-6-5
4 1-3-4 2-3-5-6 | 2-3-7-6
5 - 1-3-6-4 | 3-4-8-7
6 - - 1-5-8-4
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Element Quality

The mappings required by thiswork are acceptable if and only if they are one-to-one. That is,
every point in the actual element is mapped uniquely into a point in the master element, and
viceversa. For thisrequirement to be met, |J| must be greater than zero everywherein the ele-
ment. Geometrically, J represents the ratio of an element’s volume in the global element
space to the corresponding volume in the master element space. If J = 0, then anonzero vol-
ume element in the global element space is mapped into a zero volume in the master element -
- atotally unacceptable arrangement. If J < 0, then aright-handed coordinate system is
mapped into aleft-handed coordinate system.

In general, the mapping transforms a distorted element into a regular one through a non-uni-
form mapping. Excessive distortion of elements should be avoided. The general guidanceis

that an element’s interior angles should never be too small (i.e., approaching 0°) or too large
(i.e., approaching 180°). A typical acceptable angle rangeis 15° - 165° [5].

Another measure of element distortion isits aspect ratio, defined as the ratio of the largest
edge to the smallest. In finite element displacement calculations, for example, where the dis-
placement varies at the same rate in each direction, the closer the aspect ratio isto unity, the
better isthe quality (i.e., error) of the solution [10]. Thus, long narrow elements are to be
avoided.

Many CAE tools, like Abaqus/CAE, possess mesh quality checking featuresthat are extensive
and specific to each element type [11]. For example, a shape factor is available only for tetra-
hedra with an acceptable range from 0 to +1, with +1 representing the optimal element shape
and 0 indicating a degenerate element.

element volume
optimal element volume

shape factor = (Eq: 3-27)

Optimal volumeisthe volume of an equilateral tetrahedron with the same circumradius as the
element. (The circumradiusisthe radius of the sphere passing through the four vertices of the
tetrahedron.) While the set of mesh quality checksis extensive, some are specific to ensuring
that the finite element cal culations obtain a correct result. Experience to date has shown, that
if an unstructured mesh passes al of the quality tests provided by Abaqus/CAE, then the UM
tracking methods in MCNP function properly.

For particle tracking purposesin a Monte Carlo code, the mesh quality does not have the same
implications, but a positive J must be maintained for the methods to work correctly. That is, a
Monte Carlo particle tracking code may deal with highly distorted elements correctly, pro-
vided |J| is positive, as compared to its FEM counterpart. The more important question for
the Monte Carlo calculation to address is whether the elements are of the right shape and size
in order to correctly represent the geometry and/or visualize the gradients through the region;
it will calculate the correct answer in the element. If the answer isyes, then any element
should do aslong as |J| is positive. If the answer is no, then the user needs to take steps to
ensure that there are sufficient el ements of the right size and, of course, possess |J| > 0.
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Mapping Functions
The mapping function for first order tetrahedrais

u? = (1-g—h-r)ud +gu3 + hud + rug (Eq: 3-28)
The mapping function for first order pentahedrais

e %[(1_g_h)(1—r)U‘f+ 9(1—nuS+h(1—rud]
(Eq: 3-29)
1 d d d
+51(1=g=M)(1+ 1)Uy + g(1+1)U5 + (L1 +1)ug]

The mapping function for first order hexahedrais

u’ = é[(l—g)(l—h)(l—r)uf+ (1+ 9)(1—h)(1—r)ug]

#EL+ gL+ NA-NUS+ (L-g)(L+H(L-Nuf)
X (Eq: 3-30)
+ é[(l—g)(l—h)(1+ r)u§+ (1+g)(1-h)(1+ r)ug]

+ 211+ Q)L+ h)(L+NUf+ (L-g)(L+h)(L+r)ug]

The mapping function for second order tetrahedrais
ud = [2(l—g—h—r)—l](l—g—h—r)ug+g(29—1)ug+ h(2h—1)ug
+r(2r—1)uf + 4g(1—-g—h—r)ul + 4ghug + 4h(1—g—h—r)uJ (Eq: 3-31)

+4r(1-g—h- r)ug + 4gru;i + 4hrucli0

The mapping function for second order pentahedrais

u! = 2{(1-g-h21-g-h - 11— -(1-g-MA-r)}uf

+%[g(Zg—l)(l—r)—g(l—rz)]ug+%[h(Zh—l)(l—r)—h(l—rz)]ug
+2{(1-g-h[21-g-h) - 1)L +1) - (1-g-h)(L-r)}u]

Eqg: 3-32
+%[g(Zg—l)(1+r)—g(l—rz)]ug+%[h(Zh—l)(1+r)—h(l—rz)]ug (Eq )

+2g(1-g—h)(1-nr)uJ+2gh(1-nug + 2h(1—g—h)(1-r)ug
+2g(1-g—h)(1+nudy+2gh(1+nud; + 2h(1—g—h)(1+nuj,

+ (1—g—h)(1—r2)u23+ g(l—rz)uf4+ h(l—rz)u'i5
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The mapping function for second order hexahedrais
u! = 2(1-g)(L+g)(L-h)(L-N)ug]+ Z[(L-M(L+h)(L+g)(L-nuy]
+2[(1-g)(1+g)(L+M(L-Nufi] + FI(A-h)(L+ M (1-g)1-Nuf]
#2111+ @) (A-h)(L+ U] + A=)+ h)(L+g)(L+ ]
# (L)L + @)L+ ML+l + ZA-N)(L+h(L-g)(L+ D]
+ 2=+ NA-g)(L~hufy] +F(L-N(L+N(1+g)(1-hufy]

X R ; (Eq: 3-33)
+Z[(l—r)(l+r)(1+g)(1+h)u19]+Z[(1—r)(l+r)(l—g)(1+h)u20]
-%(l—g)(l—h)(l—r)(2+g+h+r)ug—%(1+g)(l—h)(l—r)(Z—g+h+r)ug
-%(1+g)(1+h)(1—r)(2—g—h+r)ug—%(l—g)(1+h)(l—r)(2+g—h+r)ug

-%(l—g)(l—h)(1+ N2+g+ h—r)ug—%(u 9(1—h)(1+r)(2-g+h-nu

S+ O+ ML+ 1)(2-g-h—Nug - 2(1-g)(1+ h)(L+1(2+g-h -1
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Chapter 4. Intersection: Part |

Intersection of a particle ray with a surface is one of the key components of tracking on an
unstructured mesh. Unless the mesh geometry is restricted to first order tetrahedra, the other
supported polyhedrain MCNP will generally have bilinear or biquadratic surfaces and require
special routines for finding intersection points. Aswill be seen in the next chapters, these spe-
cia intersection routines for the curved surfaces possess some nice properties that are benefi-
cial when applied to tracking on first order tetrahedra as well. However, since skd-trees with
their axis-aligned bounding boxes are used for various reasons, the tried-and-true (TAT) meth-
odsfor finding the intersection of aray with a plane are needed when searching these trees for
an intersection. Since only the intersection point with the plane is needed and no determina-
tion must be made as to whether the point lies on or within aface, the TAT method is used and
this chapter provides areview asit relates to the mesh library implementation.

Plane and Line Equations

A Cartesian form of the equation of a plane, sometimes called the scalar equation of the plane
[18], isgiven by

Ax+By+Cz =D (Eq: 4-1)

Alternatively, this equation can be written in the form of a dot product

=D (Eq: 4-2)

O >
N < X

A
The vector H isthe plane’'s normal vector, N. If P isany point in the plane, Equation 4-2
C
can be written

N-P=D (Eq: 4-3)
The value p|/|N| isthe distance by which the plane is offset from a parallel plane passing
through the origin. When the plane coefficients A, B, and C are normalize by |N| , they are the

direction cosines and the equation of the plane appearsin what is referred to as the normal
form [18].
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A ray isaline possessing asingle endpoint S, a particle’s source or collision location, and
extending to infinity inagiven direction V. A ray can be expressed by avector or parametric
eguation [18]

P=Pt) = S+tV (Eq: 4-4)
wheret isthe parameter and is allowed to be greater than or equal to zero.

I nter section

By substituting Equation 4-4 into Equation 4-3 for P and re-arranging, an expression for t can
be obtained.

{= 2=(N-95) (Eq; 4-5)

N-V
If the denominator of Equation 4-5 is equal to zero, theray is paralld to the plane and thereis
no intersection of the ray with the plane. If the numerator of Equation 4-5 is zero, the ray
either liesentirely in the plane or only P liesin the plane and the ray points away from the
plane with no intersection when t>o0.

The intersection point can then be found by substituting the value for t obtained from Equa-
tion 4-5 back into Equation 4-3. Obviously, when finding aray intersection with an axis-
0 0

0

1] , or
o |o 1
depending on whether the plane is aligned with the x-, y-, or z-axis, respectively. Therefore,

the vector equation for intersection, Equation 4-5, reduces to a scalar one and the value of t
can be substituted into Equation 4-4 to find the appropriated x-, y-, or z-location.

1 0

aligned bounding box from the skd-trees, the plane normal vectors are either
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Chapter 5: Intersection: Part |1

The TAT method that was discussed in the previous chapter can not be used to find the inter-
section point of a particle ray and a bilinear surface. The approach implemented in the UM
library for the intersection of a particle ray and a bilinear surface was originally documented
in Reference[19], but is reproduced here for compl eteness and because it appears that an el ec-
tronic version is not readily available; the current authors have only an earlier draft of Refer-
ence[19] at their disposal that was published asa LANL internal report. So, with apologiesto
the authors of Reference [19], the appropriate work on intersections with bilinear surfacesis
recreated herein aform that is consistent and appropriate for the current work.

Thefirst part of this chapter discusses the methodology from Reference [19] asit relatesto an
intersection with a surface defined by four nodes. Because of the nice propertiesinherent in
this method, the later part of this chapter discusses how the method is used with a surface
defined by three nodes as are prevalent in tetrahedra and pentahedra.

A Four-Node Surface

A bilinear surface arises when the four nodes of an element face are non-coplanar.

U; = (X4, Y1, Z1) Uy = (Xy, Yo, Z5)

(Eg: 5-1)
Uz = (X3, Y3, Z3) Uy = (Xg Y5 Zy)
The four nodes represent a distorted rectangle in 3-D global space that, for the purpose of this
method, are mapped to a square in master space, similar to the 2-D example in Chapter 3 (see
Figure 5-1).

z h
D 4 o 793
2 us3
g
y
X 01 CP)
(a) global space (b) master space

Figure: 5- 1. Two-dimensional first order rectangular elements.
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Asdiscussed in Chapter 3, the origin of the master space coordinate system is at the center of
the master element and the extents of the master space element sidesarefrom-1to +1. If a
ray intersects this 2-D element, the values of g and h must both be between -1 and +1 or equal
to-1or +1. Any valuesof g or h outside of thisrange imply amiss (i.e., no intersection with
the face).

Since the master element contains nodes on the edges and none in the interior, thisis a seren-
dipity element and the correct mapping function between the global space and the master
space is given by Equation 3-14 and reproduced as equation 5-2:

d 1

Wl = Z[(l—g)(l—h)uf F(1+g)(1—hud+(1+g)(L+hud+(1-g)(1+h)u]

(Eqg: 5-2)
where ud(g,h) isacoordinate or point in the global space expressed as afunction of master
space coordinates g and h.

When all three global space dimensions are included and like terms are collected, Equation
5-2 isasystem of three equations that can be represented as a matrix equation in g, h, and gh
for the surface.

[A +Bg+ Ch+Egh] (Eq: 5-3)

Mip

F(g,h) =

where A, B, C, and E are 3x1 matrices defined as follows:

X+ X+ Xgt+ Xy X1t X+ X3=Xy
A=y +y,+ysty, B = |y +y,+ys-V,
z,+2,+23+2, ~Z2,+2,+23-2,

(Eq: 5-9)
—X —Xo + X3+ X, X1 =Xy + X3 —X,
C= VYi1—=YotY3tY, E = Y1i—=YotY3—Y,4
~2,-2,+23+2 2,-2,+23-2,

Any point in the master space face can be expressed by this equation and F(g,h) is synony-
mous with u%(g,h).

| nter section Equations

Consider aparticle at position R traveling in direction @ where R and o are 3x1 matrices
defined as follows:
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XO _ QX
R=ly, Q= Q, (Eqg: 5-5)
ZO QZ
The equation for the particle at adistance d along itstrajectory is
P(d) = R+Qd (Eq: 5-6)

By setting the respective equations equal, the point where the particle’ s trgjectory intersects
the bilinear surfaceisfound.

P(d) = F(g, h) (Eq: 5-7)
R+Qd = %[ﬂ +Bg+ Ch+ Egh] (Eq: 5-8)
0=(A-4R)+Bg+Ch+ Egh—4§_2d (Eq: 5-9)
0 = (A-4R)+Bg+Ch+Egh+Dd (Eq: 5-10)
where
_ Q,
D = -4 = +4|q, (Eq: 5-11)
Q

Thus, amatrix of three equationsin three unknowns (g,h,d) results. Unfortunately, the nonlin-
ear gh term means that this matrix equation can’'t be solved with asimple 3x3 matrix inver-
sion.

In global space, this problem is one of astraight line intersecting a curved surface. The trans-
formation to master space makes this a problem of a curved line intersecting aflat plane.
Conseguently, the solution of the system of equations can produce two roots. Using aNewton
iterative method on these equations could require extrawork to check that the correct intersec-
tion wasfound [19]. An analytic solution is preferred and the reminder of the next section
shows how thisis achieved.

The Analytic Solution

Equation 5-10 can be written as an equation in linear terms.
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g
M|p| = —Egh+ (4R-A) (Eq: 5-12)
d
where
Bl Cl Dl
M = [[BI[C][D]] = |B, C, D, (Eq: 5-13)
B3 C3 DS

Solving for the linear terms of the unknowns gives

g
hl = M 'E(gh) + M (4R—A) (Eq: 5-14)
d

where each linear term is afunction of the term (gh) and a constant.
With the following definitions

3
Q = -3 M, (Eq; 5-15)
j=1
3
S = 3 M (4R;-A) (Eq: 5-16)
j=1
g and h are given by

g = Qu(gh)+S; h = Q,(gh)+S, (Eq: 5-17)

Multiplying these two equations together yields an equation that is quadratic in gh.

(gh) = Qle(gh)z +(Q1S, + Q,S))(gh) +S;S, (Eq: 5-18)

0= Qle(gh)2 +(Q;S,+Q,S;,—-1)(gh) + §;S; (Eq: 5-19)

From this quadratic equation, there are two solutions for (gh) that can be used in Equation
5-14 to find the values of (g, h, d). Thefinal desired intersection solution must have real val-
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uesof (gh)e [-1,1]. If both values of (gh) meet the criteria, then the final solution for this par-
ticular surface is the one with the smallest, positive value of d given by

d = Qz(gh) + S5 (Eq: 5-20)

If only one value of (gh) meets the criteria, the choice is obvious provided the value of d is
positive. If both valuesfail the criteria, there is no intersection.

A Three-Node Surface

An analytic intersection approach similar to that used for four-noded bilinear surfaces can be
implemented for faces with three nodes. The three-noded face is linear and other, more con-
ventional methods could be used. However, using a procedure similar to that for the four-
noded bilinear faces not only finds any intersection point in the plane containing the three-
noded face, but easily confirms that the intersection point is on or within the face.

z ha
L3
u
2 0,
y 01 g
() global space (b) master space

Figure: 5 - 2. Two-dimensional triangular elements.

An arbitrary three-noded triangle face in global space is mapped to an isoscelestrianglein
master space, Figure 5-2, where node 04, that is shared by the equal edges of the isosceles tri-

angle, coincides with the origin. Node 6, islocated on the g-axis adistance of 1 unit from the
origin. Node 65 islocated on the h-axis adistance of 1 unit from the origin. For apoint to be

on or inside the triangular master element, the following relationships among the master space
coordinates must hold.

0<g,h<1
¢ (Eq: 5-21)
0<g+h<l1
The mapping function between the global space and the master space system is
u’g, h) = (1-—g—hud +gud+hul (Eq: 5-22)

LA-UR-12-2547 Rev 1 -34-



The MCNP Book On Unstructured Mesh Geometry: Foundations

As before, when all three dimensions are included and like terms are collected, a system of
three equations results that can be represented as a matrix equation in g and h.

F(g,h) = A+Bg+Ch (Eq: 5-23)

where A, B, and C are 3x1 matrices defined as follows:

B Xq - Xo—Xq ~ X3—Xq
A = |x, B =|y,-y; C=ly;-y; (Eq: 5-24)
X3 Zy—2y Z3—2;

| nter section Equations

Likewise, consider a particle at position R traveling in direction o where R and o are 3x1
matrices defined as follows:

XO QX
R=ly, D=0=|q (Eq: 5-25)
ZO QZ
The equation for the particle at adistance d aong itstragjectory is, as before,
P(d) = R+Qd (Eq: 5-26)
Setting Equation 5-23 equal to Equation 5-26 yields
R+Dd = A+Bg+Ch (Eq: 5-27)
0 = (A-R)+Bg+Ch-Dd (Eq: 5-28)
o 9
(R-A) = M|h (Eq: 5-29)
d
where
B, C, -D,
M = [[B][C][-D]] = |B, C, -D, (Eq: 5-30)
B; C3 —Ds
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Solving for the linear terms of the unknowns.

= M (R-A) (Eq: 5-31)

o T Q

The solution for the three unknowns is straight forward and only involves a matrix multiplica-
tion after the 3x3 M matrix isinverted and anormalized vector isfound by subtracting A from
R.
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Chapter 6: Part |11 Intersection

Quadratic element faces often appear when second order polyhedra are created by CAE mesh-
ing tools. Finding intersections with these surfacesis amust for the Monte Carlo tracking
algorithms, but the analytic approach of the preceding chapter has not been pursued in this
work. Rather, due to the complexity of the mapping functions, a Newton iterative method is
used and will be discussed in this chapter for both six- and eight-noded faces.

An Eight-Node Face

A gquadratic surface arises when the eight nodes of an element face are non-coplanar.

u]_ = (X]_a y_']_a Z_’]_) u2 = (X25 yza 22)
Uy = (Xa, Ya, Z2) Ug = (Xgo Yo Zs)
3 3 V3“3 4 4 Y4 <4 (Eq6_1)
Us = (Xg, Y5 Z5) Us = (Xg Yer Zp)
U, = (X4, Y7, Z7) Ug = (Xg, Yg Zg)

The eight nodes (see Figure 6-1b) represent aquadratic face in 3-D global space (Figure 6-1a),
that for the purpose of this method are mapped to a square in master space (see Figure 6-1¢),
in amanner similar to that discussed in Chapter 5.

y //
(a) 8-point quadratic face
h
z
U ug Uy i 7 9
Us
uz
y 6 65 6
X (b) global space (c) master space

Figure: 6 - 1. Two-dimensional second-order quadrilateral elements.
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As discussed in Chapters 3 and 5, the origin of the master space coordinate system is at the
center of the master element and the extents of the master space element sides are from-1to
+1. If aray intersectsthis 2-D element, the values of g and h must both be between -1 and +1
or beequal to-1or +1. Thatis,

-1<g,h<+1 (Eq: 6-2)

Any values of g or h outside of thisrange imply amiss (i.e., no intersection with the faces).

Since the master element contains nodes on the edges and none in the interior, thisis a seren-
dipity element and the correct mapping function between the global space and the master
Spaceisgiven as

ulig,h) = JHAL-9) L+ 9(A-h)ug+(A-h)(L+h)(L+g)uf)

+SML-9)(L+ )L+ Muf + (1=h)(L+ H)(1-g)u]
1 . . (Eq: 6-3)
- Z[(l—g)(l—h)(1+ g+hu +(1+9)(1-h)(1-g+hu,]

- i[(l +g)(L+h)(L—g—hud+ (1-g)(L+h)(L+g+hud]

where ud(g,h) isacoordinate in the global space expressed as a function of master space coor-
dinates g and h.

This equation is nothing more than an expansion of the generic mapping function of Equation
3-10.

N
= 3 9p(B)uy (Eq: 6-4)

n=1

When all three dimensions are included, this becomes a system of three equations that can be
represented as a matrix equation. Like terms can be collected in Equation 6-3 to yield an
equation of the form

F(g, h) = o4 +a,g+ozh+o,gh+ oc592 + ocsh2 + oc7gzh + ... (Eq: 6-5)

Any point in the master space surface containing the element’s face can be expressed by either
equation and F(g,h) is synonymous with ud(g,h)

A Six-Node Face

A gquadratic surface also arises when the six nodes of atriangular element face are non-copla-
nar.
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u]_ = (X]_a y_']_a Z_’]_) u2 = (X25 yza 22)
u3 = (X35 y3a 23) u4 = (X45 y4a 24) (Eq 6'6)
Us = (Xg, Y5 Z5) Us = (Xg Yer Zp)

The six nodes (see Figure 6-2b) represent a quadratic face in 3-D global space (Figure6-2a),
that for the purpose of this method are mapped to an equilateral triangle in master space (see
Figure 6-2c), in amanner similar to that presented in previous discussions.

(a) 6-point quadratic face

z Uy h4
Uy Ug
O
> % 6
3 2
y 01 g
X
(b) global space (c) master space

Figure: 6 - 2. Two-dimensional second-order triangular elements.

The origin of the master space coordinate system coincides with node 6, and the length of an

edge parallel to a coordinate axis extends from O to +1. If aray intersectsthis 2-D element,
the values of g and h must meet the following requirements.

0<g,h<+1

0<g+h<+1 (Eq:6-7)

Any values of g and h outside of this range imply no intersection with the element’s face.

Since the master element contains nodes on the edges and none in the interior, thisis a seren-
dipity element and the correct mapping function between the global space and the master
Spaceisgiven as
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u'(g.h) = [2(1-g—h)—1](1-g—h)u, + g(2g-1)u,

+h(2h-1)uz +4g(1-g-h)u, (Eq: 6-8)

+4ghug +4h(1-g—-h)ug
Like terms can be collected to yield an equation of the form shown with Equation 6-5.

I nter section M ethodol ogy

The problem to be solved for an eight-noded face is depicted in Figure 6-3. The correspond-

ing problem to be solved for a six-noded face is shown in Figure 6-4,

Figure: 6 - 3. Particle ray intersecting a second-order quadrilateral element face.

Figure: 6 - 4. Particle ray intersecting a second-order triangular element face.

In global space, a particle travelsin astraight line from I?1 to I?2 intersecting the quadratic

faceat I5I , Figures 6-3 and 6-4. When transformed to the master space coordinate system (see
Chapter3), the quadratic face becomes planar and the straight line becomes somewhat curved.
The previous methods (Chapters 4 and 5) for finding 5| won't produce the correct result in
this situation. Instead the following approach, referred to as the d-squared or cross-product

method is used.
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The cross product of the particle’sflight vector, P_12 , into a vector P_10 from the particle’s cur-
rent position, 51 , to some arbitrary point, 50 , constrained to be on the face, creates a vector d
that is perpendicular to both vectors, P;, and P,,. Finding P, requires minimizing the angle
0 between P, and P, ; hence, finding a cross product with amagnitude of zero. Since P, is
constrained to be a point on the quadratic face that is arbitrarily oriented in 3-D global space,

50 isafunction of the master space coordinates: g, h, r. Knowing which element face that the

particle is attempting to intersect is equivalent to fixing either g, h, or r. Since the 3-D map-
ping functionisregular in g, h, and r, chooser and fix itsvalue at +1. The 3-D mapping func-
tion simplifies and the corresponding nodes numbers can be re-mapped to 1 through 8,
Equation 6-3, or 1 through 6, Equation 6-8.

In either case, the cross product is given as

Piox Py = |Pag||Prolsin® = [d| (Eq: 6-9)
with
d = fyi+fyj+fgk (Eq: 6-10)
where
f1 = (Yo=Y1)(Z,=27) = (Yo=Y )(Zg—Z1)
fo = (2g—21)(Xy—Xq1) = (Z,=Z1)(Xg—Xq) (Eq: 6-11)
f3 = (X=X (Yo—=Y1) = (X5 =X1)(Yo—VY1)
and

Xy = Xo(g, h) Yo = Yo(9, h) Zy = zy(9, h) (Eq: 6-12)

The magnitude of d is given by
ol = JE+fo+12 (Eq: 6-13)

T . 142 . .
However, minimizing |d| is equivalent to minimizing |d* and makes the resulti ng equations
less cumbersome to solve.

12 . . . . - _—
|d| isafunction of two unknowns, g and h, and will have its minimum where the derivatives

with respect to g and h are zero. Similar to solving for containment in Chapter 3, Newton's
method can be used to solve a system of two equations in the two unknowns.
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-2 _2_ r N

old” o o ala
og> 79 {Ag} = |99 : (Eq: 6-14)

gah oh _ah ]

When Ag and Ah are small such that each is within an epsilon (e.g., 10'10) of zero, the result-
ing values of g and h can be used to find I3I with either equation 6-3 or 6-8. If the values of g

and h satisfy Equation 6-2 or 6-7, the face containing I3I isthe face the particle intersects.

Regression Test Example

Material in this section demonstrates the difficulty of finding the intersection point on a qua-
dratic face. Anexampleistaken from one of the MCNP regression test problemsand is
shown in Figure 6-5. While the element is a second-order hexahedron, it isrendered as afirst-
order element for visualization purposes. A particleis sitting on the bottom face of the ele-
ment labeled 101 in the figure and needs to travel along the black line through the face with
the green dots on its four vertices. The mid-point nodes on each of these edgesis some small
distance off of the straight line edges shown in the figure. The reader can gain a better under-
standing of this by noting that the red dot on the black line isthe actual intersection point with
the quadratic face and should imagine that face bowing outward to include that point.

Figure: 6 - 5. Particle intersection with a quadratic face on a second-order hexahedron.
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Equation 6-13 for the intersection with thisface is plotted as afunction of g and h, Figure 6-6,
and showsthat |d| is quite complex with several local minimum in addition to the minimum

corresponding to the intersection point at roughly g = 0.825 and h = -0.885. |6I\2 isshown as
afunction of gand h in Figure 6-7. Thelocal minima are in the same placesin these two fig-

ures, but the |6I|2 surface is smoother. It would be preferableto use |d| instead of \EI|2 in
Equation 6-14, but the radical in Equation 6-13 leadsto highly complex derivatives that easily
double the number of floating point operations in the Newton’s method solution.

The first and second derivatives of |d|” are shown in Figures 6-8 and 6-9, respectively. From
an examination of these figures, it should be no surprise that an inappropriate initial guess for
g and h could cause the Newton’s method to converge to alocal minimum instead of the inter-
section minimum.

This section’s example was taken from one of MCNP’s regression test problems when the cal-
culation stalled because the intersection routine could not find the correct intersection point
(red point in Figure 6-5). Thiswas traced to an inappropriate initial guessfor g and h. Cur-
rently, the second-order intersection routine is structured to take the four vertices of the face
and use thefirst-order (analytic) intersection routine to estimate where the intersection point is
on theface. Thefinal pair of g and h values from the first-order routine can then be used as
the initial guess for the second-order intersection routine.

Asalast resort, if the second-order intersection routine fails, then a more computationally
intensive, liner bisection method isused. In this method two points are found to be on oppo-
site sides of the face, with one point inside the element and the other outside the element to
which the face belongs. Then by bisecting the distance between the two points to find amid-
dle point, this point can be checked using the containment routines of Chapter 3 to see
whether it isinside or outside of the element. The result of the containment routine deter-
mines which point is replaced before the bisection processis repeated. When the two points

are within an epsilon (1014 of each other, the midpoint should be on the surface of the face.

The value of 101 is needed to produce a result of sufficient precision that is consistent with
the other intersection methods. From the small amount of empirical data observed to date,
this bisection procedure generally takes on the order of 25 iterations to find the intersection
point on the face where each iteration calls the containment routines which are in turn itera-
tive. For any particular second-order element, this method will produce the correct intersec-
tion point with that element no matter which face is specified. Therefore, the codeis set to do
this operation only one time per element for the current particle’s flight segment.
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Figure: 6 - 6. |d asafunction of g and h for example quadratic face intersection.
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Surface Plot of First Derivative of d w.r.t. g
Second Order Hex Element

E
h g
Surface Plot of First Derivative of d® w.r.t. h
Second Order Hex Element

Figure: 6 - 8. First derivativesof |d|” asafunction of g and h.
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Surface Plot of Second Derivative of d® w.r.t. g°
Second Order Hex Element

Surface Plot of Second Derivative of d w.r.t. gh
Second Order Hex Element

dw.rt gh

Surface Plot of Second Derivative of d w.r.t. h®
Second Order Hex Element

Figure: 6- 9. Second derivatives of |d|” asafunction of g and h.
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Chapter 7: Part |V Intersection

The intersection methods of the pervious chapters were not the only ones explored for use in
thiswork. This chapter presents the tgh-method or otherwise known as the parameterized line
intersection method; one that was initialy invented and later discarded because of itslarger
floating point operation count. It isincluded in thiswork for completeness.

I nter section M ethodology

The problem to be solved is the same one that has been described in previous chapters and
depicted by Figures 6-3 and 6-4. A particle travelsin astraight line from point P, to point P,

and intersects some surface of unstated curvature at point F_>I . The surface may be defined by

3,4, 6 or 8 nodesin aform similar to Equations 5-3, 5-23, or 6-5. The straight line equation
between the two points can be parameterized with parametric coordinatet as

X XPl +XP2 Xpl_xpz

1 t
Y| =5 Yp, *¥Yp, | + 5 Yp, ~VYp, (Eq: 7-1)
z ZPl * ZPz ZPl N ZPz

When tisset to -1, Equation 7-1 yields point P, and when tisset to +1 point P, isthe result.
A value of t between -1 to +1 yields a point between these points.

Equation 7-1 can be set equal to any of the surface equations (5-3, 5-23, or 6-5) to yield asys-
tem of three equations in three unknowns that can be solved using Newton’s method as

described in Chapters 3 and 6. For example, consider Equation 5-3 for the intersection sur-
face. The system of equations become

—_ kPl + kPZ + kPl_ kP2

f 2 2

-A,-Bg-Ch-D,gh (Eqg: 7-2)
wherek iseither x, y, or zand Ay, By, C,, and D\ are given by the appropriate rowsin the

Equation 5-4 definitions for A, B, C, and D, respectively.
When Newton's method is applied, theresult is
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of, of, of, '
A ot dg oh iy
Ag| ~ ﬂy%% —f, (Eq: 7-3)
AR Jot dg oh iy

of, of, of,

9t dg oh)

When At, Ag, and Ah are small such that each iswithin an epsilon (e.g., 10"°) of zero, the
resulting values of t, g, and h can be used to find I5I with either the parametrized line equation
or the surface equation.

When this methodology is used with the quadratic faces from second-order elements, good
values for g and h are needed as was discussed with the d-squared method at the end of Chap-
ter 6.
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Chapter 8: Tracking

Tracking a particle from one element to another in an UM representation of a geometry isthe
key feature (i.e., in-mesh tracking) of the UM library. Implementing this key feature given the
requirements of Chapter 1 isacomplex task. This chapter introduces the basic concepts
needed to achieve this goal.

Tracking Scenarios

In order to construct a successful UM tracking algorithm that meets the general requirements
presented in Chapter 1, the expected tracking scenarios that can be encountered under these
circumstances must be understood. Broadly, these scenarios can be broken into two catego-
ries: 1) inside an instance or part, and 2) between instances or parts.

In-Part Tracking

At the part level, all elements are assumed to be connected so that each face and its nodes are
shared by two and only two elements, except for those faces on the part’s surface where some
nodes are not shared. The sharing of faces resultsin an element possessing nearest neighbors
with the total number of nearest neighborsfor an element equal to the number of faces, except
for those elements on a surface. Asshown in Figure 8-1 for a2-D mesh, element 5 isan inte-
rior element and shares four faces, one each with elements 2, 4, 6, and 8. Element 3 isa sur-
face element and shares only two faces, one with element 2 and one with element 6. Nearest
neighbors sharing an edge but not aface (elements 1, 3, 7, and 9 for element 5) are not deter-
mined ahead of time and stored since this would require more memory, particularly for tetra-
hedra, and the tracking routines can determine these on-the-fly.

Five potential tracking scenarios are shown in Figure 8-1 for in-part tracking (IPT). Scenario
A shows a particle inside element 5 tracking to the face that it shareswith element 8. Thisis
the most frequent scenario that occurs while tracking within a part because of the large
amount of area associated with theinternal faces. Since thisisthe most frequent scenario, itis
beneficial to create nearest neighbor listsfor each element so that elementsfrom theselistsare
the first ones that are checked during the IPT. If the nearest neighbor check is successful in
yielding the next element to which a particle tracks, the other more expense checks, described
elsewhere in this chapter, need not be done and the E2E tracking mode isfairly quick. There-
fore, if E2E tracking isrequired, large blocks of contiguous mesh are highly desirable to take
advantage of the nearest neighbor lists. The nearest neighbor lists can be created during prob-
lem initialization or constructed on the fly when any particlefirst entersan element. Thislater
approach has the advantage of using computer time in constructing the lists for only those ele-
ments that are seen in the problem by the simulation’s particles. However, creating the lists
during problem initialization can take advantage of dedicated processors during parallel input
processing.
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Scenario B in Figure 8-1 shows a particle from element 5 tracking through a corner or edge to
element 1. This scenario can be handled with the nearest neighbor list search if the faces are
permitted fuzzy boundaries. That is, the extents of the faces are taken to be an epsilon larger

(1019 in all directions so that there is essentially a small overlap of the faces at an edge.
Then the intersection routines will find an intersection with either element 2 or element 4,
depending upon which it encountersfirst. So, the particle in Figure 8-1 actually tracks from
element 5 to either element 2 or 4, with avery tiny to negligible path length attributed to the
chosen element, before tracking to element 1. While this approach may not be entirely
appealing and may only be areal concern if this negligible path length really matters, the
alternatives can be costly. For example, it may be possible to create next neighbor liststo
keep track of an element’s neighbors associated with an edge or corner. While this may be
reasonable for hexahedra, the amount of storage needed to remember all of the tetrahedra that
can share one single corner can be significant since it is possible for hundreds of tetrahedrato
shareacorner. If thiswere carried out for al tetrahedrain amodel, the storage could be quite
large and associated with thisis alarge amount of time to sort through the list to find the
appropriate candidate. In fact, thisisnot afool-proof method in dealing with tetrahedra when
the collision or source point is very near avertex that is shared by numerous el ements.

Scenario C in Figure 8-1 arises when the surface faces are bilinear or biquadratic and, hence,
possess curvature. This scenario can be referred to as the re-entrant element scenario and
often leads to a gap situation if there is no element encountered from ancther part (to be dis-
cussed later). A similar situation arises with scenario D, but thisis because of the part’s sur-
face curvature. This scenario can be referred to as the re-entrant part scenario. Likewise, the
treatment of this track becomes more complicated if there is an element from another part
lying along the path from element 3 to element 9.

Because of the re-entrant element scenario, faces can't be eliminated from intersection check-
ing as they are with MCNP's csg tracking routines.

1 2 3 y
AN C
. 4 B 5 6 {\
!
7 8 9

Figure: 8 - 1. IPT scenarios
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Scenario E in Figure 8-1 is technically not tracking within the part, but rather represents parti-
cles leaving the part to either eventually enter another part or leave the mesh body entirely.
This scenario is discussed more fully in the between-part tracking section.

Between-Part Tracking

When transiting from one part to another, the complexity of the tracking algorithm increases
since parts may be in contact and essentially share a surface but not element faces or nodes
(i.e., redundant faces and nodes), parts my overlap, or gaps may exist between parts. Eventu-
aly, aparticle will leave the mesh entirely so that the transition is from the part to the back-
ground region. Six potential tracking scenarios are shown in Figure 8-2 for between-part
tracking (BPT) that drive the algorithms for determining if the tracking continuesin the
unstructured mesh or in the background material.

The main objective of BPT isto find the element in the next part, if the particle is not leaving
the mesh body, to which it will track and from which IPT will take over. Therefore, itisonly
necessary to know what elements and their faces comprise a part’s surface. For this reason,
special skd-trees are created at program start up that contain the necessary surface informa-
tion. Unlike Figure 8-1, the components shown in the Figure 8-2 diagrams are surfaces for the
parts that they represent. The diagramsin Figure 8-2 are the result of observing tracking
behavior in early implementations of the mesh tracking routines while working with some
rather large and complex models that possessed both overlaps and gaps. These diagrams rep-
resent asimplification of what was observed and serve to illustrate the issues that must be
considered in order to meet the tracking requirements outlined in Chapter 1.

A key to understanding how the BPT works in conjunction with determining overlaps and
gapsisrecognizing that during an intersection search of asurfacetree, if the particleray enters
apart then it must exit the part. That is, expect the intersection search on a part to find both
entering and exiting elements (points) except for two special cases: 1) the particle ray grazesa
corner or edge, and 2) the parts overlap and the starting point is already in the part that is
searched; there will only be an exit intersection point. Thefirst of these special casesis basi-
cally adon't care situation since the particle track makes at most a negligible contribution.
The second of the special cases resultsin only one positive intersection point (i.e., in the for-
ward direction) and can be readily used as discussed later in this chapter.

In addition, because of the re-entrant element and re-entrant part scenarios discussed in the
previous section, there isthe likelihood that a particle path will have more than two intersec-
tion points with a part, indicating multiple “entrance” and “exit” points.

The key to BPT iscreating alist of intersection distances and points when considering the par-
ticle's projected trajectory from its current location through the remaining parts. With infor-
mation from this ligt, the tracking algorithm can decide which of the Figure 8 cases exist and
how the code should continue with the tracking.

Shown in Figure 8-2(a), BPT scenario | is atwo partsin contact, no overlap, no gap case. It
illustrates a particle tracking from part A to part B where the parts are in contact, sharing a
surface but not sharing nodes or faces. Thismost likely occurs when the surfaceisflat. Itis
highly unlikely for two curved surfacesto bein full contact (i.e., without gaps and overlaps)
unless special measures are taken in the CAE tool to merge the faces. In this scenario, the dis-
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tance between point 1 in part A and point 1 in part B iszero (i.e., d;; (AB) = 0)andthedis-
tance between point 1 in part A and point 2 in part B is greater than zero (i.e., d, (AB) >
0). It should be clear that the next element along the particle’s path is the element in part B
that contains point 1. In theory, this should be an easy case for the tracking routine to handle,
but depends to a degree upon how complicated the geometry is and the totality of the intersec-
tion list for which other scenarios must be eliminated.

(d)

VI,

(€)

Figure: 8 - 2. BPT tracking scenarios

Figure 8-2(b) presents scenario |1 and is ano overlap, multiple parts with single gap case. In
this scenario the following relationship among the intersection distances hold:
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From thislist and a negative overlap test, the algorithm determines that the particle exits part
A at point 1. The gap isnext treated as part of the background until the particle reenters the
mesh.

Figure 8-2(c) presents scenario |11 and isano gap, overlap, multiple parts case where thereis
the potential for more than two parts to overlap at the point the particle exits the old part, A.
Multiple simultaneous overlaps may seem highly unlikely or even non-existent, but it is possi-
ble and has been seen in practice; it can be easily handled by the tracking algorithms, as will
be discussed shortly. It should be quite clear that if part D is not present, then an arrangement
much like scenario Il exists with agap distance of d,, (AC) which in this case equals

d,, (AD). However, this scenario demands that an overlap test take place (as previously dis-
cussed) to either confirm or deny an overlap condition before the gap test is performed. The
overlap check involves a containment search of al possible new (remaining) partswhere alist
is constructed of al elementsthat contain the exiting location from the old part. If thelistis
empty, thereis no overlap. If thelist contains only one element, that is the element along the
particle’s path. If there are multiple elementsin the list, indicating overlap of more than two
parts, there are several possible approaches. The easiest isto select thefirst in the list and
continue the particle track with it. Another isto compute the distances from the exit location
in the old part to the exit locations of all potential new parts from the list and select the part
showing the shortest distance.

Scenario 1V isshown in figure 8-2(d) and represents a case of multiple gaps and no overlap-

ping parts. When the IPT routine finishesin this case, it is known that the particle leaves part
A at point 1 and re-enters part A at point 4 (i.e., IPT scenario D) with apotential gap distance
of d;4 (AA) . Thistriggersthe BPT routine which returns intersections with surface el ements

inpart B at points2and 3. With 0 <d,, (AB) < d;, (AA), thealgorithm selects the ele-
ment containing point 2 in part B asthe next potential element along the path since d; , (AB)

isthe shortest distance to travel. Since agap is encountered, control exits the unstructured
mesh tracking routine for proper consideration of the background material.

Scenario V isaso shown in figure 8-2(d) and is the same as | PT scenario D. Because
ds¢ (AA) > 0,theBPT routineistriggered. However, since intersections are not found with

any of the potential new parts, the reentrant part scenario is confirmed and the next potentiall
element along the particle’s path is that occurring at point 6 in part A. Since agap is encoun-
tered, control exits the unstructured mesh tracking routine.

Scenario VI is shown in figure 8-2(e) and can be considered a no overlap, contact, gap case.
Thisisavariation of scenarios IV and V and like them, it istriggered by the IPT routine indi-
cating apotential reentrant part scenario, d,5 (AA) > 0. After the BPT routine searchesthe

other parts, alist of intersection distances exist with the following relationship:

d,, (AA) = o impliesthat the old part and new part are in contact, the next element along
the flight path isthat in part B at point 1, and there is no gap to consider.
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Gap Tracking

In versions of MCNP6 prior to version 1.1 beta, gaps were treated as voids in arather convo-
luted manner. This has been corrected starting with version 1.1 beta so that all gaps are
treated as regions of the background material. When a particle tracks to a gap, the unstruc-
tured mesh tracking stops and the legacy tracking routines take over.

Overlap Tracking

From the BPT discussion previoudly in this chapter, it should be recognized that the UM
library keeps a particle in apart until it can determine anew one. In the case of overlaps, it
assumes the new part starts where the old part ends. Thisisthe EXIT overlap model and is
the default overlap model in use since it was the first one developed and implemented.

One of theinitial requirements for the unstructured mesh implementation in MCNP was to
permit multiple, non-contiguous, meshed parts instead of requiring one contiguous mesh.
Thisnaturally leadsto the possibility of overlapping parts, particularly when two parts attempt
to share acurved surface. If itiscrucia to the model that the integrity of any curved surface
be maintained, the user should then consider, using Abaqus/CAE terminology, merging the
two separate parts into asingle part, try second-order elements, or try refining the mesh. Sig-
nificant overlapping regions are never agood idea. Users should never rely on any of the fol-
lowing models to correctly produce the same results as a model where the boundary between
two regions is definitely defined so that there is no overlap.

The program can accommodate a small amount of overlap in one of several ways. For theini-
tial implementation there was no correction for tracking through overlapping elements. A
particle tracks in an element until it finds a definite transition point in phase space (i.e.,
another element, or gap). Of the three overlap models currently in place (see Figure 8-3
below), thisis known as the EXIT model, meaning that in an overlap situation the exit point
of the overlap is used as the transition point from one part to the other and results are accumu-
lated accordingly.

The second overlap model, ENTRY, is the one that uses the entry point of the overlap in an
overlap situation and the results are accumul ated accordingly. Thethird and last overlap
model is caled AVERAGE and results in averaging the entry and exit pointsin an attempt to
find the midpoint of the overlap in the direction the particle is tracking; the particle’s path
length in the overlap is then divided between the two parts instead of being assigned to one or
the other. In actuality, the particle’s position is advanced only to the location of the AVERAGE
point.

Although the code defaults to the EXIT model, ultimately the choice of which model to useis
left to the user. |If both parts are important and the particle flux through this region isfairly
isotropic, the AVERAGE model is probably the best choice. If the flux is somewhat more
directional and one part is deemed more significant than the other, a better choice might be
ENTRY or EXIT; the user must decide.

Recent modification to the code permit model selection by part.
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Average

€ - —— Particle path

Exit Entry

Figure: 8 - 3. Illustration of the three critical points that define the overlap models.

LA-UR-12-2547 Rev 1 -56 -



The MCNP Book On Unstructured Mesh Geometry: Foundations

Chapter 9: Volumes

Accurate volumes are a necessity in a Monte Carlo code such as MCNP not only to serve asa
check on the geometry modeling, but also to cal culate volume averaged results such as energy
deposition per cubic centimeter. Thisis complicated because of the fact that first and second
order elements may possess bilinear or quadratic faces giving rise to trilinear and triquadratic
volumes. While numerical integration methods exist for calculating such volumes, an ana-
lytic approach is more desirable since this approach eliminates any numerical integration
error. This chapter discusses the adoption of a methodology for an analytic approach.

M ethodology

Thetrilinear and triquadratic elements require different analytic formulasfor finding their vol-
umes. These formulas are more complex than the familiar ones used in this regard for linear
polyhedra. Once again the finite element methodology of transforming from a curvilinear
coordinate system (global space) to a Cartesian coordinate system (master space) is used in
this endeavor.

The mapping functions from one space to the other depend upon the element type and are pre-
sented elsewhere in thiswork. All six of the different functions of interest can be factored,
Equation 9-1, so that there exists one term f,,,, Equation 9-2, for each node where there are M

total nodes in an element.
u? = o4 + 0,0+ agh + oy, + oggh + aggr + o hr + ocgg2 + ocggzh + ... (Eq: 9-1)

f,e {1,9,hr,gh gr hr, ghr, gz, gzh, gzr, h2, ...} (Eqg: 9-2)

Mapping of anode w in master space to its corresponding node w in global space (excessively
twisted or inverted elements are not permitted for reasons discussed el sewhere in this work)

requires evaluation of the f,, terms at the w node in the master space. Hence, f,,.,(g,h, )|

denotes the evaluation at node w with the corresponding values of g, h, and r so that the terms
evaluateto either -1, 0, or +1. Thenin general, the mapping for each dimension between the
two spaces for each node w can be written as

&) = [fun] - |oc] (Eq: 99

oc\(,jv are coefficients for each dimension and can be found from
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o] = - [u] (Eq: 94

To calculate an element’s volume, the expression for the differential volume [16] is used

Where J is the Jacobian and

B o o |
J=>>> \Aijk\a—gﬁy (Eq: 9-6)
i=1 j=1 k=1
With
- X X X_
o o oy
A = o of o (Eq: 9-7)
V4 4 4
i % %

Theindexesi, j, and k extend over the three dimensions.

The volume isfound by integrating Equation 9-5 in the master space where the limits of inte-
gration are generally -1 to +1 or 0 to +1, depending on the element shape and dimension.

The triple summation of Equation 9-6 implies alarge number of terms for the volume evalua-
tion. Inreality, agreat many of these terms are zero. Table 9-1summaries the maximum num-
ber of partial terms and the number of non-zero terms by mesh element type.

Table 9-1: Number of partial terms by element type

Faces Nodes M_ax # of N(_)n-Zero
Partial Terms | Partial Terms
4 4 64 1
5 6 216 6
6 8 512 8
4 10 1000 64
5 15 3375 222
6 20 8000 222
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Note that thereis one non-zero term for the first order tetrahedron; thisisthe familiar formula
for the volume of a (linear) tetrahedron. It should be recognized that this methodology holds
for area calculations once the appropriate simplifications have been made in Equations 9-1 to
9-7.

Application

Volumes are examined for several primitive objects that posses curvature: a sphere and aright
circular cylinder.

A sphere with aradius of 3 is meshed using first and second order hexahedra with various
mesh seeds. The seed parameter is an Abaqus/CAE parameter used to set the element size.
Abaqus attempts to make elements with edges of this length; no attempt is made to force
edges to this length. The number of total elementsin this model is dictated by the seed num-
ber. The volume results using the current method along with the actual volume are presented
in Table 9-2.

Table 9-2: Volume comparison for a sphere (r = 3)
with different numbers of hexahedra

Seed Number of Mesh _ %
Elements Volume Difference*
1st Order Hexahedra
15 56 95.0270 19.0
10 224 110.2924 254
0.5 1320 111.6583 1.29
04 3456 112.2451 0.76
0.3 7168 112.6199 0.42
2nd Order Hexahedra
2.0 32 111.4489 1.50
15 56 112.4322 0.59
10 224 113.0342 0.056
0.5 1320 113.0941 0.003
04 3456 113.0960 0.001
0.3 7168 113.0968 0.0004
Actua 113.0973 n/a

* from actual volume
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A right circular cylinder with radius 5 and height 5 is meshed using first and second order tet-
rahedra with various meshing seeds to obtain representations with various number of mesh
elements. The volume results using the current method aong with the actual volume are pre-
sented in Table 9-3.

Table 9-3: Volume comparisonsfor aright circular cylinder
(r-5, h=5) with different numbers of tetrahedra

Seed Number of Mesh _ %
Elements Volume Difference*
1st Order Tetrahedra
4.0 123 719.709 9.0
3.0 345 754.154 4.0
2.0 621 762.589 3.0
15 2170 778.478 0.9
10 5295 780.139 0.7
0.5 33369 784.023 0.2
2nd Order Tetrahedra
5.0 38 784.635 0.1
4.0 123 784.955 0.056
3.0 345 785.296 0.013
2.0 621 785.343 0.007
15 2170 785.393 0.0006
1.0 5295 785.395 0.0004
0.5 33369 785.398 0.0
Actua 785.398 n/a

* from actual volume

This exercise shows that fewer numbers of second order elements by several orders of magni-
tude are needed to accurately reproduce the intended volumes. This should have a direct
impact on particle tracking times, accuracy of results and the number of elements needed, and
their associated computer memory allocation.
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Chapter 10: Acronyms|In ThisWork

APl -----mmeo - application programmer interface
BPT ----------- between-part tracking

CAD ----------- computer aided design

CAE ----------- computer aided engineering

CSG ----------- constructive solid geometry
E2E------------ element to element tracking

FEA ----------- finite element analysis

FEM ----------- finite element method
GUI------------ graphical user interface

HIBUC --------- high range bucket

IPT - -----m - - - in-part tracking

LANL ---------- Los Alamos National Laboratory
LOBUC--------- low range bucket

MAABB -------- minimum axis-aligned bounding box
MCNP- - -------- Monte Carlo N-Particle (computer code)
PDE ----------- partial differential equation

S2S--- - - - - surface to surface tracking
TAT------------ tried and true

UM=-----mmm - - unstructured mesh
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